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Abstract: This paper is concerned with the design and dynamic modelling of four degrees-of-freeedom (DOFs)
spatial manipulator with experimental validation which will provide the essential insights to control the system. Two
different approaches were employed for dynamic modelling of the system; they are the physical finite element (FE)
method and the experimental data-based model (DBM) in discrete time transfer function (TF). A comparison
between the two approaches is carried out, in terms of modelling accuracy, along with experimental validation by
real time implementation of the manipulator. In the first approach, each link was treated as a finite element and the
total displacement was derived by means of the shape function of each element. However, in the second approach,
experimental on-line data were used to derive the discrete time TF of each link. The comparison study of the real
time implementation suggests that both approaches provide acceptable dynamic modelling for the manipulator in
terms of torque exerted by each joint when the end-effector trace a specified path in a given time; however the
experimental data-based approach shows acceptable accuracy with straightforward modelling when compared to
modelling using FE approach.
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1. Introduction model for the control of motions of the manipulator in
Manipulators have become an indispensable order to achieve satisfactory performance.

system of many fields, including but not limited to fire In this regard, this article aims to developing two
fighting, monitoring and inspection, and material dynamical models for 4 DOFs spatial manipulator;
handling. Positioning accuracy during maneuvering of they are the physical FE model and the experimental
the manipulator system is one of the important factors data-based TF model. A consistent comparison
of its geometrical design, dynamic modeling, and between the two models takes place and are
control. Therefore it is desirable to design and benchmarked with a real time implementation of the
construct lightweight but rigid manipulators for manipulator when performs a predetermined task.

manufacturing which require robot manipulator to be
capable of moving swiftly. At relatively high
operational speeds, inertial forces of moving
components become quite large, leading to
considerable deformation in the lightweight links, and
generating unwanted vibration phenomena [1].
Through the previous decades, significant progresses
have been made into the dynamic modelling of such
manipulators e.g. [1-6]. The finite element approach

2. Test Rig: Four DOFs Spatial Manipulator

This section introduces the laboratory four DOFs
spatial manipulator, for which four joints have to be
synchronisely controlled in order to trace a
predetermined trajectory for the end-effector. Here, an
open-loop supervisory controller is used to determine
the appropriate trajectories for the joints’ angles.

has been reported for modeling the dynamics of As shown in Fig. 1, the manipulator arm is a
manipulators in several publications, e.g. [1, 7-10]. vertically articulated robot with a slew joint (4) which
Experimental or data based modelling (DBM) has been rotates the whole arm in a horizontal plane and three
utilized in several applications of robots, e.g. [11-18]. revolute joints, shoulder (1), elbow (2) and wrist (3)
A comparison between the two approaches in terms of joints which rotate the robot’s links in a vertical plane.
accurate dynamic modeling of the manipulator system All joints are actuated by means of geared DC motors
has not been devoted which will elect the proposed with several kinds of transmission which used to

operate the links mechanically. To reduce the payload
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at joints, all drives are mounted at the robot base to
drive the slew and shoulder joints; however the elbow
and wrist joints are driven by means of DC motors via
timing belts. As shown in Fig. 1, the whole system is
supported by multiple /O asynchronous real-time

(2)

1- Shoulder joint
3- Wrist joint

5- Laptop

7-NI DAQ 6212
9-Power supply

2- Elbow joint
4- Slew joint
6- Signal conditioning board
8- Labjack UE9 pro

control system to control the velocity of the joints by
means of the applied voltage signal. Subsequently,
four transducers are installed in the joints for feedback
and to enable closed-loop control of each joint.

Fig. 1 The manipulator arm with its peripherals.

For the control purpose, it is convenient to
mention three key elements of hardware used, they are:

(a) Transducers:

The joints’ angles are measured directly by
means of rotary potentiometers concentric with each
joint pivot. Each potentiometer is a resistive element
(5Q conductivity) with a wiper that divides the

voltage source into two divides according to the
position of the wiper. Here, an input voltage of 5 volt
is used as a source, and the measured analogue voltage
is directly connected to the analogue input of the
LabJack UE9 and NI DAQ 6212, see Fig. 2.

