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Abstract: In this paper, we investigate the global behavior and rate of convergence of following anti-competitive

. . . a a1 x
system of rational difference equations: x,,,; = B+y: el 1 = m,

a, B, v..aB, ¥ 1 €0,) and the initial conditions x,, ¥ € (0,%0) . Some numerical examples are given to verify
our theoretical results.
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1. Introduction where 4, B, %, Xy, %, Y2, Y1, ¥ € (0, 9
Difference equations manifest themselves as Elabbasy et al. [8] studied the asymptotic behavior of
mathematical models describing real life situations in two dimensional rational system of difference
probability theory, queuing problems, statistical equations:
problems, stochastic time series, combinatorial PV — T =D 01 ..
. . n+1 an+ T ’734—1 b+@xr' )
analysis, number theory, geometry, electrical 2T @¥n 2 n

where the parameters a;, ¢, @, b, B, B, v €0, 9
and the initial conditions x,, ¥ € (0, 9.

Our aim in this paper is to investigate the asymptotic
behavior of following anti-competitive system of
rational difference equations:

networks, quanta in radiation, genetics in biology,
economics, psychology, sociology, etc. It is an
indisputable fact that difference equations appeared
much earlier than differential equations and were
instrumental in paving the way for the development of

the latter. It is only recently that difference equations Xnt1 = ﬁ y k1 = Blilyinﬁ' n=0,1,,- (1)
have started receiving the attention they deserve. where the parameters a, B, v,.a8, ¥, r €0, o and
Perhaps this is largely due to the advent of computers initial conditions x,, ¥ € (0, &).

where differential equations are solved by using their 2. Linearized stability

approximate difference equation formulations. For Let us consider two-dimensional discrete dynamical
basic theory of difference equations we refer [1-4]. In system of the form:

literature there are many papers on qualitative Xper =f (X, %)

behavior of biological models [11-15]. Recently there Vo1 =9 G6, 3), =0, 1, } (2)

has been a lot of interest in studying the global
attractivity, boundedness character, periodicity and the
solution form of nonlinear difference equations.

Cinar [5] investigated the periodicity of the positive
solutions of the system of rational difference

where f: I XJ —=land g: I X] —]are continuously
differentiable functions and I, hre some intervals of
real numbers. Furthermore, a solution { (¥, ¥) }i of
system (2) is uniquely determined by initial conditions
(%, ¥) €1 XJ. An equilibrium point of system (2) is

equatloni: . apoint (X , Fhat satisfies

Xt =3 o1 = JE =f(_f .,_3_’)

Stevi ¢ [6] studied the system of two nonlinear y=9(x,¥)

difference equations: Definition 1. Let (X , Be)n equilibrium point of the
— Un_ —Wn system (2).

Xne1 = Tro, 1= Trs, Yy (2)

(i) An equilibrium point (¥ , i¥9aid to be stable if
for every € >0 there exists § > Osuch that for
every initial conditions (xq, ¥), if [[(xg, ¥) —

where u,, %, W, gare some sequences X or .
Zhang et al. [7] studied the dynamics of a system of
rational third-order difference equation:

Xn— Vs (x ) <6 implies |I(x,, ¥)— (x ) <e for

nt1 = . ’ = - » n alln >0, where ||| is usual Euclidian norm in
" By ez P BAX s X .
=0, 1, - .
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(i1) An equilibrium point (X
if it is not stable.

(iii) An equilibrium point (X , 35) said to be
asymptotically stable if there exists 7 > Osuch
that ||(xo, ¥) — (¥ D} <n and (% %) -
(x )an-ooo.

(iv) An equilibrium point (X , 38)called global
attractor if (x,, ) —(¥ )& n-x

(v) An equilibrium point (X , i¥ galled asymptotic
global attractor if it is a global attractor and
stable.

