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Abstract. For the analysis and design of electronic circuits, a mathematical model of possible processes that can
occur in a particular circuit under consideration, is developed. As the result of this modeling differential and
algebraic equations will be obtained. However, the current-voltage characteristics of nonlinear elements that make
up the circuit and determine the relationship between the current and the voltage may not be set in the form of an
analytical dependence. For solution of differential equations describing the processes in the circuit, it would be
useful to have such dependence. Therefore, the determination of the current-voltage characteristics of non-linear
elements in the form of an analytical formula is the actual problem. This article is devoted to the determination of
the current-voltage characteristic of the nonlinear element (varistor) in the circuit, and solving the problem of the
transient process in it, arising under external influence.
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Introduction between current and voltage in a non-linear circuit
It is known that for theoretical research and element. Selection of a polynomial of fifth degree is
practical calculations of nonlinear electric circuits it dictated by the following factors: first, to achieve
is advisable to have an analytical representation of sufficiently high determination accuracy of the
the current-voltage characteristics (CVC) of the required dependence between current and voltage in a
nonlinear elements. Due to this fact, it is an actual non-linear element, and second, to show the
problem of determining the analytical formulas that possibility of solving the problem by using a
describe with some accuracy the relationship between polynomial approximation of a high degree.
voltage and current in a nonlinear circuit element [1-
3]. As a general rule, to establish such relationships, Problem statement
experiments are conducted and on the basis of Let’s consider an electric circuit (Figure 1),
experimental data a function that defines the which has a non-linear element (NE). Two types of
analytical relationship between current and voltage in varistors are chosen as non-linear elements. It is
a nonlinear element is determined. This function is known that the varistors represent semiconductor
called an approximating function. It solves two resistors with symmetric current-voltage
problems, called problems of mathematical statistics characteristic. They are used to stabilize and protect
[4-6]: the electronic equipment and overvoltage. This is
- Choosing the general form of the ensured by their feature, a pronounced dependence of
approximating function, a general view of the the resistance from the voltage applied on them. To
selected function can contain a number of unknown study the circuit, wherein a nonlinear element such as
parameters. a varistor is contained, it is important to have
- Determination of the specific form of the analytical relationship between the current and
function, i.e., determining the values of the unknown voltage. For this purpose, it is required to solve two
parameters. problems of mathematical statistics stated above.
In many studies various functions are used as After receiving the analytical relationships between
approximating functions [7-9]. Analysis of the use of current and voltage in a non-linear element, it is
different approximation functions to describe the necessary to consider the problem of the transient
current-voltage characteristics of non-linear circuit process which occurs in the given circuit (Figure 1).
elements, the determination of their parameters from To solve these statistical problems it is required
experimental data were considered in the paper [10- to measure currents and voltages in this non-linear
13]. In contrast to [14], this article suggests using a element and on the basis of the results of these
polynomial of fifth degree as an approximation measurements to obtain an approximating function in
function to determine the functional relationship the form of a polynomial of fifth degree.

176



Life Science Journal 2014;11(5s)

http://www.lifesciencesite.com

- TR
1
ili
i(t) C:) Tci NE
Figure 1 - Electric circuit with a nonlinear

element

Description of the experiment

The aim of the experiment is to determine the
values of output current and voltage when the input
voltage and current change. A simple electric circuit
(Figure 1) is used for the experiment. Two sets of
experiments were conducted: for the two types of
varistors. Following disc zinc oxide varistors were
chosen as the non-linear element:
TVRO5180/CNR0O5D180 and
TVRO05220/CNR05D220. In the future, for brevity,
the first varistor is named VARI1S, and the second -
VAR22. In addition to the varistor, the circuit was
comprised of 3.5 uF and 2 uF capacitors. The input
and output voltage and current (in varistor) were
measured.

The experimental results are presented in the
form of two tables. Table 1 shows the results for the
first VARI18 varistor, and Table 2 - the second
varistor VAR22. Here: 11 > Ul input current and
voltage, 12 > 72 output current and voltage.

