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Abstract: Potential functions and Fourier series method in the cylindrical coordinate system are employed to solve
the problem of moving loads on the surface of a cylindrical bore in an infinite elastic medium. The steady-state
dynamic equations of medium are uncoupled into Helmholtz equations, via given potentials. It is used that because
of the superseismic nature of the problem, two mach cones are formed and opened toward the rear of the front in the
medium. The stresses and displacements are obtained by using integral equations with certain boundary conditions.
Finally, the dynamic stresses and displacements for step loads with axisymmetric and nonaxisymmetric cases are
obtained and discussed in details via a numerical example. Moreover, effects of Mach numbers and poisson's ratio
of medium on the values of stresses are discussed.
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1. Introduction terms of Hankel functions, and finally the stresses
1.1 General Remarks and displacements are found by inversion of the
Moving loads on the surfaces have been transformed quantities. In this paper the coefficients
investigated by many researchers. Investigation on of the stresses and displacements are found by
dynamic stresses in solids is very significant in the solving sets of coupled integral equations.
study of dynamic strength of materials and in the The waves are expanded into Fourier series in
design of underground structures subject to ground terms of the angle, & , around the opening. The stress
blasting waves. A related but considerably simpler field of the wave is written in terms of potential
problem has been treated by Biot (1952), who functions which satisfy the equations of motion.
considered space- harmonic axisymmetric standing These equations decoupled via introducing the
waves and obtained a closed form solution. Another potential functions and reduced to Helmholtz
related problem was treated by Cole and Huth (1958), equations that the potentials satisfy.
who considered a line load progressing with a These potential functions are in integral form
velocity V on the surface of an elastic half- space. with unknown functions in the integrands. Therefore
Because of the simpler geometry, they were able to the Fourier series coefficients of the stresses and
obtain a solution in closed form. Adrianus (2002) displacements are also in integral form with unknown
investigated the moving point load problem in soil integrands. The applied boundary tractions (the step

dynamics with a view to determine the ground
motion generated by a high-speed train traveling on a
poorly consolidated soil with low shear wave speed.
M.C.M. Bakker (1999) revisited the nonaxisymmet-
rical boundary value problem of a point load of
normal traction traveling over an elastic half-space.
M. Rahman (2001) considered the problem of a line
load moving at a constant transonic speed across the
surface of an elastic half-space and derived solution
of the problem by using the method of Fourier
transform. lavorskaia (1964) also studied diffraction
of a plane longitudinal wave on circular cylinder.
One basic method has been used for the solution of
these problems, the solution is obtained by using an
integral transform of the displacement potentials. The
resulting transformed equations are then solved in

loads) are expanded into a Fourier series in € and
expressions for the stress and displacement
components at points in the medium are derived for
each term of the Fourier series as functions of the
radial distance r from the cavity axis and the distance
z behind the wave front.

The following three cases of step loads are
considered: normal to the surface, tangential to the
surface in the direction of the axis of the bore, and
tangential to the circle of load application. These
results can be used, by superposition, to determine
the effects of other load patterns moving with the
velocity V in the direction of the axis of the bore.

Numerical solution of these equations gives the
values of the unknown functions. These values can
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then be used to find the stresses and displacements on
the boundary and also anywhere in the medium.
1.2 Problem Description

The object of this work is to obtain stresses and
displacements in an elastic medium in the vicinity of
a cylindrical cavity which is engulfed by a plane
stress wave of dilatational travelling parallel to the
axis of the cylinder, as shown in Figure 1.

The step load has an arbitrary distribution P (6)
along the circumference of the circle and moves with

a velocity V>Cy>C, ; therefore, the speed is
superseismic with respect to both the dilatational and
shear waves in the medium. Consequently, the
disturbances which were initiated far behind the front
on the boundary of the cavity cannot reach the
vicinity of the wave front for some time after the
incident wave passes.

Figure 1. Moving step load

Moreover, because of the super seismic nature
of the problem, it should be expected that two mach
cones will be formed in the medium, as shown in
Figure 2. These cones should open toward the rear of
the front. Furthermore, there can be no stresses or
displacements ahead of the leading front.
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Figure 2. Geometry of the problem and the
coordinate systems

If a coordinate system is assumed to move along
the cylinder with the wave front, it is seen that the
state of stress at points close behind the wave front
depends only on relative position of them with
respect to the front. Thus, in the vicinity of the wave
front, provided that the end of the cavity is far away,
the problem may be treated as a steady-state case. In
other words, in the moving coordinate system, the
state of stress and displacement is independent of
time.