Definition 2. Let (X , Be)an equilibrium point of a

map F=(f(x, ), g(x, y)where f and g are

continuously differentiable functions at (x , jfhe
linearized system of (2) about the equilibrium point

(x ,iygiven by

Xn+1 =F (Xn) :F]Xna

Where X,, = (;n) and F;is Jacobean matrix of the

n

, i¥ 9aid to be unstable

system (2) about the equilibrium point (X ).y
Let (X ) Be an equilibrium point of the system (1),
then

_ _ay — _ ayX

By & Bi+vs ¥
Hence, 0 = (0, 0)be a unique equilibrium point of the
system (1).
The Jacobian matrix about the fixed point (x ) 18
given by

_ ayry x 1 a
= = (B+y )2 Bty &
F](x )7 L _anrE ¥y [
p1tr1 ¥ (B1+y1 ¥)?

Lemma 1. [3] For the system X,,, =F (X,,), n =
0, 1, --of difference equations such that X be a fixed

point of F If all eigenvalues of the Jacobian matrix F;

about X lie inside the open unit disk |1] <1, then Xis

locally asymptotically stable. If one of them has a

modulus greater than one, then X is unstable.

3. Main results

Theorem 1. Let { (%, %) }be a positive solution of

the system (1), then for every m=0 the following

result hold:
(@ (@) neone
. 1
) OS%S{ aa Y™
k Wﬁ Xy, N =2m+2.
1
I((a, m a, m-1 ) L
= - x n =2m+
/3) ([3) 0 ’
(i) 0<y, S{ o~
k 7 ) Yoo N =2m+2.

Proof. It follows from induction. m

Lemma 2. Let a <f and a; <f,, then every
solution { (%, ¥) by of the system (1) is bounded.
Proof. Assume that

A =max {&y 96}

1 @
and
A, =max {gxo, )5}.
Then, from theorem 1 one can see that 0 <x,, <A,
and 0 <y, <4, foralln=0,1, -:m
Theorem 2. If a <f and a; <f,, then unique
equilibrium point O =(0, 0) of the system (1) is
locally asymptotically stable.
Proof. The linearized system of (1) about the
equilibrium point O = (0, 0)is given by
Xnt1 =F;( 0, 03X

where
X, = (Yn) and
a

0%
B0, 0) Fay o)

B1
The characteristic polynomial of F; (0, 0)s given by

—12_%
P(A) =2 R 3)
The roots of P(1) are A; ,== ;‘;—1 . Hence, by
1

lemma 1 the unique equilibrium point (0, 0)s locally
asymptotically stable if ¢ <f and a; <f3;.

Lemma 3. [2] Let ] =[a, bhnd ] =[c, dpe real
intervals, and let f: I XJ — and g: I XJ — be
continuous functions. Consider the system (2) with
initial conditions (g ¥) €1 XJ . Suppose that
following statements are true:

(1) f(x, yJs non-increasing in x, and non-decreasing
iny.

(i) g(x, ¥ non-decreasing in x, and non-increasing
iny.

(i) If (my, M, m, M) € > XJ?2is a solution of the
system

my =f My, ;), M=f(my, M)

m, =g (my, M), M =g M,;, m)

such that m; =M ;, and m, =M ,. Then, there exist
one positive equilibrium point (X ) §f the system (2)
such thatlim g (x,, ¥) =& ).y

Theorem 3. The unique equilibrium point O =(0, 0)
of the system (1) is global attractor.

Proof. Let f(x, ) :Bf:xr and g(x, Yy = Blj;:yr.