Power Supply

| |
24V  GND

Control

v
4DC <« GND Signal
Geared Motors |¢Control | Conditioning
Input Unit

Unit

Feedback Signal

wid B3N HECGET

4 Transducers

Y
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Fig. 2 General layout of laboratory manipulator arm interfacing.



Life Science Journal 2018;X(x)

http://www.lifesciencesite.com

(b) Actuators:
Each joint in the arm manipulator is actuated by

also the control unit calculates the required control
action which applied to the actuator via the signal

DC gegred motor. The d_irection of motor rotation is ggrmdr::écr)inzlgc?in Tuank;:é 1 Actuators - parameters  are
determined by the polarity of the operating voltage,
Table 1. Actuators parameters for the laboratory manipulator.
Slew Shoulder | Elbow Wrist

Rotor inertia, J,  [g.cm?’] 330 180 180 330

Motor damping constant, B, [kgm®s™] |6.4x10° |3.4x10° |3.4x10° |6.4x10°°

Armature resistance, R [Q] 2.7 4 4 2.7

Torque constant, K,  [N.m/amp] 0.047 0.0029 0.0029 0.047

Back emf constant, K, [Vs] 0.10550 |0.051341 |0.051341 |0.10550

Motor speed to joint speed, r 50 170.5 139 21.4

Fig. 3 Schematic diagram showing the coordinate definition for each joint
of the manipulator arm.

(c) Data acquisition cards:

Data acquisition boards interface the laptop
(control unit) with the hardware prepherals
(transducers and actuators), see Fig. 2. The boards are
signal conditioning board, NI DAQ 6212, and LabJack
UE9 pro, see Fig. 1 and numbered as items 6, 7, and 8
respectively. These boards allow the use of time step
40 ms, i.e. 25 samples/sec, and they are used for
interfacing, monitoring and control actions.

3. Kinematics of the Laboratory Manipulator Arm

Fig. 3 demonstrate the laboratory arm with its
dimensions, given &, (joint angles) where i=12,3,
and 4 for the slew, shoulder, elbow, and wrist
respectively, as well as the link lengths {d,a, } . Here,
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{xi VYioZi } represent the local coordinate systems for

the joints, while {X,,Y,,Z,} is the global framework
originating at the workbench.

Kinematic analysis is typically based on the
Denavit-Hartenberg (DH) convention which used for
open chain manipulators with joints having one DOF
each. Given the following DH parameters:

Joint o, ’ o ’ q ’ d;
Rotation about X, by —90°
! 6, 90 0 q d
02 0 aZ
0, 0 a,
6, 0 a, 0
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for which ¢; is the the angle between the z, , -axis
and the z, -axis about the x; -axis. Then it is possible

to find the position and orientation of the end effector
with respect to the reference coordinate system, given

the joint variable vectors 06, 6, 6, 6,]" of the

arm and the various geometric links parameters as
follows:

To4 = T01T12T23T34

CCui —CiSpy & (azcz +8,Cy + aACZSA)CI
_ Spa Cou (azsz + a5, + azxs’zszx)7L d
- 51C234 Slszs4 C1 T (azcz + ascza + a4C234)51

0 0 0 1 1)

for which C; and S; denotes cos(6, +6;) and

sin(é’i +6; ) respectively.

4. Finite Element (FE) Modelling

In this section, the physical modelling of the
laboratory manipulator takes place by means of finite
element method, in which each link in the manipulator
is modelled as an element in space. Here, each link
with length | has its own specific mass p , cross
sectional area A , and a moment of inertia | . As
showm in Fig. 4, a field point P at a distance &I, for

which & is a dimensionless quantity, and has a range

0—1, undergoes an absolute displacement in both
axial and transverse directions.

Fig. 4 Rigid body configuration in space of each link element
of the manipulator arm.