Table 1 - Results of the experiment for varistor
TVR05180/CNROSD180 (VAR18)

I,(mkd) |5 5 6107 | 3,5 10° | 510° | 810°
U(B) |63 |603 |56 |53z 517 | 527
I,(mkA) | 007 | 0074 | 038 | 247 45 6,38
U,(B) |2 3 1 5 6 7
Table 1 continued
I(mkd) | 910 [ 102105 [ 10210° | 13105 | 14105 | 15,510°
U,(B) 554 |6 6.7 736 | 792 | 8,58
I,(mkA) | 804 |95 10,97 12,03 | 13,04 | 143
U,(B) |® 9 10 n 12 13
Table 1 continued
I,(mkd) | 16510 [T7510° [1910° [20510° [ 20510° [ 22,5105 | 2410°
(j1 (B) 9,21 9,88 10,46 11,13 11,62 122 12,91
]Z(kA) 15,53 16,75 17,9 19,26 204 21,65 2292
(J2 (B) 14 15 16 17 18 19 20
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Table 2 - Results of the experiment for varistor
TVR05220/CNRO5D220 (VAR22)

1,(mA) 2,5 2,5 2,5 25 25 6 | 75
1,64 8 89 | 974 | 1037 | 51 | 5

U,(B)

I,(mk4) | 0.074 [ 0076 | 0,076 | 0,081 | 0.074 | 4595 | 6

U,(B) 1 2 3 2 5 6 7

Table 2 continued
IL(mA) 12 12 12,8 13 14,5 155 16,5 18

UI(B) 511 | 541 | 589 6,42 7,01 763 823 8,87
I, (mkA) 7,86 | 933 | 10,71 | 12,85 | 13,35 | 14,47 | 15,78 | 16,93
U2 (B) 8 9 10 11 12 13 14 15

Table 2 continued
Lmk) | © | B | WS |5 [B5] B | 7|7

946 | 10,13 | 1071 | 1127 | 1192 | 12,57 | 13,25 | 13,78
UB) |* ; i ; ) ? ] ;
L(mkd) | 1788 | 1916 | 2032 | 2136 | 22,59 | 23.67 | 2494 | 2603
UB) | 6|7 | 8B 0]z B

The approximation of the experimental results
For approximation of the experimental results

the voltage ~ 2 is taken as the argument and the

current ~ 2 - as a function. For convenience the
following notation is introduced:
x=U =1,. . .

20 Y 2° In the future, with this
notation in mind, we consider the

. =J(X . .

flll’lCthl’ly f ( )’ which determines the current
dependence on the voltage. Therefore, based on the
results of experimental data processing the function

Y= f (x)°will be determined

As noted above, the fifth degree polynomial was
taken as the approximating function:

y=bx’+b,x" +bx’ +b,x’ +bx+b,

e b (=12,...6)

coefficients of the polynomial.

To determine the unknown coefficients of the
polynomial (1) a well-known method of least squares
was used. Under this method, the minimum condition
of following function is used:

e

the unknown

U=3y, —(b-x +b,-x'+b,-x"+b, -x" +b, -x+bﬁ)]'(2)

The function v :U(bl’bz’b3’b4’b5’b6) is a

function of six parameters. The arguments to this
function are the coefficients of the polynomial (1)
selected for fitting the experimental data.

It is clear that a necessary and sufficient
condition for the minimum of function (2) is the
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equality of its first partial derivatives with respect to

the arguments ‘to zero:

ou :
520, 1 :1,2,...,6.

! €)
For the given minimum condition (3) of the function
U first we determine the first partial derivatives,

which we equate to zero, this leads to a system of six
linear algebraic equations with six unknown

bi,b,,....b,

parameters !’ :
a, 'bl +a, 'bz +a, 'bs +a, 'b4 +ag; 'bs +ay 'be =a,
a, 'bl +a, 'bz +ay 'bs +ay, 'b4 +ay 'bs +ay 'be =day

The coefficients of this system are defined by the
following sums:

=

Solution of the system of equations (4)

The system of equations (4) is solved for the
two cases of the experimental results presented in
tablesl and 2. To do this, the Gauss-Jordan method is
used. The process of solving this system of equations
by Gauss-Jordan method consists of six steps. After
the last step is performed solution to the system is
obtained. The algorithm for solving the system of
equations (4), using this method consists of the
following steps:

1°. Enter the values of the argument i and the

functionyi for ' = 1.2,...6.

