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1. Introduction

Recently a great deal of interest has been
focused on the application of ADM for the solution
of many different problems. For example in [1-7]
boundary value problems, algebraic equations,
nonlinear differential equations, partial differential
equations, stochastic nonlinear oscillator and
nonlinear Sturm-Liouville problems are considered.
The ADM, which accurately computes the series
solution, is of great interest to applied sciences. This
method provides the solution in a rapidly convergent
series with components that are elegantly computed.
The main advantage of the method is that it can be
applied directly for all types of differential and
integral equations, linear or nonlinear, homogeneous
or inhomogeneous, with constant coefficients or with
variable coefficients as the method does not need
linearization, weak nonlinearity assumptions or
perturbation theory. Another important advantage is
that the method is capable of greatly reducing the size
of computation work while still maintaining high
accuracy of the numerical solution. In this paper, we
investigate the applicability of ADM to the following
nonlocal perturbed random fractional integro-
differential equations.

with the nonlocal condition
x(0: ) + Z cix(t; ) = xplw)

where

O<a=zl teR =[0ow) 0<t;< ..< t, <00 the
fractional derivative is provided by the Caputo
derivative and
(i) w € 12, the supporting set of a probability measure
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space (12, 4. F) ;

(i) x(t;e) is the unknown stochastic process for
teR,;

(iii) h(t.x) is called the stochastic perturbing term
and it is a scalar function of t € R ,and scalar x € R ;
(iv) k(t. 7 @) is a stochastic kernel defined for t and
Tsatisfying0 =7 <t < =;and

(v) f(t.x) is a scalar function of te& R, scalar
x € R and will be specified later.

The purpose of this paper is to apply the
ADM to obtain an approximate random solution
x(t:e) to the nonlocal Cauchy problem(1.1),(1.2).
We shall utilize the new formula for Adomian’s
polynomials developed by El-Kalla in [6] to prove
the convergence of ADM and to estimate for the error
between a truncated n+1-terms and accurate solution.
The studied problem may be considered a
generalization to the work of G. Adomain in [8]. The
nonlocal Cauchy problem(1.1}, (1.2)has applications
in many fields such as viscoelasticity, fluid
mechanics and electromagnetic theory, see for
example [9-13].

2. Preliminaries

Let (12. 4. F) denote a probability measure
space, that is 12 is a nonempty set known as the
sample space, =1 is a sigma-algebra of subsets of 12,
and F is a complete probability measure on =1. We
let x(t;ew), t R, ol , denote a stochastic
process whose index set is B.. Let L,(12.-A. P ) be
the space of all random variables x(t:w).t € R,.
which have a second moment (or square- summable)
with respect to P-measure for each £ € R,. That is:

Eflx(t: )2} = [ e )P dp(e) < .
iyl

The norm of x(t:e) in L,(2,:A.F) is
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defined for each t € R _by:

(el | = N les wdlly g0

Ealee

= [E{lx ;o) P02 = U 12 (e: )2 dP(aﬂ}

With respect to the functions in equation
(1.1). we make the following assumptions:

The random solution x(t:ca) will be
considered as a function of t € A with values in the
space L,(1,:4.P). The functions hlt. x), f(t.x)
under convenient conditions will be functions of
t € R, with values in L.(12,-4 P .

Let L.(2.:A.P) be the space of all
measurable and F -essentially bounded random
variables of w £ 11. With respect to the stochastic
kernel, we will assume that, for each ¢t and t
satisfying 0 =t <t=< =, kt, ) is essentially
bounded with respect to P, So that the product of
kt.mw) and flr.x(z:wl) will always be
in L,(12,:4, P ) for each fixed t and 7. The norm of

k(t.mw) in Lo(0LAP) will be denoted and
defined by
Mkt 2 ecadll = P — ess sup,, q|k(E, 7 e |.

Also the mapping (t.7) = k{t,7:@) from
the set A= {{t,7):0 =7 <t =< =} into L.(2,-4,P)
is continuous.

And  further, whenever 1, =T as
n—w=, P—ess sup, o lkls, 1wl —kis,miw)| = 0
as n — =, |t will be assumed also that for each fixed

t and T P —ess supy, | ks, ;) | £ M

uniformly for 7 = s = t. where M. =0 is some
constant dependingonlyontand . 0 = © = t = =,

Definition 2.1
We define the space

€.=C.(R,.L,(2,:4,P)) to be the space of all
continuous functions from A. into L,(2,-4, F } and
define a topology on £ by means of the following
family of seminorms
lx(t; @t = supparenllx(t; @)l n = 1.2,

It is known that such a topology is
metrizable and that the metric space £ is complete.

Finally, let B0 = €.(R.L,(2,:4,P))
be Banach spaces and let T be a linear operator from
C.(R..L,(n.:4.P)) into itself.

Now we give the following definitions with
respectto E.D,and T.
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Definition 2.2

The pair of Banach spaces (B, D) is said to
be admissible with respect to the operator T if and
only if T(B) = D.