2. Governing equations and general
solutions

Consider a cylindrical cavity of radiusr=ain a
linearly elastic, homogeneous, and isotropic medium

(r.6.2)

referred to a fixed coordinate system ) whose

origin lies on the axis of the cavity.

A step load along the circle at Z = -vt
progresses along the interior of the cavity with a
velocity V such that the stresses on the boundary r=a

are:

o, r=a=cr1(§)U(2+vt) (1)
oreJr _ a=02(§)U(2+vt) )
orZJr=a=o3(§)U(2+vt) 3)

Where the functions °k (06) define the
distribution of the applied load. To determine the
steady state solution, a moving coordinate system (r,
0 ,) is introduced such that:
r=1,0=0,z=2+Vt 4)

The following treatment is restricted to the case
where the velocity V is greater than C, and C,, the
respective propagation velocities of dilatational and
equivoluminal waves in the medium. Hence

\Y% \'%
Mi=—>1, My=—>1
1 C 2 ) (5)
Where

+2
clzf £ q, =\/E (6)
p p

A
The equations of motion in cylindrical

coordinates, r, 9, z, for an elastic medium, may be
expressed in the following form:

ou o2
v, —iz(ur 20y Ay oA _p ol
r o N TG S T
ou o%*u
v2ug —iz(ue—z—f)Jr(&Jrl)la—A=E 9
T 00 n rod u ot
) %)
L N i
zZ n oz u at2
Where the dilatation, & | and the laplacian
2
operator, v , are given by:
A:%_f.ﬁ_}.l%_}.au__i
oo r r o0 Oz ®)
, % 10 1 8P
Vie s S
at ra e’ ozt
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As mentioned earlier, the assumption of the
existence of a steady-state case and trans-formation

form r, 0 , % coordinates to T, 0 , z results in
elimination of the time variable, t, from the equations
of motion. This transformation is performed by the
following relations, as given in relations (4):

z=7z+Vt
0.0 0_yo
0z 0z ot oz

Therefore equations (7) may be expressed as
follows:

1 dug A oA p zﬁzu
Vi -— @ 22—+ (E+)—==EyI L
u, r2(ur+ 66)+(u+)8r " )
2
2 1 ou, A 10A _p 207Uy
=@y -2—L+E+n-==Lyv
Viug rz(ue ae)+(u+)rae TR ©)
22
Vzuz+(&+1)a—A:Ev2—uzz
n 0, u 0z
Stress components are given by
A +2 Oy
6. =AM +2p—-
Ir .
G = M +2p(—L + -0
60 PP
G, =AM+2u—=2
Z r (10)
1 Ou u Ju
Grezu( r _ 0 0
éuae 5 r or
u
6. —u(—L iz
V4 H(gl% arau
o, 194,
oy, = W(—=+——%
0z =M, )

. u.ug u
Displacement components T and Z may
be expressed in Fourier series:
e 0]
u.(r,6,z)= ¥ u, (r,z)cosnd
2
n=0

o0
ug(r,6,2) = ¥ u, g(r,z)sinnd (11)

n=1
o0
u,(r,6,z) = ¥ un,z(r,z)cosne
n=0
Three potential functions are now introduced,

(P(I', 65 Z) = § (Pn (I', Z)COSI’IB
n=0

y(r,0,2) = ¥ v, (r,z)cosnd (12)
n=0
x(,0,2) = ¥ x,(r,z)sinnd
n=1
The displacement components
Unro%n,0 and Up g

are defined as follows:
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These equations may be obtained from the
vector equation
u=grade +curlo
Where © is the sum of two independent vectors
as follows:
‘o =y +curly

The vectors * and y have only one non- zero
component which is in the z- direction in both cases.

X =0y, =0
Xg =0 yvg =0
Xz =X YV, =V

By substitution of the values given in equations
(13) into the equations (9), it can be shown that the

potential functions satisfy the modified wave
equations.
52
Vi, = ARE (pzn
€ 822
0
V2 0= (1)2 \Vzn (14)
Cy 6232
2 V.29 %n
Vi =)
Nty a2

Stress components are expressed in Fourier
series form as follows:

O (1,6,2) = X oy 1 (1,2)cos nb
n=0

o0
G (1,0,2) = X 6y g (1,2)cOs nO
n=0

04, (1,6,2)= ¥ & 4, (r,z)cosnb
n=0 (15)