Then, it is easy to see that f(x, y)s non-increasing in
x, and non-decreasing in y. Moreover, g(x, y)s non-
decreasing in x, and non-increasing in y . Let
(my, M, m, M) be s solution of the system

my =f My, ;), M =f(my, M),

m, =g(my, M), M =g(M,, m).

amo aM,
Then, one has m; = —— = . 4
s 1 B_H,er 4 M B+rym " ( )
and
ajmy ay My
m, = = . 5
27 BrtyaMy™’ M B1tyim” )
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From equations (4) and (5), one get

my _ my ftymy”

M_1 oMy pyMyT ©)
my; _ my Bityimap”
—_ == 7
My My BityiMpT )
Setting
ﬂ_a1<1—_a2s1. ®)

My
In view of (8), equations (6) and (7) then implies that
(g —az)B = (aai ™' —1)ayM," } 9)
(az —a)py = (@103 —1)ayM," )
Note that right-hand side of (9) are less than or equal
to zero, and thus
a,—a, <0, ¢ — a1 <O.
This implies that a; <a, <a, which hold if and only
ifa; =a,. In view of (9), it follows that a; =a, =1.
Thus m =M ,;, m; =M ,. Hence, from Lemma (3) the
unique equilibrium point 0=(0, 0) is a global
attractor.m
Lemma 4. Under the conditions ¢ <f and a; <f4,
the unique equilibrium point O = (0, 0)of the system
(1) is globally asymptotically stable.
Proof. The proof follows from theorem 2, and theorem
3m
4. Rate Of Convergence
In this section we will determine the rate of
convergence of a solution that converges to unique
equilibrium point (0, 0) of the system (1).
The following results give the rate of convergence of
solutions of a system of difference equations
Xner = (A+B ()X, (10)
Where X,, is an m— dimensional vector, A € C™™ is
a constant matrix, and B: Zt -C ™™ is a matrix
function satisfying
IB()Il -0 (11
asn —oo , where ||. || denotes any matrix norm which
is associated with the vector norm
IB(Il = Vx* +y2
Proposition 1. (Perron’s theorem) [10] Suppose that
condition (11) holds. If X,, is a solution of (10), then
either X;, =0 for all large n or

1
p =lim g (X, [Dn (12)
exist and is equal to the modulus of one the
eigenvalues of matrix A.
Proposition 2. (Perron’s theorem) [10] Suppose that
condition (11) holds. If X,, is a solution of (10), then
either X;, =0 for all large n or

1 1 Xn4a ll
p=lime T (13)

exist and is equal to the modulus of one the
eigenvalues of matrix A.

Let {(x,, %)} be any solution of the system (1) such
that 7l_imrrxn =X, 7l_imnyn =Y. To find the error terms,

—00

one has from the system (1)

18

I
n+1 ﬁ‘l’ ):/ﬂjé é)_l_,y ,7?'
_ a yRxj—x =
T B R Gy D o G %) +
B+ 794{ On =5),
and
_ a;x, a;x
Vo1 —Y =
n ﬁl +y, ¥ ﬁl +y. ¥
31+Y )ﬁ( —X)-

ay1Xvn-y") (y e
B1+y1 %) Bi+ys F) o) T

<
b

Letel =x, —JZ and € =y, —¥, one has
el =a e +b, é,

ez,  =cpel+d, é.

Where

@yl b=

n (B+ Y4 By #) (en—x)’ B+ yxﬁ’

4 = a1 Xyh-y7)

C .
n 31+Y1 %’ " (B %) Bityr F) on—y)

Moreover ,
. _ ayry x1 a
N an == 0757 e by = 20— 1
. oyt §o
i 6 = gl Timo dn == R0,

Now the limiting system of error terms can be written

as
r—1

ayryx a
(e%n) | B r B (e%)
e%_'_l - @y _aprx ! e,zl ’
p1tr1 ¥ (B1+y1 ¥)?

which is similar to linearized system of (1) about the
equilibrium point O =(0, 0) Using the proposition
(1), one has following result.