2°. Loop through the parameterl for calculating the
coefficients of the system of algebraic equations by
formulas (4).
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3°. Beginning of the loop to solve the system of

k=1,

equations method

p=a

by Gauss-Jordan
k& . (Here p-auxiliary variable).

4°. Loop through the parameter J for calculating the
coefficients of k-th equation by the formula

Ay

a,.
=8 i=12,.7.
P

5°. Beginning of the loop on the parameter i (the row
number of the main matrix of the system of

equations) ! = L.

k

6. If L=K, the parameter value is incremented

1=1+ 1, i.e. transfer to next equation is performed
(Equation number matching the resolution row
number).

| > . .
7°.If L= 7’ the transition to step 10°. (Completion
of calculations).

8°. Loop through the parameter J for calculating the
coefficients of i-th equation by the formula of Gauss-
Jordan transformations.
k<6,
g

9°. The end of the loop on parameter k. If
to item 4°.

10°. Output of results.

According to this algorithm, a computer program for
the solution of algebraic equations was developed. As
a result of running this program results, that are
allowed to record the approximating functions as
polynomials of fifth degree, were obtained.

For varistor VARI8 approximating function has the
following form:

»=-0,00011- x4+ 0,006703- x* —0,151866- x* +

+1,542637 - x* —5,297486- x + 5,05751. (5)

Graph of the function (5) and the corresponding
experimental data for VARS8 are shown in Figure 2.
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Figure 2 — Graph of the polynomial (5) in
comparison with experimental data for VAR18
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For varistor VAR22 the same function is obtained in
the following form:

y=-0,000053-x° +0,003668 - x* —0,093541- x" +
+1,053142 - x* —3,514659 - x + 2,961554.

(6)
The graph of this function (6) and the corresponding
experimental data for VAR22 are presented in Figure
3.
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Figure 3 — Graph of the polynomial (6) in
comparison with experimental data for VAR22

Mathematical model and formulation of the
mathematical problem.

After determining the analytical relationship
between current and voltage in a non-linear element
we can consider the problem of the transient process
which occurs in a circuit under external influence.
The solution to this problem is primarily due to the
development of a mathematical model and on
formulation on its basis of a mathematical statement
of the problem.

To produce a mathematical model of the given
electrical ~circuit (Figure 1) the following

. . . . ,1, —
designations are introduced: !’ "2 currents,
u,,u u -

1> 72> NE voltages,
c,.C, - . - .

1> =2 capacitances, time. Here, !

and C2 are considered constant values.
According to Kirchhoff's law [1] for the scheme
under consideration the following formulas hold:

I +1, =i(7), Uy =Uy +Uy.

In series
. . C2
connection of the capacitor and NE the current

L, =1,.
is equal stays the same, i.e. 2 NE

The equations defining the dependence of the
current and voltage for the capacitors are written as
the following formulas: a) for the first capacitor

poc . du
1 1 ’
dr b) for the second capacitor
_C du,
Lh=4Ly—
dr

Suppose that for the approximation of the current-
voltage characteristics of the nonlinear element (NE),
the following expression is used

.U,
= . x =
lNE R f(x)a UO

where -

dimensionless voltage f (x) approximating
function of the relationship between the current and
the voltage in the non-linear element. In contrast to
the problem discussed in [4], instead of using the
linear element with a constant resistance R, this
problem uses a non-linear element. Moreover, the
voltage in the non-linear element is defined by the
Uy, =x-U,.

formula

For convenience in calculations it is appropriate to
use dimensionless parameters. For this purpose, the

following characteristic values are used: 0 .

Uy

voltage, R current. The following substitutions
of variables are performed:

. Uy . U, . U, u, u, Ung T
=yl Q= =yt x= =2 x= M =
R R R l]() l]() 0 T
X, Xy, X r— . .
Here, > X5 X5 V15 25 dimensionless
quantities.

