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Abstract In this work, we investigate ridges and ravines of Weingarten surfaces in the Euclidean space 
3R . The 

necessary and sufficient conditions for existence of ridges and ravines are obtained. Finally, an application is 
constructed, plotted and its ridges are shown through figures. 
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1. Introduction: 

On a smooth surface, we define ridges to be the 
local positive maxima of the maximal principal 
curvature along its associated curvature line, therefore 
it encode important information used in surface 
analysis[4]. 

Beside pure mathematical studies discovering the 
beauty of ridges and associated structures, the ridge 
have been studied in connection with research on 
accommodation of eye lens, image and data analysis, 
and quality control of free-form surface. 

The set of solutions of the equation defining 
Weingarten surface is called curvature diagram or W-
diagram of the surface.The study of W-surface is a 
classical topic in differential geometry. 
 
2. Preliminaries: 

In this section we fix some notations on local 

classical differential geometry of surfaces. Let M be a 

surface in 
3R , and consider 

 21,uuxx 
 a local 

parameterization of M . Let N  denote the unit 

normal vector field on M  given by Do Carmo, 
Gray[5],[6]: 
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In each tangent plane, the induced metric 
,

 is 
determined by the first fundamental form : 
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The second fundamental form : 
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Under the parameterization x , the mean 

curvature H and the Gauss curvature K have the 
classical expressions : 

  2
122211

2
122211

2
122211

112212122211

ggg

LLL
K,

ggg2

gLgL2gL
H











 

The principal curvatures 1k  and 2k  are given by : 

KHHk,KHHk 2
2

2
1   

Defenition1: 

A point is umbilical point if and only if KH 2   
at this point. 

We have an important theorem about umbilical 
points : 
Lemma1: 

If all points of a continuous surface S  are 

umbilical, then S  is either part of a plane or a part of a 
sphere 

Thus an umbilical point is either a planner point 

or a spherical point. Usually, a point p on a smooth 
surface has either only two principal directions, or an 
infinite number of principal directions with the same 
normal curvature. Therefore, 
Lemma2: 

p  is a non-umbilical point if and only if there 

exist only two orthogonal principal directions at p . 
A line of curvature is a curve on a surface whose 

tangent are the principal directions at all of its points. 

For a non-umbilical point 
Mp

, let us 

choose coordinates in the space so that 
p

 is at the 
origin, the xy-plane is the tangent plane to the surface 

at 
p

, and the principal directions coincide with x  

and 
y

 axis. The surface is then expressible, in the 
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Monge form, as the graph of a smooth function from 

xy-plane to the z  axis with the equation : 
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(1) 
This patch is called principal patch[4],[3]. 

 
3. Weingarten Surfaces: 

A surface M  in 
3R  is called a Weingarten 

surface if there is some relation between its two 

principal curvatures 1
k

 and 2
k

, that is to say, there is 

a smooth function 


 of two variables such that 

  0,
21
kk

, 

or equivalently 
  0, KH

[7],[8],[9]. 
These surfaces were introduced by the very 

Weingarten in the context of the problem of finding all 
surfaces isometric to a given surface of revolution. 
Weingarten surfaces are important in computer aided 
design and shape investigation. 

If the function 


 is linear, that is : 

.,,,
21

constcandbawherecbkak 
 

The surface is called linear Weingarten 
surface(LW-surface), typical examples of LW-surfaces 
are: 

- S
urface with constant Gauss curvature. 

- S
urface with constant mean curvature. 

After earlier works in the fifties due Chern, 
Hopf,Hartman,amongst others, there has been progress 
in this theory, especially when the Weingarten relation 

is of the type 
 KHfH 2   and f  is elliptic, the 

surface satisfy a maximum principal that allows a best 
knowledge of the shape of such surface[7],[8],[9]. 

For the study of these surfaces, kühnel 
investigated ruled W-surfaces in Euclidean 3-space[8]. 
kühnel [8], and Yoon[7] gave a classification of ruled 
W-surface and ruled LW-surfaces in Minkowski 3-
space. 

M.H.Kim and D.W.Yoon gave a classification of 
Weingarten quadratic surfaces in Euaclidean 3-
space[7]. 
 
4. Ridges and Ravines: 

Surfaces creases provide us with important 
information about the shape of objects and can be 
intuitively defined as curves on a surface alng which 
the surface bends sharply. Mathematical description of 

surface creases is based on study of extrema of the 
principal curvatures along their curvature lines 
[10],[11]. 