If we considered an element dm at point P, The
kinetic energy for this element is

d(KEe):%dm GTG+%deIm @)

where dm = pAldS=mds U:[X' Y z']T is
the velocity vector of the centroid of the element dm,
o is the angular velocity vector of link AB and dl is

the second moment of inertia for the link element. U
can be calculated as

U=V, +0XIp, +V, —0OXTg, 3

where v, =[U, U, UST is the absolute velocity

of point A, vy =[U, U, UQT is the absolute
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velocity of point B, r,, =[§IX gl, ¢l ]T is the

absolute displacement from point A to point P, and
i .

e =[(1-C)L, (1=9)1, (@-¢), ] is  the

absolute displacement from point P to point B. It is

convenient to note here that the absolute angular
velocity of the link, @ , equals to

. . P . . . T
|:U4 Us U6:| :|:U10 Uy Ulz:l the
components of link AB in X, Y, and Z-direction as

Given

I, =U,-U, , I, =U;-U, , I, =U;-U; and
substituting in (4), then
U k[T j K
U=|U,|+|U, U, U, [#U;|-| U, U, Uy, 4)
UB glx 4'\/ ;lz Ug (1_§)Ix (l-é‘) ly (1_4) |z
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The above representation of the velocity vector of the dl=RdDRT 7)

element can be written as
where R is the rotation matrix of the element dm and

U=NU ®) dD is its local inertia tensor. Given that the element
where U=[U, ... U,]" is the absolute linear and length 1 dg" is very small then

angular velocities of the link and N is the shape _ _ m _ (®)

function for the link element and takes the form, db=pl d(.,/ DA)=X d(v/ DA)
LO0 0 ¢l =l 100 0 (-1, (=), where D, is the second moment of area tensor in local
N:EO POl 0 gl 010, 0 (¢, coordinates. Substituting into equation (2), the kinetic
001 ¢, <l 0 001 (-0 =)l 0 energy of the link can be calculated, including the

>y X y X

payload, as follows:

(6)

In the other hand, the term dl in equation (2) can
be represented as

KE® = KE;,, +KE®

payload
u
1 1 4 (9)
1 . . im . . . _ . 1 . e 1
:Emj(UT NT NU)d§+EKI[U . U, U,JRD,R"|U, g5 0T M0
0 0 U
6
Then for which the term Q° is related to the generalized
e _Lermertemae L e oae v external forces. Given the kinetic energy KE® in (10)
KE _2U M U+2U M U+2U M, U and substituting in (11), the individual elemental
R (10) equation of motion for each link can be derived and
=5U (M +M +Mp)U takes the form
_lytme u M U+C U+H U=Q° (12)
2

for which c®=m°® and H°U=-0KE*/oU . A full
expression for the elemental gyroscopic and centripetal
) matrices C° and H°® are defined in the appendices.
M :mINT Ndé, The vector Q° represents the external forces

0 neglecting surface traction and joint friction. This
generalized force vector can be split into gravitational
Q, =M¢g and applied loading Q , if any.

where the elemental mass matrix M°® is the sum of the
following matrices

03><3 O3><3 03><6

0 0 "

6x6 i  6x6
S [— I , and
M m, T
O 3x3
%60 0 .
H 3x3
) i U
Here, m is the payload at the end of the link element. Y
The expression for M is defined in the appendices. X
An expression for the dynamic behaviour of the p U
link element can be achieved by means of the i U . . .
Lagrange’s equation Fig. 5 The _nodal displacement configuration
] of the manipulator arm
0 0
—| —KE* |-—KE* =Q° 11
alag*e - -0 @
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In the case of 4-axes articulated manipulator
under study, the four links are moving in the X-Y-Z
plane, as shown in Fig. 5, for which each individual
link is considered as an elements.

The elemental mass matrices, gyroscopic
matrices and centripetal matrices can be assembled
together to obtain the 39x39 global system mass,
gyroscopic and centripetal matrices {Mm, c, H} for the
whole manipulator. The definition of these global

matrices can then be used to form the global system
equation of motion which may take the following form

MU+CU+HU=Q (13)
for which Q=Q, +Q, recalling that @, =Mg is the
gravitational force for the whole manipulator, given
that g=-g[0 1 Oy 1 04 10, 10, 10,] .
and Q=[Q, ... Q3J is the applied loading vector.