0
O (1,8,2) = X 6 19(r,2)sinnd
n=1

o0
6y, (1,0,2)= ¥ oy 1, (r,2)cos n
n=0

0
¢, (1,0,2) = X 6 ¢,(1,2)sinnb
n=1
Equations (11) and (15) may be substituted into
equations (10), and as a result stress- displacement
relations may be written for each term of the series:

ou
O =M +2u% (16)
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Substitution of equations (13) into equations
(16) and application of the differential equations (14)
result in the following equations for stress
components:
2
a“ oy ) )
— :(Mz —2Mj )‘Pn,zz +2¢,RR +2Y RRZ T+

0
2n 1
+f Xn,R _E Xn

a GOpop 2
—n=(M2 —2)(Pn,zz —2¢nRR *+

u
2 n? 2n 1
| VYoRZ ™ Vnz |75 | /n,R ~ 5 4n

R R R R
a’ On,zz 2 2 2
T = (M2 —2Mj + 2)(Pn, 77~ 2(M2 —1)‘Vn,zzz

, 17)
a Opro __2_n _i _2 _i +
—u =R Pn,R R Pn R Yn,RZ R Yn,z

2

+ (Mz - 1)}(n,zz = 2XnRR
a2 o

s 2 n
—%=20,r7 —(Mz - 2)\Vn,Rzz +—Inz
n R

2
a Gpoz 2n ( 2 n
—_— +{M —2)— -
" R Pn,z 2 R\Vn,zz Xn,RZ

Where the second set of subscripts of

¢n-Wnandz, represent the partial derivatives of

these functions. R and Z are the dimensionless

variables form:
r z

R=—,7Z=— (18)
a a

The values M; and M, are defined as follows:
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MY Y
G G,
Let (19)
2 ap2 2 a2
Bi =Mj -1 ,  Ba=Mj3-1

The differential equations (14) may be written
in the following form:

Ogn 000 N _20°0n
oRZ RR RZ " ' 572
o W N7 5 20%Wn 20)
oR2 R AR RZ " T2 572
Ptn A 0a 0520
oRZ RAOR R2Z™M 77 572

It is seen that these equations have the same
general form as the differential equations of the
cylindrical waves obtained in reference (13).
Therefore solutions of equations (20) may be
obtained in a manner similar to that in reference (13).
These solutions are given in integral form as follows
(see Appendix A for verification of the solutions):

¢, = jgo f, (Z - RBjcoshu)coshnu du

Wy, = [ 8n(Z - Rpjcoshu)coshnu du 1)
Xn = .[gohn (Z — RBycoshu)coshnu du
From consideration of the fact that the

disturbances are zero ahead of the wave front, it is
seen that the functions f,, g, and h, are zero for the
values of  their  arguments less than

-RBq, —RBz and - RB; ,respectively.

Therefore the upper limits of the integrals may
be changed from © to the following values:

uq = cosh™(1 +i) for @,
RB1 (22)
hl(1+ Z ) for g, &
Us = COS —_—
2 RBZ n n
The integrals are then written with these limits:

¢y = I(L)11 fn (Z—RB1 cos hu)COS hnudu

Wn ZI(L)IZ n (Z—RB2 coshu)cos hnudu (23)

An = ng hn (Z—RB2 Coshu)COS hnudu

3. Expressions of stresses and displacements
Substitution of equations (23) into equations

(17) gives the following expressions for stress
components.
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2
a"On,rr

= [g1f"(nM %2 -2 +

+ 2[3123inh 2u]cosh nu du +
+2B5% (829" (ny )cosh 2ucosh nu du —

- Bzzjg2h"(n2 )sinh 2u cosh nu du

(24a)

2
a‘c, 00 . )
= B (ng)[Mp” - 2
—2[31 cosh u]coshnudu—
2B,° I g"(n5 )sinh?ucosh nudu
+By? J¢>h"(n2 )sinh 2ucosh nu du

(24b)

2
a o
7 (M,? —2M, % + 2)[81 £"(ny)cosh nu du (24¢)

~ 2B, 3" g"(ny )cosh nu du

2
4 Onrf _ 5121511 £"(n;)sinh 2u sinh nu du +
(24d)

m

Bzzjgz g" (M, )sinh 2u sinh nu du
- [322 Jo2 h"(m5 )cosh 2u cosh nu du

2
a Onrz

= —281j51 f"(n4)cosh ucosh nudu +

By (M,2 — 2)]529"(n2 )cosh ucosh nu du (24¢)

+B2J52h"(ny )sinhusinh nudu
2

a‘c
——"82 _ 2,8 f"(ny)sinhusinhnudu +

B, (M2 - 2)J32 9" (n2 )sinhusinhnudu (241)