Assume that the maximal and minimal curvature 

1max
kk 

 and 2min
kk 

 of M at 
p

. The 

associated tangent directions 1max
tt 

 and 2min
tt 

 

of M at 
p

. The integral curves of the principal 
direction fields are called the curvature lines. A point at 
which one of the principal curvature vanishes is called 
parabolic.A point at which the principal curvature are 
equal to each other is called umbilic[1],[2],[3]. 
Definition2: 

A non-umbilic point 
Mp

is called ridge 

point if max
k

 attains a local positive maximum at 
p

 
along the associated curvature line. 

A non-umbilic point 
Mq

is called ravine 

point if min
k

 attains a local negative minimum at 
q

 
along the associated curvature line. 
Lemma3[12]: 

The necessary condition for a surface to have a 
ridge is to satisfy : 
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Lemma 4[12]: 
The necessary condition for a surface to have a 

ravine is to satisfy : 
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Lemma5[13],[14]: 
The necessary condition for the surface 

 y,xfz   to have a ridge (ravine) is to satisfy the 

differential form ofd 3  . 
Lemma6[13],[14]: 

The sufficient condition for 
 y,xfz   to have 

ridge (ravine) is to satisfy the inequality 

0
x

f
4
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4
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4
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). 
 
5. Ridges and Ravines on Weingarten Surface: 

Let us consider the Weingarten surface satisfying 
the equation : 
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  (2) 

Differentiating 2
k

 with respect to 
21,uu

 we get 
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At ridge or ravine we have : 
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Thus : 
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,hence: 
Theorem1: 

On Weingarten surface M , if there is a point 

Mp
at which 1

k
 max (min) then 2

k
 is 

max(min). 
Remark: 

1- In the case of the sphere with radius r , 

.const
r

1
kk 21 

 
i.e. F is the constant linear function, that is 

0F  .Then the sphere is a LW-surface. 
 

2- In the case of cylinder, 
0k,

r

1
k 21 

, so 

  0kF 1  , and hence 

0F  . It is a LW- parabolic surface. 
Now, differentiating (3),(4) with respect to 
21 u,u  we get : 
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Hence, equations (6),(7),(8) can be written in the 

form : 
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  (9) 
At ridge, ravine,[from(5)], equation (9) will have 

the form : 

0F,)k(HessF)k(Hess 12    (10) 

The point 
p

 is ridge (ravine) if 
 pk

1 is max 
(min ), that is : 

  
    


















 0,00 21

1

2

21

1

2

1
u

k

u

k
andpkHessDet

 
 (11) 

From Th.1, we can see that if 
p

 is a ridge 

(ravine) then 
 pk2  is max (min ), using (9) we have 
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From (11), (12) we have: 

a- 2
k

 has max at 
p

 if : 

   
0

u

k
F

u

k
21

1
2

21

2
2











 
Which gives the following : 
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Which gives the following: 
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Thus we have proved the following : 

Theorem 2: 

On Weingarten surface (2), where F is 
decreasing, then : 
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 has max at the point 
p

if 1
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p

. 
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p
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. 
Theorem 3: 

On Weingarten surface (2), where F is 
increasing, then : 

1- 2
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p

if 1
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p

. 

2- 2
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p

if 1
k

has min at 
p

. 
 
6. Special Representation For Weingarten 
Surface: 

Considering the surface given in (1),and assuming 
that the surface is Weingarten surface satisfying 
(2).Then the surface can be represented by : 
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At ridge (ravine) using (5),we get the following: 

Teorem 4: 
The necessary condition for the Weingarten 

surface 
 yxfz ,

 to have a ridge (ravine) is to 

satisfy 
0,3  Fofd

. 

Now, Taylor expansion of 
 yxfz ,

 at 
ridge (ravine) has the form: 
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Hence, according to the sign of F  and the 

hessian matrix of 1
k

we can determine whether the 
point is ridge or ravine.That is : 
Teorem5: 

On Weingarten surface covered by principal 

patch, If F is increasing then 2
k

has max (min) if 
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Teorem6: 

On Weingarten surface covered by principal 

patch, If F is decreasing then 2
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has max(min) if 
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7. Applications: 

We will give illustration to the ridge and ravine 
using the well known programs in geometry to plot a 

surface in 
3R .For this perpose we consider the 

following surfaces: 
1-Enneper's surface: it is a self intersecting 

minimal surface,parametrized by: 
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On this surface, the parametric lines are lines of 
curvature, the principal curvatures are : 
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 22221
vu1
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

, and hence 

  22 kkF 
. 