The required torque at each joint can then be
calculated as follows:

- Qy Qs Qs Q;
My Q Q Q7 Q
T Q35 Qa QZG 2 Q 13 QB Q. (14)
e Ji * |+ 3., | Qs |+ 35 |+ 3., | Qs |+ 3% o+ J,, |Qu |+ 31 * o+ J., Qs
T, Qs ¢ Q Qu N Qi ” Qyo * Q
Tw, Q3 = Qy 24 Qx * Qu °
Qs Q3 Qu Qp,

where J; and J, for (i =1 .., 4) are the Jacobian
matrix and the rotation Jacobian matrix for link i.

The second moment of area tensor D, for each

link, existed in equations (8, 9 and 10), is difficult to
be obtained due to the irregularity and
nonhomogeneity existed in the manipulator links.
However, it is possible to use dynamic equivalence
[19] to convert any nonhomogeneous link into

homogeneous link with constant pA , see Fig. 6. As
shown in this figure, the nonhomogeneous link, with
length 1, mass m, and mass moment of inertia about

l,. 1.}, is converted to
homogeneous link with mass m, and two concentric

X !

its local coordinates {I

masses at its ends m, and m; . Dynamic equivalence
is listed with discussion in the Appendices.

Fig. 6 The dynamic equivalence for nonhomogeneous link.

Now, the second moment of area tensor in local
coordinates for homogeneous link can be defined as

lw O O
%BAz 0 1, 0 (15)
0 0 1
for which 1,,, 1,,,and 1,, depend upon the cross

sectional area of the link not its length.
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5. Experimental Data Based Modelling

Experimental data based modelling (DBM) is the
development of mathematical models of dynamic
systems on the basis of measured on-line data from
experiments. Here, the data are collected and utilized
in identifying the structure of the dynamic model, i.e.
the orders of the polynomials in the transfer function
(TF) and the pure time delay, and to estimate the
discrete time TF parameters which characterizes the
dynamics of the system [20, 21]. Sophisticated time-
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series methods which employ the simplified refined
instrumental variable (SRIV) are developed for
parameter estimates [22-24]. These statistical tools and
associated estimation algorithms have been assembled
in the Matlab® software as the CAPTAIN toolbox
[25]. The representation of dynamical systems using
State Dependent Parameter TF (SDP-TF) models can
be traced to earlier publications such as [26]. In this
paper, an SDP-TF model, written in discrete-time
incremental form, is considered as

Yie == (2 )Y = =8 ()Y
0y (i Wy g+ +by (1 iy
where u, and y, are the input and output variables
respectively. The parameters a (y,) V1<i <n and
b; () V1<j<m are themselves functions of the

lagged system variables. In TF form, the model (16)
becomes,

(16)

-m
m,k+mZ

-1
D a2 +-+b

Y = _
1+, 2+ +a

B, (")
A @Y

z" U
n,k+n

a7

where z* is the backward shift operator, for which
z'y(k)=y(k —i). SDP-TF model (17) alludes to the

time variable parameter derivation of the SDP model,
see [24] for details. The backward shift operator
notation utilized in (17) suggests that, for example, if

a =a(n)=f () then Ay =a (%) is a
function of the un-lagged output vy, .

The first step is defining the appropriate structure
for the transfer function (17), i.e. the triad {n,m, s}

where o is the pure time delay, typically represented
by setting b,---b,,=0 . The two main statistical

measures employed to help determine these values are
the coefficient of determination R?, based on the

response error, which is a simple measure of model fit;
and the Young ldentification Criterion (YIC), which
provides a combined measure of fit and parametric
efficiency [22].

In this work, the experimental modelling is
carried out using sample rate equals to 25 samples per
second, i.e. the time step At =0.04 sec, for all joints.
Pseudo Random Binary Signal (PRBS) input is applied
to all joints simultaneously for modelling purpose.
Fig. 7 shows the simulation fit of the SDP model of the
Slew joint applied to a range of operating levels, where
RZ?=0.87 . Table 2 shows the nonlinear SDP-TF and
the linear TF models for the four joints of the
manipulator. Here, y, represents the joint angle in

degrees and u, represents the normalized input.

100

_ e Data Points
g 5 sopModel | [ A A
- \WAWASAW A
£ 0 J /
: Vi / Vi
2 50
Q
g vV \
-100
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N
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: 100 — T L —1 L
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Fig. 7 The open loop experiment (dots) for joint 1
and the model fit for the estimated nonlinear SDP
(solid). The normalized PRBS input is shown in the
lower plot.