Definition 2.3

The Banach space E is said to be stronger
than the space C if every convergent sequence in E
with respect to its norm, will also converge in C.(but
the converse is not true in general).

Definition 2.4

We call x(t:w) a random solution of
equation (1.1) if x(t;w) & C. for each te€R,.
satisfies the equation (1.1) for every t =0 and
satisfies the nonlocal initial condition, almost surely.

Now by using the definitions of the
fractional derivatives and integrals, it is suitable to
rewrite the considered problem in the form:
2t o) = x(0; )

r

1
+ﬁJ‘{t — 0%t h(n x(rw) )dr
o J‘i‘(r — )% (s, 7 ) f (7. x (7 0) )dds

Changing the order of integration
x(t; m] =x(0w) +

ra :]J‘{t—ﬂ“' (. x(z; w) )dt

:
1"{1] Kt nwfloxma))dr (2.1)
where

t
Kt i) = f{r — )" s, wlds (2.2)

Now define the integral operators T; and
T,on C.(R,.L,(2.:4,P)) as follows:

P
(T, 0t w) = %!(t — ) tx(nwldr  (2.3)

:
(Tyx)t; ) = %! Kt o) x(n;)dr  (2.4)
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Lemma 2.1
Assume that II_ ¢ = —1. then the

nonlocal Cauchy problem (1.11, (1.2} is equivalent to
the following integral equation

x(t1e0) = Axylew)
—A (Z c; [Ty h) (85, w) + (Ty; 2D Ev:-":]])

OO w) + () Ew  (25)

-1
where: A = [1 +I7, c._-] Ty and T are
defined by (2.3).(2.4) respectively and

f
(Tyx)tpew) = ﬁj‘(tg — T)% txlr; wldT
i}

&
1
[Ty 2t ea) = —J‘ Kt o w)x(rwl dr
[le)
o
i =123 p
see El-borai et al. in [14] for the proof.

Theorem 2.1

Suppose the random
satisfies the following conditions:
(i) E and D are Banach spaces stronger than £, and
the pair (B, D) is admissible with respect to each of
the operators, T; and T; defined by (2.3),(2.4)
respectively;
(ii) x(t;0) — R(t x(£; @) ) is an operator on the set
S={xt;w) e D:llx(&; ) ll; = g}k, with values in
E satisfying:

IR (e 20t w)) — R(E vie; m:l}"E, = A= @) — vt w0l
for x(t:e),y(t:es) ES,p=>0 and A,=0 are
constants;

(iii) x(t: ) — Flt.x(¢;: ) ) is an operator on S with
values in E satisfying:

equation (1.1)

If(tx(t: ) - Fleytad)ll, < 2:lxls w) — yEa)ll,

for x(¢; ), v(t;ew) € Sand 1, = 0 constant,
(iv) xolw) € D.

Then there exists a unique random
x(t;w) € 5 of equation(1.1), provided that

solution

)
{Hl‘q'l-i_ H:A::] (1 + |11| ||:'|_| )] = 1
=1

and

Az () Il 5 +
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ALY A TR (1 +1al Zw)

=1

= p(l - {H’1.11+H:A:](1 - |A|Z|c._-|))
i=1

where K; and X; are the norms of Ty and
T, respectively
see El-borai et al. in [14] for the proof.

3. Main results

The Adomian decomposition method
consists of decomposing the unknown solution of
(2.3) into a sum of an infinite number of components
defined by the decomposition series

=

x(t w) = Z .r;l.{t, )

k=D

(3.1)

where the components x;(t, w), k = 0 are
to be determined in a recursive manner. The ADM
concerns itself with finding the components
ot wl e, (8 w) vt ew) s individually.

The nonlinear operator IV that appears in
the considered equation is decomposing by a special
representation of infinite series of the so-called
Adomian Polynomials, that is

N(t,x) = Z Aylt.xgxxy)
k=D

where Ak =0 are called the Adomian
polynomials and are given by the following
Adomian’s technique

where the parameter 4 is simply a device
for tagging appropriate terms for grouping together.
The Adomian polynomials are not unique and can be
evaluated for all forms of nonlinearity. (see for
example [15-17]).