+ B2 Jy2h"(ns )cosh ucosh nudu
Substitution of equations (23) into equations

(13) gives the following expressions for displacement
components

Wiy —RBl Iu ,f'(n;)sinh u [nsinh nu cosh u N
- — sinh u cosh nu] du

a n
+ = RBZ fu2 g"(n,) sinh u[nsinh nu cosh u —
2 L 0 sinh ucosh nu]du (25a)
L= Rﬁz fu h"(n,) sinh u[sinh nu cosh u —
2 0" nsinh ucosh nu] du
Hune - RI31 J-u f’(nq)sinhunsinhucoshnu
a n2 0 —sinhnu cosh u]du
- RBz "(n2 )sinhu[nsinh ucosh nu
* n2 _ JO — sinh nucosh u]du + (25b)
N RBz Ju h"(n, )sinhu[nsinhnucoshu
0 —sinhucoshnu] du
MUy 2

= —RBI [o" £'(ny) sinhuSinhn u du +
a n
RB,> (25¢)
+ 2 [52 g"(ny ) sinh usinh nu du
n

M =Z-RBjcoshu
Where 272~ RpB,coshu
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And [M):9(N2).h(N2)=F;(n1),gn(N2).hn(N2)

and primes represent the derivatives of the functions
with respect to their arguments.

4. Boundary conditions

In order to satisfy the condition of a traction
boundary at the face of the cavity, r=a, three of the
stress components must satisfy the following
boundary conditions:
Onr J r—a =0 n1U(Z)

Onrz ] r=a = O n2 U(Z)
Ohre ] r=a O n3 u(2)

These equations are satisfied for each term n.
>0 and o

(26)

The coefficients of the stress, On, 0IZ are
expressed in equations (24) in integral form. These
integrals  include  the unknown  functions

£n,).g"(n,) and h'(n,) which are to be found by

solving the set of three simultaneous integral
equations. These values then may be substituted back
into the equations (24) and (25) to find the stress
components and displacement components of the
waves at any point on the boundary or in the medium
behind the move front.

5. Solution of the Boundary Equations
Numerical solution of the boundary equations
requires finding numerical values of the functions

£n;).g"(n,) and h’(n,) In the following para-

graph, the changes in variables are used. At the
boundary, the radius R is fixed, R=1. Therefore the

arguments of the functions f’,¢" and h are:
Ny =Z—P; coshu
Ny =Z—P;coshu 27)
28
Welet : &1 :E &2 :izkél ( )
By By
Where <= BB, . Equations (27) may be

written as:

m :Bl( 1—coshu)

1’]2 :BZ kE—’l —coshu

A new variable ¢ is now introduced by the
following relations:

coshu=1+¢§
¢ ___d¢t (29)

~sinhu _\/2§+§2

The limits of the integrals with this variable are
as follows:
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Lower limits, u=0 ,&=0
u=u , &=

Upperlimits{ ! & =% (30)
u=u, , § =8, =k&,

The upper limits are linear functions of Z and

& ; therefore, in order to perform numerical

integration, the longitudinal axis & is divided into
small steps. At every point along this axis the
numerical integration is performed and at each step

only one new value of the functions
f (n1 )’g (n2) and h (n2) enters into the
computations.

As an example of the procedure of the
numerical integration, the component of the stress in
the radial direction is given symbolically below:

Onpr :Iir:r +|rCE +I|r-: (31

Where

u " 2 2 2

1f n M -2+ 205 sinh“ujcoshnudu
1)IVI2 1
= 2[32 j“29 (n,)cosh?ucoshnudu (32)
- B3 j“2 h’(n, )sinh2u sinhnududu
F |G H
The 1ntegrals Il andly at the pth step are

expressed by using the convolution theorem in
summation form as follows:

I —(R*F) (f), +m2( ) e m+(Rr )p
(R*G) (2), +Z( ) g m+(Rr )

lg:(R;rrH) ( ) + Z ( ) P m+(RrrH)p

I (33)

Where (f), (g) and (h) are the unknown
functions to be evaluated.

At this stage of integration the values (f)m, (£)m,
(h),, are known for m=0 to p-1.The only unknowns in
these expressions are (f),, (g)p, and (h),. Similar
expressions are written for the other components of
stress, at the p™ step. The boundary conditions are
now in the form of a set of three simultaneous linear
equations. Solution of this set results in the values of
(Dps (&)ps and (h)p. The procedure is then carried on to
the (P+1)™ step; Similar operations are performed to
find the values of (f),+1, (g)p+1, and (h)p+1.