According to the relation between principal 
curvatures, this surface is minimal linear Weingarten 
surface. 

At 
0,0  vu

, 1
k

has max, and since F

decreasing, then 2
k

has min. 
Figure 2 shows the surface together with ridge 

lines. 
2- Helicoid surface: it is a minimal surface having 

a helix as its boundry, it is the only ruled minimal 
surface other than the plane, parametrized by: 

    0,,sin,cos,  contsccvvuvuvux
 

On this surface, the parametric lines are lines of 
curvature, the principal curvatures are : 

2221
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c
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, and hence 

 
22

kkF 
. 

According to the relation between principal 
curvatures, this surface is minimal linear Weingarten 
surface. 

At 0u , 1
k

has max if c is positive,and has 

min if c  is negative. 

And since F decreasing, 2
k

has min if c is 

positive, and has max if c  is negative, Figures 1-a,1-b 
shows the surface together with ridge lines. 

3- Ellipsoid of revolution: 
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Which can parametrized by : 

   vbvuavuavux cos,sinsin,sincos, 
 

By simple calculation we get 
0

1212
 Lg

, 
i.e. parametric lines are lines of curvature. 

Principal curvature are givin by: 
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Which 

can be written as :
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a
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, that is,ellipsoid of 

revolution is Weingarten surface with 
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21
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, 
it is not LW-surface. 

Ridges or ravine accrues at 



 ,

2
,0v

, 

and since F is increasing, and 1
k

 has min at these 

values, 2
k

has min also.which is illustrated in figure 3 

taking 2,5  ba . 
 

 

Fig.1.a: Helicod with 2c , and its ridge line 

 

Fig.1.b: Helicod with 2c ,and its ridge line 
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Fig.2.Enneper surface with its ridge lines 

 

 
Fig.3. ellipsoid of revolution with its ravine lines 

 
Acknowledgments 

The authors would like to thank Deanship of 
scientific Research at Princes Nora Bint Abdul Rahman 
University for supporting this work. 
 
References 
1. Anoshkina, E. V., Belyaev, A.G., and Kunii T.L., 

Ridges and ravines: a singularity approach,Int. J. 
Shape modeling,(1)1999994,1-11. 

2. Belyaev, A. G.,Anoshkina, E. V., and Kunii T. L., 
Ridges, ravines and related point features on a 
surface, vision geometry IV,Proc. SPIE 2573, 
1995,84-95. 

3. Belyaev, A. G., Pasko A. A., and Kunii T.L., 
Ridges and ravines on implicit surfaces, Proc. 
CGI,1998, 530-535. 

4. Cazals F., Faugere J., Pouget M., and Rouillier F., 
The implicit structure of ridges of a smooth 
parametric surface,Tech. report 5608,2005, 
INRIA. 

5. Do Carmo M., Differential Geometry of Curves 
and Surfaces, Prentic-hall, 1976. 

6. Gray, A., Modern Differential Geometry of 
Curves and Surfaces With Mathimatica, CRC 
Press, 1998. 

7. Kim M.H., and Yoon D.W., Weingarten quadric 
surfacein Euclidean 3-space, Turk. J. Math., 2011, 
35, 479-485. 

8. Kuhnel W., and Steller M., On closed Weingarten 
surfaces, Monatsh. Math. 146(2005), 113-126. 

9. Lopez R., On linear Weingarten surfaces, Int. J. 
Math., 2008, 19, 439-448. 

10. Nassar H. Abdel-all, Singularities of Klien 
manifolds, Tensor, N.S., 1998, 55,151-157. 

11. Nassar H. Abdel-all, and Abd-Ellah, H.N., 
Critical values of deformed osculating hyper ruled 
surfaces, Indian J. Pure and Applied Mth., 2011, 
32(8), 1217-1228. 

12. Nassar H. Abdel-all, and Areej A. Almoneef, 
Ridges and singularities on hypersurfaces, J. Inst. 
Math, & Comp. Sciences, 2008, 21(2),109-116. 

13. Nassar H.Abdel-all, and Areej A. Almoneef, 
Generalized ridges and ravines on an equiform 
motion, J.Math.Studies, 2012,4(2),76-85. 

14. Nassar H. Abdel-all, and Areej A. Almoneef, 
Local study of singularities on an equiform 
motion, J. Math. Studies, 2012,5(2),26-36. 

 
 
 
9/3/2014 