Theorem 4. Assume that {(x, ¥)}be a positive
solution of the system (1) such that 71 _1m m, =x and

l11iny, =y where

n-—-oo

(x ) #(0,0)
1

Then, the error term e, = (Zrzl) of every solution of
n

(1) satisfies both of the following asymptotic relations
Li nflle, D7 = [AFGe ) fy i meeal =

IIE II

CENY:
where AFj(X ) jare the characteristic roots of
Jacobian matrix F;(X ) gbout(0, 0)
5. Examples

In order to verify our theoretical results we
consider several interesting numerical examples in this
section. These examples represent different types of
qualitative behavior of solutions to the system of
nonlinear difference equations (1). All plots in this
section are drawn with mathematica.
Example 1. Consider the system (1) with initial
conditions x, =2. 99, y=1. 96. Moreover, choosing
a =115, =120, y =2.9,, & 116, f§ =
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117, y=0. 04, r =1. 99%hen, the system (1) can

be written as
_ 115y, 116xy

T 120+2.9 99’ M1 = 11700 04 3 9o

n =0, 1, --and with initial conditions x, =2. 99,
Yo =1.96 .

Moreover, in Fig. 1 the plot of x,, is shown in Fig. la,
the plot of y,, is shown in Fig. 1b and an attractor of
the system (14) is shown in Fig. lc.

)

(14)

Xn+1

30

25

L »n

50 100 130 200

(a) Plot of x,, for the system (14)

—

50 100 150 200

(b) Plot of y,, for the system (14)

1 1 1 1 1 4y
bl]
0.5 1.0 1.5 10 5 3.0

(c) An attractor of the system (14)
Figure 1: Plots for the system (14)

Example 2. Consider the system (1) with initial
conditions x, =1. 99, =0. 99. Moreover, choosing
the parameters « =155, §=160.6, y =0. 0089
a, =169. 5, $=170. 95, y=0. 0095, r =0. 94 .
Then, the system (1) can be written as

155yn 169. 5x

X. = =
n+1 ™ 160. 6+0. 00899x 94’ M1 = 175 9540, 00959y 94

(15)
n =0, 1, -gnd with initial conditions x, =1. 99, y=
0. 99

Moreover, in Fig. 2 the plot of x,, is shown in Fig. 2a,
the plot of y, is shown in Fig. 2b and an attractor of

the system (15) is shown in Fig. 2c.
x{r)

b rE i s, n
50 100 150 200

(a) Plot of x,, for the system (15)

L TN n

50 100 150 200

(b) Plot of y,, for the system (15)

Rt

EI.IS 1.0 1.‘5
(c) An attractor for the system (15)
Figure 2: Plots for the system (15)

Example 3. Consider the system (1) with initial
conditions x, =4. 09, =3. 9. Moreover, choosing
the parameters a« =13.9, f =14, y =0. 00%, =
15, =16, ¥ =0. 005, r =5. 00%hen, the system

(1) can be written as
_ 13. 9y, _ 15xp
Xne1 = 14+0. 009 % 0042 k1= 16+0. 005 3, 00 4(16)
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n=0,1, -; and with initial conditions
4. 09, p=3.9

Moreover, in Fig. 3 the plot of x;,, is shown in Fig. 3a,
the plot of y,, is shown in Fig. 3b and an attractor of

the system (16) is shown in Fig. 3c.

]
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(a) Plot of x,, for the system (16)
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(b) Plot of y,, for the system (16)

L
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(c) An attractor for the system (16)
Figure 3: Plots for the system (16)

6. Conclusions

In the paper, we study the asymptotic
behavior of an anti-competitive system of rational
difference equations. The system has only one
equilibrium point (0, O)which is stable under some
restrictions on parameters. The linearization method is
used to show that equilibrium point (0, O)s locally

5/2/2014
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asymptotically stable. The most important finding here
is that the unique equilibrium point (0, Okan be a
global asymptotic attractor for the systems (1).
Moreover, we have determined the rate of
convergence of a solution that converges to unique
equilibrium point (0, 0yome numerical examples are
provided to support our theoretical results. These
examples are experimental verifications of theoretical
discussions.
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