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Introduction

Let (X, ||) be Banach space over the real
numbers R and let B(X) (respec. S(X)) be the closed
unit ball (resp. unit sphere) of X.

A point X € S(X) is an extreme point of B(X), if

+Z
for anyy,Z € S(X), the equalityX = y*z
impliesY=12.

A Banach space X is said to be Rotund (R) if for
every point of S(X) is an extreme point of
B(X).Clarkson [1]who introduced the concept of
uniform convexity.

A Banach space X is called uniformly convex (UC) if

V & >0 35>0 such that for X,y € S(X), the
X+

inequality ||X— y||<g implies that y <0 .

(1.1) for any X & B(X) , the drop determined by
X is the set

D(x, B(X))=conv({x}UB(X)). @2
Rolewicz [12], basing on Dane§ drop theorem [4],
introduced the notation of drop property for Banach
spaces.

A Banach space X has the drop property (D) if

For every closed set C disjoint with B(X) 3 X eC
such that D(x, B(X)) N C = {x}.

(1.3
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X is said to have the property (H), if for any sequence
on the unit sphere of X, weak convergence coincides
norm convergence. In [13], Rolewicz proved that if
the Banach space X has the drop property (D), then X
is reflexive. Montesinos [11] extended this result by
showing that X has the drop property if and only if X
is reflexive and has the property (H).A sequence

{Xn}c X is said to be & -separated sequence for

some g >0 if

sep(x,) =inf{x, = x,|:nzmf>s . (1.4

A Banach space X is called nearly uniformly convex
(NUC) ifve>030€(0,)such that for every
sequence (X,) < B(X) withsep(x.)>¢ ,  we
have CONV(x )N(A—0)B(X)#¢. (1.5

Huff [6] proved that every NUC Banach spaces X is
reflexive and it has property (H). Kutzarova [7] has
defined k-nearly uniformly convex Banach spaces.

Let K > 2be an integer, a Banach space X is called
k-nearly uniformly convex (k-NUC) if

Vv & >0 36 >0 such that for any sequence
(x,) < B(X) withsep(x,) >& there are

Ny, Ny.Ng,..., nge N, where N= {1, 2, 3,...}.
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Such that || i

(1.6) Clearly, k-NUC Banach spaces are NUC,
however the opposite implication does not hold in
general [7].

Fan and Gliksberg [5] have introduced

k-Rotund (kR) Banach spaces. A Banach space X is
called fully k-rotund (kR) if for any sequence

(x,) = B(X)

N

—1las

min{n, :1<i < k] — ocoimplies that (X,) is

convergent. It is well known that UC implies kR and
kR implies (k+1)R, and KR spaces are reflexive and
rotund. Byw, we denote the space of all real or
complex sequences .

For a real vector space X, a function
o : X —[0,00]is called modular, if it satisfies the
following conditions:

io(X)=0<=x=0VvxeX
(i) o(AX) = () v A eR with|4| =1,
(iiyo(AX+ By) <o(X)+o(y) VX, y € X
V4,20, A+ =1.

Further, the modular o is called convex if
(iv) o(AX+ BY) < Ao (X) + fo(y) VX, y € X
VA, 20, A+ =1.1f o isamodularon X,

we define X _ = ix e X : lim o(Ax) = 0}, (1.7)
A—0"

X! ={xe X :0(Ix) <o0,31>0}.

Itis clear that X_ < X_ . Ifo isaconvex

modularv X e X, we define

I x|| =inf {A > 0:0(%) sl}. (1.8)

Orlicz [10] proved that if o is a convex modular on
X, then X = X; and || - || is a norm on X for which

X is a Banach space. The norm || - ||, defined as in
(1.8), is called the Luxemburg norm.
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A modular o is said to satisfy thed, -
condition (o € 6,) ifv & > 0 Jconstants K > 2 and
a > O such thata(2u) <Ko (u) +¢, (1.9)

vV ue X_ Witho(u)<a.lf o satisfies the
0, -condition v & > 0 with K > 2 depending on a,

we say that o satisfies the strong &, -condition

(0gedy).

The following known results are very
important for our consideration.

Theoreml.1. [2]

Ifoed,, thenv L>0and ve>0368 > Osuch
that [o(U+Vv) -o(u)|<e, (1.10)
u,ve X_Witho(u)<Lando(V) <9

Proof. See [2, Lemma 2.1].

Theoreml.2. [2]

(1) foed,, thenvXx e X_, || x||=1if and only
ifo(x)=1.

(2) Ifoe€d,, then for any sequence(X,)in X_,
| X, [[= O ifand only if (x,) — 0.

Proof. See [2, Corollary 2.2 and Lemma 2.3].

Theorem 1.3.

Ifo e, ,thenv & € (0,1) 35 e (0,1) such that

o(X)<l-¢ implies”X” <1-96.

Proof. Suppose that the theorem does not hold, then
Je>0and(X,)in X_such thato(x,) <1—¢&

1 o 1
,andESH X, || —=>1. Leta, = — —1.

[
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Thena, ——=—0.Let L =sup, o(2x,) .Since
c€0,3K>2 such that o(2u)<Ko(u)+1
(L.11)vu e X_ witho(u) <1.By(1.11), we

have o(2X,) < Ko(x,) +1<K+1vneN.
Hence 0 < L < o0, by theorem 1.2(1), we have

1=o( ) = o(2a,%, +(1-a,)x,)

[

<ao(2x,)+(1-a,)o(x, )<

(1.12)

aL+(l-¢g)—/=>l-¢
, Which is a contradiction.