Table 2. The nonlinear SDP and the linear TF models for the four joints of the manipulator

Joint Model RT2
Linear y, =1.808y, , —0.808y, , +0.0107u, , 0.83
élllw _ Y, =—(29x107u? , -181)y, , ~(1.9x10°u, , +0.81)y, ,
Nonlinear 0.87
+(-5.18x107u¢ , +0.0152)u, ,
Linear y, =0.995y, , +0.0335u, , 0.64
(2)
Shoulder | Nonlinear |y, :_(3'653X104yk—1 —0-97)YH +0.0386u, _, 0.82
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Linear y, =1.6042y, , —0.6046y, , +0.0209u, , 0.81
©) s s
y, =—(2.0366x10°u, ,-1.72)y, ,—(-9.08x107"y 2, +0.73)y, ,
Elbow | Nonlinear ( ) ( ) 0.90
+(1.88x107u} ,+0.0144)u, ,
Linear y, =1.7726y, , —0.7735y, , +0.0365u, , 0.82
(4) ) Y =—(1.779x10°u} , -1.775)y, , +(L.717x10"°u? , ~0.7776) y, ,
wris Nonlinear 0.85
+(7.163x10"°u, , +0.0485)u, ,

6. Application to the Manipulator Arm

This section is concerned with the real time
application of both approaches; physical FEM and the
experimental DBM, when both applied in discrete
time. A comparison between the two approaches is
carried out, in terms of modelling accuracy, i.e. the
normalized input exerted by each joint, when the
manipulator moves randomely from point-to-point.
The normalized inputs required for the four joints of
the manipulator arm to accomplish the path of the end
effector are calculated by using both approaches and

oF .
= N\
(0]
K=
& \
. -50
o
[@)]
c
<
% 100
° \/
0 20 40 60 80
-20
E=)
3 -30 S
o /
D
o -40
(@]
./
2 /
o
= /
o -60 /
0 20 40 60 80
Samples

compared to the real time inputs (torques) exerted by
the same joints of the manipulator.

In this regard, inputs are given to the four joints
of the manipulator arm to move its end-effector from a
point {0.3,0.02,0} with an orientation to the vertical

plan ©® =-87.5° to another point {0,0.73,0.35} with

an orientation to the vertical plan ® =-4° in 3.2
seconds, i.e. 80 samples. Fig. (8) shows the joints’
trajectory of the manipulator arm during the
experiment, however Fig. (9) shows the corresponding
end-effector position in global coordinates {X,Y,Z} .

— 80
(@] prr—
S /
=, 60 /
< /
% 40
c
s 20 /
g /
3 /
2 o0 /
n
0 20 40 60 80
= -20
(3}
E‘ \
o -30
)
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7 \/
; '50 g’
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Fig. 8 The joints’ trajectory of the manipulator arm during the experiment.
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Fig. 9 The global coordinates of the manipulator arm during the experiment {X,Y, Z} .

In FE approach, the input is the motor voltage
V., , which can be calculated using the following

equation [27],
3,18, ®)+(B, +K,K, /R)ré, t)+T, (t)

(18)
=(Km/R)rV,, ()

where the parameters {J ,B K, K ,R,r} are
depicted in Table (1) for each motor. Giving that the
angular position of each motor is &, (t)=q()r ,
where q(t) is the angular position of the driven link,
the input voltage of each motor can be computed as

I F2GE) +(B, +K K, /R)IZG()+T, (t) (19)

Va ()= (K, IR)r

It is convenient to note that q, =6, , g, =6, ,
q,=06,+6, and q, =6, + 0, + 6, for links 1, 2, 3 and
4 respectively.