So we obtain the following system of differential
equations with respect to the unknown functions

x(2), %, (1), X, (1) :

dx N [alpha ], +[alpha ],

) e ——

dr [alpha ], -[alpha ], [alpha ],
dx, B 1 ) 3 )

i " Taphay EO /@)

dx, 1

S (x)

dr [alpha ], .
(7
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RC
[alpha], = Tl

Here, constants and

RC,

[alphal, =

are dimensionless values;

RC, RC,
and - time constants.

For electronic circuit considered here it is assumed
that at the initial time there was no current (voltage),
so for solution to the system of differential equations
(7), the following initial conditions were assumed:

x(0)=0; x,(0)=0; x(0)=0; ®

Now we can formulate the following statement of the
mathematical problem: it is required to find such
values of the unknown functions

X (%), x, (¢

1( )’ 2( )’ X(f), that satisfy the system of
differential equations (7) and the initial conditions
(8). The solution of this system is being searched for

t<0,1]

on the interval . Due to the fact that there

exists a formula =4 7X relating these three
functions, it is possible that initially a solution for
two differential equations, the second and third
equations of the system (7), might suffice.

If the values of  the dimensionless

functions A (t)’ X2 (t)’ X(f), defining  the
voltage are found, then the dimensionless values that

VIO 7205 e

following

»n=f(x), y=z-y,.

determine the currents

found from the formulas:

Numerical solution of the mathematical problem
The problem (7) - (8) is the Cauchy problem for
a system of nonlinear differential equations of the
first order, resolved with respect to derivatives. To
solve this problem one cannot use existing analytical
methods because of the presence in the equations of
nonlinear function, therefore a numerical method for
solving the problem is used. Euler method can be
selected as the numerical method.
According to this method, first a step by the

independent variable t: [delta]=0.0001,

selected and then substitution of derivatives by finite-
difference equations is performed:

% ~ N ~ X dx, ~ Yot X .
dt  [deltal = dt  [delta]

)

Here X1 = x (1), xy =x,(), t, =[delta]-i,

are a number of steps by the independent variable ¢

Using the substitution (9) from the second and third
equations (7), we can obtain the following formula to
determine the discrete values of the unknown

X(8) g (0

functions and

[delta]
Xiiyn = Lf(x) —z(2)],

a,

[delta]

Xoin1 = a 'f(xi)a
2 (10)

where, X = x(tf ) "~ the value of the function
X(t) at t:tf' These formulas are valid for the

values of the parameter 1=0,1,2,....,n-1.
From the initial conditions (2) it follows that

t,=0, x,=0, x,=0.

(1D
This solution algorithm is designed for any type

of functions f (X) and Z(t)° Cases, when varistors,
whose current-voltage characteristics are as defined
above by formulas (5) and (6), are considered as a
nonlinear element in the, will be discussed below.
Here the current source is considered a variable
and the change in the current is set in the form of a

sine  wave: Z(t):Sin(z[pi]ft)’ with  the

frequency / :SOHZ. The following values of the
constant parameters were assumed: Cl =3,5 uF,
¢, = 2uF, R=10 kOhm, r=0]l sec.,

lalpha], = 0,35; [alpha], = 0,20.
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Figure 4 a — Graphs of functions

x,(1), x,(8), x, (¢) for 18 Volt
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Figure 4b — Graphs of functions
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Conclusion

The results of the numerical solution of the
problem are presented in the form of graphs (Figures
4a and 4b) for the case, when varistor VARIS is
considered as a non-linear element, and (Figures Sa
and 5b) for VAR22.

Figures 4a and 5a show the changes in the
voltages of the circuit, and Figures 4b and 5b show
the changes in the currents of the circuit. From the
analysis of these figures it follows that in the varistor
voltage takes negative values, and on the capacitors -
positive values. Current in the varistor has the same
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frequency and the same amplitude as the current
source. Current in the varistor remains constant.

Findings

Using a high degree polynomial (in this case,
the fifth power) for approximation allows
determining with a sufficiently high accuracy the
dependence of current on voltage in the non-linear
element.

The presence of the analytical relationship
between the current and the voltage in the non-linear
element allows formulating and solving a
mathematical problem, which describes the transient
process that occurs in an electrical circuit with a
nonlinear element.
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