Now by substituting the series (3.1} and
the Adomian polynomials into the left side and right
side of (2.5) respectively gives

Z il wl = =4 ; c;

k=0

=

(Tj.i iﬂa )(tg, wl + (T:;Z By ){t._-, cu]:|
k=0

k=D

lifesciencej@gmail.com




Life Science Journal 2013; 10(4)

http://www.lifesciencesite.com

=

+(Tliﬂ;i)(t: ) +(I’:Z B;‘.)(t:aﬂ

k=D k=D

where A.EB;.k =0 are the Adomian
polynomials of the nonlinear terms h(t.x) and
F(t.x) respectively, they can be evaluated for all
forms of nonlinearity and are given by

k A . E
A= % (Zﬂx) k=0

=0

and

B, =— i f hE A k=0
.= _ Jy. =
"okl dAR t’_ %] e

j=n
A=0

Now we identify the zeroth component by
all the terms that are not included under the integral
sign in(2.3). Therefore, we obtain the following
recurrence relation:

xplts ) = Axylw)

-ric+1{t: ) = —A Z CE{TLE H;l-:]':fp w)
i=1

iy Z ci(Ty; Bt ) + (TuAL) (1 )
i=1

+(B )t w) k=0 (3.2

where x,(#: e is referred to as the zeroth
component. The m+1-components truncated series
solution is thus obtained as

= RZDJ:;‘.&, )

with

lim S, = x(¢; w) (3.3)

M=

Now, the convergence of the Adomain
decomposition scheme for the considered problem
will be established by the following theorem.

Theorem 3.1

The series solution{3.3) of the nonlocal
Cauchy problem (1.1}, (1.2) using the ADM
converges provided that 0 = & == 1 and
lx,(t wlll; = d..where d. is a positive constant
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and

n
E = {AL.Hl‘l‘A:H::] (1 + |j']|zl|:',_|)

i=1
Proof:
Since the approximated series solution is

xltiw) =Ef_px(t.w) | so we can define the
following sequence of partial sums

(S} = ]i x. aﬂ}

k=0

since

h(e x(t: a) :Z A ()
=0

Fltx(tiad) =Z B.(t; ),
=0
Then we havﬂe
ht.S) = D Ayt
=0
and

flt.5.) = Z By (t:c0)
=0

Now let 5., and 5, be two arbitrary partial
sums with m == n, yields

Z () = Axgle)

—A Z £; (rl. ){t., @)
—ﬂ; £; (r. Z: ){t.,aﬂ
+ (rl mzlﬂ;‘.){r: )

k=D

(e

Sn= Z x(tw) = Axy(w)

k=D

M:i
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-4 i c; (rn- Zﬂ) (. )
B n—-1
=4 ; € (T:i ; E; )'&EJ @)
n=1 n=1
+(T,_ZHR) (t:e0) + (T: Z B; ){t: w)
k=0 k=0

We shall prove that the sequence {5} is a
Cauchy sequence in the Banach space I .

Sm— S,
o m=-1 n=-1

= —_;']Z |'.'-'l (Tu (Z ."fl;t- —_ An)) {tl’ C-:.":]
i=1 k=0 =0

Taking the norm in D' for both sides, we

P m-1
1S~ Sullo = 141 ) led Ky [| Y 4 (6 )
i=1 k=n 5
P m—1
41 I K| Y Bty )
i=1 k=n B

m-1 m—-1
> 4w ) Bilew)
k=n B k=n B

have

+ K,

m—1

(1 + "”Z"’l D 4w
k=n B
m—-1

(1 + |11|Z|cl ‘ Z B, (t: )
H=n B

(1+ |11|Z|cl )nm s =S, O,
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+K, (1 + 14l Z |r:l-|) It 5y ) — FE S, M5
=1

B
= Ki (1 + |J’1| leﬂ'll) ‘11_"5?7‘..—1 —Sn_illﬂ
i=1
B
1K, (1 + 14l Z|c[|);|1:||5m_1 — 5,0,
i=1

il
= {.1131+12K:](1 - 'f“'Z"’f') Sm—s = Sn-sllo

i=1
Let
o
E = {AL.Hl‘l‘A:H::] (1 + |fl]|z||:'|_|)
i=1
Then

IS — Sollp = BlS,_y — Sayllp

Letm = n + 1, then

IS41 — Sallp < BllS, — 5,4l

< BEIS,_y — Snzllp . .. = g"s, - 5l

From triangle inequality we have

1S = Sallp = 1S = S llp + 15 0_y — Szl
ot 15nes — Spallp + 15,4, — Sull;

e (- Al o - || A 1Y | P
By the same way we have

IS = Sall; < BP(1+ 8 + B2+ )5, — 5l

Since 0 = & = 1, then

Ei"
15, — 5.0, < = — ||51 Sl

!

= '_S”xl(tw]";;—d]as:n—wc

Since llx, (£, ea)ll; = d,.and hence {5,} is
a Cauchy sequence in the Banach space I, therefore,
{5..} converges to the solution x (t,cs) € D, that is
the series Zi—p ¥ (t w) converges. This completes
the proof.
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Lemma 3.1
The mean square error of the solution (3.3)
is estimated to be

n i EIF! )
E (_r (t w) — Z x;( aﬂ) < m llx, (& )13

j=n
Proof:
From theorem 3.1 we proved that
8"
S — Sullp = 17 llx, (8 )l
If m* — o=, then 5,,- — x (£ w), then we have
mn

Ix ) = Syl < 7—

e G2, eadl

which means that

" - g .
E (x (t w) — Z x; aﬂ) = m lx, (2 ad I3

j=0
Hence the required result follows.
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