Given the path in Fig. 9, it is now possible to

calculate the torque exerted in each joint, with the aid
of the following data for the manipulator arm:

d=0.385m, a, =0.2175 m,a,=0.208 m,
a,=0.15m, a,=0.0904 m, a,=0.0985 m,
a,=0.0235m

m, = 6.8 kg, m, =1.47 kg, m, =1.29 kg,
m, = 0.234 kg , m, =05 kg,

l,, =0.067439 kg.m?, I,, =9.932x10° kg.m’,
l,, =2.1628x107 kg.m’, |,, =1.2048x10° kg.m?,

I, =7.2274x10° kg.m®, 1, =1.7927x107 kg.m?
l,, =1.1046x10% kg.m*, 1, =3.5381x10™* kg.m*,
l,, =7.0213x10™ kg.m?,1,, = 3.5836x10™* kg.m’

In order to calculate the matrices M*® ,C®and H°,
it is required to determinre the set of parameters

{IX,Iy,IZ,vX,vy,vZ ,U4,U5,U6} for each link as
follows,
IXZO, Iy :0| IZ :O
ol . .
x U,=0, =0, Uszwy:a)l, Ug=0m, =0
3 dl dl dl
VX: X:O, Vy :—yzo, VZ: z :0
dt dt dt
I, =a,CC,, I, =a,S,, I, =-a,5,C,
~ U.A =w,S;, U.s =y, Us =w,C,
E v, =-3,5C,0 -a,C,S,m,,
-l
v, =a,C,m,,
vV, =a,5,5,0, -a,C.C,m,
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I, =a,C.C,, I, =a;S,, I, =-a,5,C,,
- U.A:(a)2+a)3)Sl,U'5:a)l, U.G:(a)2+a)3)C1
Z |V, =-8,5,Cpt —aC S, (0, +0y),
3
v, =aCy (0, +a,),
V, =3,5,S,, (0)2 +0)3)_33C1C23w1
I, =a,C,.Cp,, |y =8,5S,,, I, =-8,5,C,,
U'4 :(a)2+a)3+a)4)51, U, =,
;r U6 =(a)2+a)3 +a)4)C1
'5 V, ==2,5,C 0 —3,C,S 5 (0, + 0 + 0, ) 0,
Vv, =a,Cyy (0, + 0, +0,),
V, =8,5,S,y (0, + o3 +0,)-a,C.Cppm

It is convenient to note here that the torque
exerted in each joint is then normalized in the range
—100 to 100 for the sake of comparison.

In data based modelling, straightforward algebra
can be used to calculate the normalized input u, by
inversing the TF of each joint tabulated in Table (2),
giving the link angle vy, .
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Input for Shoulder

Input for Wrist

The normalized input of each joint in the
manipulator arm can be then calculated by using both
physical FEM and experimental DBM. The results are
plotted in Fig. 10 which shows little difference
between both approaches when compared to the real
normalized inputs given to the joints. The same figure
suggest the use of DBM, since it gives closer inputs
when compared to the real inputs especially for slew,
shoulder and elbow joints. The fourth joint, wrist, may
need extra effort for modelling.

7. Conclusions

This paper has developed two different
approaches for dynamic modelling of the manipulator
arm; they are the physical FEM and the experimental
on-line DBM in discrete time. A comparison between
the two approaches is carried out, in terms of
modelling accuracy, along with experimental
validation by real time implementation of the
manipulator. The comparison study of the real time
implementation suggests that both approaches provide
acceptable modelling for the manipulator in terms of
torque exerted in each joint; however DBM shows
closer results to the real inputs with straightforward
modelling when compared to modelling using FEM.

100
O Real Input
80 DBM
""" FEM
60
40
20 O i ﬂ 2 n! , !
0
I
-20 =
20 40 60 80

Samples

Fig. 10 Comparison between the required normalized input by FEM and DBM when
the manipulator arm achieves an arbitrary path shown in Figs. (8 and 9).
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Appendices
(a) The expression for M