As mentioned previously, when the values f, g
and h are found at each step, these values are

. ,u
substituted into the expressions for

“n00°° .

’ to compute the numerical
values of these stresses and displacements in the
medium.

o
nzz’ n 0z
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6. Numerical Results and Conclusion

For the non-axisymmetric loadings
characterized by n > 0, numerical values of the stress
components On,OG Inz andonvze at the cavity
boundary r=a are presented in this section. These
stresses are given for the cases n=1, 2 for each of the
three step- traction loading indicated below:

Index Applied load
Opr]r—y = On1 €0s N0 U (Z)
K=1 Orzlr=a = Or0li=a =0
Grz}r:a = 6 cos n0 U (2)
K=2 Orlr=g = %10 =0
Gre]] r—a = Op3Sin ne U(z)
K=3 Orrlr—a = Orzl—q =0
The curves are shown for two sets of prameters:
M, =l=2 ; v=0.25
Case 1: G
M, =1=1.033 ; v=0.25
Case 2: G

The values of M; were chosen for application of
the results to problems of some practical interest. The
stress components in each case approach the static
plain strain solution as Z approaches infinity,
indicating that mathematical model produces correct
results for propagation of waves in the isotropic
medium. For those cases in which the static solutions
do not vanish, a typical overshoot above the value of
the static (long term) solutions is observed.
Moreover, a decrease in the Mach number M;
appears to compress the stress response curve into a
smaller range of Z such that the asymptotic values of
the lower value M;=1,033 are obtained for smaller
values of Z. Figures 12 and 13 show the stress

S 06 and S0 4z ]
components at the cavity boundary

r=a for the axisymmetric loading case, n=0, for the
mach numbers M;=1.033, 1.5 and 2. As in the cases
where n # 0, the stress components in each case
approach the static plain solutions as Z approaches
infinity. Figures 14 through 19 show the

displacement components © %00 and u,,z (n=1,
2, 3, 4) for each of the three loading cases, k=1, 2, 3.

Figures 20 through 22 show the " and "0Z
displacement components for the case n=0. These
displacement results are shown for the M= 2,

v =1/4 case only.

The only property of the material in the medium
which enters into computations is its poisson's ratio.
Figures 23 through 26 represent the effect of this
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parameter on the values of stress components for the

axisymmetric loading case, n=0. The following

values of poisson's ratio are used in this study:
v=0,0.15 025 and 0.35

It is noticed that the change in poisson's ratio
does not have a large effect on the maximum value of
longitudinal stress for the load case k=2 (Figure 26),
while it affects considerably the value of longitudinal
stress for the case load, k=1 (Figure 25), and hoop
stress for the two cases, k=1,2 (Figures 23 and 24) for
smaller values of Z.
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Appendix A

Verification of the Solution of Wave Equation
Consider the modified wave equations express-

ed in equations (20). A typical differential equation

of this kind is expressed as:

vz(P = Mz(PZZ
Or
2

1 n
— 2o, + +—@r——=¢=0 Al
Pzz T Prr R(PR R2 ¢ (A1)

A solution of this differential equation was
represented in the following form.

u1
¢ = [f(Z-RpB cosh u™Cosh nu du (A.2)
0
Where
uy :cosh_1(1+£)
RB

In this section, the solution (A.2) is checked by
substitution of ? into equation (A.1).
Partial derivatives of ¢ are:

Ug
or =P If'(n)cosh ucoshnudu
0

2 U 2
®rr = B2 Jf"(n)cosh? ucoshnudu (A.3)
0

uq
0, = [f"(n)coshnudu
0

Where
n=Z-RBcoshu

65

The function ? may be integrated by parts as
follows:
Y 1 Y1
¢ = [f(n)coshnudu= —f(n)sinhnu| ~ +
0 n 0 (A4)

u
RB ! . .
RB If'(r])sthSmh nudu
n o
The first term on the right hand side is zero,

since f(r]) is zero for values of u greater than Y Ina

similar manner ®® can be integrated by parts,

g
®r = B[ f'(n)coshnucoshudu
0
Uy
or =-RpB? | £'(n)sinh? ucoshnudu
0

u
+np ff'(r])sinhu sinhnudu
0

It is easily seen that substitution of the values ¢

, PR PRR 4nd P2z into equation (A.1) satisfies this
equation.
Similar solutions are obtained for the functions

Voand X .
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