Altay and Basar (2007) defined the sequence space
ces[(a,), (p,). (q,)]as

ces[(a, ), (P,).(9,)]=
{x cw: i(anzn:qkm P < oo} (1.13),

n=1
where (a,),(p,) and (q,) are sequences of

positive real numbers, 1< p, <o VN eN. with the
norm

E
H

0

N P
| = Z(anZQk | X |j
k=1

n=1

(1.14),

H =supp, .

They also showed that the space

ces[(a,),(p,),(q,)]is a complete linear metric
space paranormed

1

w n Pn |H

by g(x) = Z(anzqk | X, 0 also
n=1 k=1

V Karakaya and N.Simsek [16] proved that this space
is a Banach space and posses Kadec-Klee (H).

Remarks:

(1)Takinga, =

, then

n

qu

k=1
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Ces((a,),(py).(A,)) = Ces((p,).(a,)) the

N"orlund sequence spaces studied by [18].
(2)Takinga, = % 0, =1,VneN,
thenCes((a,),(p,).(q,)) =Ces(p, ) studied by
W. Sanhan and S. Suantai [15].

(3)Taking a, =%, g,=1,p,=p ., Vnen,
then Ces((a,), (p,),(d,)) =Ces , studied by

Many authors see [8,9and14].

Throughout this paper, the sequence (P, ) is a

bounded sequence of positive real numbers
with Liminf p, >1, and also
n—oo
1)H =supp,.
n

2) Let (p,)be a bounded sequence of positive real
numbers, we

have| a, +b, [*<2"*(a | +|b |*)V
k eN.

2. Main results

Proposition2.1.
The functional & is convex modular

onces[(a,), (p,) (d,)] and for

any X € ces[(a, ), (p,), (q,)] the functional

oonces[(a,),(p,), (q,)] satisfies the following
properties:
(i) 1f0<r<1, then

(ii) rHa(é) <o(X)ando(rx) <ro(x) .

X
(i) If r>1, then o (X) < r" o{—j .
r
(i) If =1, then (X)) < ro(X) < o(rx).
Proof. All assertions are clearly obtained by the

definition and convexity of o see [17] .
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Proposition2.2.
For any X € ces[(a,), (p,), (9,)], the following
assertions are satisfied:

(i) If|| x||<2, theno(X) <[| X ||,

(i) if| X |>1, theno(X) 2| x||,

(iii) || X[|=1 if and only if o(x) = 1.

Proof: It can be proved with standard techniques in a
similar way as in [17].

Proposition2.3. VL >0and V& >0306 >0 such
that|o(U +V) —o(U)| < &

whenever U,V € ces[(a, ), (p,), (0,)]with
o(u)<Lando(v) <o

Proof: Since (P, ) is bounded, it is easy to see

thataeé'zs.Hence the proposition is obtained
directly from theorem (1.1).

Proposition2.4. For any

sequence (X,) € ces[(a,), (p,), (@)1, %, =0
if and only if o(X,) — 0.

Proof: It follows directly from Theorem (1.2-2)
sinceo €6, .

Theorem2.5.v X € ces[(a,), (p,),(d,)]and
vee€(0),36 €(0,2) such that

o(X)<l-¢ implies”X” <1-6.

Proof: Since o € &, , the theorem is obtained

directly from theorem (1.3).

Theorem2.6. The space ces[(a,),(p,),(d,)]is k-
NUC V integerk > 2
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Proof:

Lete > 0and (x,) € B(ces[(a,), (p,). (0,)]) with
sep(x,)>& .Foreachm e, let

x™ =(0,0,......, 0, x,(m), x,(m+1),...) -Since for

eachi €N, (x_(i))~, is bounded, we have that

VieN, (x,, (1)), is bounded, by using the diagonal
method, we can find a subsequence

O (D) of (X0 ) such that %, (D) converges for
eachl €N, 1<i<m.Therefore, there exists an
increasing sequence of positive integer (t,,) such

that Sep((X,:”j )jst,)=& Hence, there is a sequence
of positive integers (Fn)moa with I, <T, <y <...gquch

that me H > £ VMeN. Then by proposition (2.4),
i 2

we may assume that there exists 77 > O'such

thato (X ) =7y meN. (2.1)

Let & > Obe such thatl < o < Liminf p, .For

n—oo

(k“* -1)

fixed integerk > 2, letg, = (-——— =
ixed integ ) ((k—1)k"‘

n

—), then
X 2)
by proposition (2.3) 30 >0
Such that|a(u +V)— 0(u)| <g. (2.2)
Whenever o(U) <land o(V) < & .Since by

Proposition (2.2-1) o(X,) <1V nNeN 3 positive
integersm, (i =1,2,3,.....,K —1) with

m <m,<m,<...... <M such

thato(x™) <sanda < p; Vv j =m,_, .Define

m, =m,_, +1. By (2.1), we have

(™) =7 Lets, = iforl<i<k-1,
and s, = I, .Then in virtue of (2.1),(2.2), and

Convexity of function f, (u) = |u|pi (i €N), we have
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By theorem (2.5) 3 > O such that

| Sk

” k ” <1-y. Therefore,

ces[(a,), (P,),(a,)]is k-NUC.
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Since k-NUC implies k R and k R implies R

and reflexivity holds, and k-NUC implies NUC and
NUC implies H-property and reflexivity holds, by
theorem (2.6), the following results are obtained.

COROLLARY2.7. For Liminf p, >1, the

n—oo

space ces[(a,),(p,).(d,)]is k R, NUC, and has a
drop property.

COROLLARY2.8. ForLiminf p, >1, the

n—oo

space ces[(a,),(p,)]is k-NUC.

COROLLARY2.9. ForLiminf p, >1, the

n—oo

space ces[(p,)] is k-NUC.

COROLLARY2.10. Forl<p<oo, the

space Ces is k-NUC.
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