1
ME:mJNTng
0

100 0 &, =&, 100 0 (&-11, (1-&),
010 =&, 0 &, 010 (1-¢)l, 0 (&-1)1,
mj 001 &, =&, 0 00 1 (&1, (1-¢)I, 0
49 100 0 &, =€, 100 0 (&1, (1-¢),
010 -4, 0 &, 010 (1-81, 0 (-1, |d&
001 &, =&, 0 001 (&-11, (=91, 0
6 0 0 0 3l, -3, 6 0 O 0 -3, 3,
0 6 0 -3 0 3l, 0 6 0 3l, 0 -3,
0 0 6 al, -3l, 0 0 0 6 -3l 3l, 0
0 =31, 3, 2(17+17) =20, =20, 0 =31, 3, —(I7+17) 11, R
3, 0 -3, =20, 2017+12) <20, 3, 0 -3, L1, —(17+17) L1,
e _m -8, 3, 00 2L, =20, 2(17+12) <81, 3, 0 1, L =(17+17)
24| 6 0 0 3l, -3, 6 0 O 0 -3, 3,
0 -3l 0 3l, 0 3l 0 -3,
0 0 6 al, -3l, 0 0 0 6 -3l 3l, 0
0 31, -8l —(IZ+17) 11, MR 0 31, -3, 2(1F+17) 2,1, 21,
S8, 00 3, Ll —(1Z+12) nl, =3, 00 3, =20 2(12+17) =2,
31, 3, 0 R LI, —(17+17) 3, =8, 0 2,1, 21, 2(|3+|;)_
(b) The expression for C°
[0 0 0 v, v, 0 0 0 =3, 3y, ]
0 -3, 0 3, 0 0 3y, 0 =3v,
0 0 v, 0 0 0 =3, 3y, 0
0 -3, 3, 4, -28, -25, O -3, 3, -5, S, S,
, 0 -3, -2, 4, -25, 3, 0O -3 S, -2, S,
3y, 3y, =28, -28,, 4S, -3, 3y, S, S, -2,
M® =
0 0 0 J, -, 0 0 0 =3, 3y,
0 -3, 0 v, 0 0 3y, 0 =3v,
0 v, -y, 0 0 v, 3y, 0
v, -3, -28, S, S, 0 3, -3, 4, -2, -2,
%, 0 3, S, -8, S, -3, 0O 3 -2, 4,6 -2,
% -3, 0 S, S, -25, 3, -3 0 -2, -25, 4s,
m 03><3 L 03x3 . 03x6
| O RD,R" +RD,R" 0,
6x3 06><3 OGXG

85




Life Science Journal 2018;15(2) http://www.lifesciencesite.com

dl
where v _d SV, =—2 _d, . Sy
a7 dt dt

ve,and S, =lv, +lLv, .

=lv, +lv,, S, =Lv, +lv,, S, =Lv, +lv , S, =lLv +lv,,

SXZ :IXVZ +IZ X!

(c) The expression for H°

(UZ+Ud) U, Ud, 000 (UZ+Ul) Uy, Uy, 000
Uy, -(U7+U?) Uy, 000 UY, (Ui+UZ) LU, 000
U, Uy, -(U;+U2) o000 UuU, Uy, (U7+UZ) 00 0
0 0 0 000 0 0 0 000
0 0 0 000 0 0 0 000
. 0 0 0 000 0 0 0 000
He =
(U2+ug) Uy, VU, 000 -(U2+UZ) U, uu, 000
VU, (U7+UZ) Uy, 000 UU; —-(UI+UZ) UL, 00 0
U, Uy, (Ui+U¢) 000 UY, Uu, —(U7+UZ) 0 0 0
0 0 0 000 0 0 0 000
0 0 0 000 0 0 0 000
|0 0 0 000 0 0 0 00 0]
(d) Dynamic Equivalence
The requirements for dynamic equivalence are [19]:
1-  The mass of the equivalent body must equal to the original body
m=m +m, +m, (A1)
2-  The centre of gravity of the equivalent body must be in the same location of the original body.
I
ml, :mlE+mp1I (A.2)
3- The mass moment of inertia of the equivalent body must equal that of the original body.
Ly =1, (A3)
) 12 -1 ) +1, =1 (A4
m, E"L PG +mpuc+mp1(_0)+Ay_y '
12 (1 Y , 2 AS
m| 5+ E_I° +my 1Z+m, (1=1) +1, =1, (A5)
Since 1, , Ly, ,and 1, depend on the cross sectional area of the link not its length, see Fig. 6, then
Ly =la, +1a, (A.6)

The solution of the above six linear equations gives the parameters required for the homogeneous equivalent

link {ml,mpo,mpl,le,lAy,lAz}.
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