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Introduction In this section we recall many of the concepts
The concept of a fuzzy set was introduced by and properties which are needed in the sequel and
Zadeh [18], and many topics in mathematics was studied by others.

introduced using the fuzzy sets. In 1983 Atanassov [1,
2, 3, 4] generalized the fuzzy sets to intutionistic
fuzzy sets, and later there has been much progress in

Definition 2.1:[ 9]An intuitionistic fuzzy set4 (IFS
for short) is an ordered pair

the study of intutionistic fuzzy sets by many authors <A1, A2>€] X X1 X wherel X is the family of all
[ 5, 6]. Kandi let al.,[10 ] redefined the concept of

intutionistic fuzzy set which was defined by fuzzy sets on a given non-empty set X such that Al
Atanassov, in more simple form. C A_

In 1963 Csaszar [7] introduced the A2 and denoted by = =<A1,A2 > ¥
syntopogenous structures which are a unified theory The family of IFSs on X, will be denoted by II .
of topologies, proximities and uniformities. In 1983 1 . .

Katssars and Petalas [8, 9] used the ideas of Csaszar The IFS ==<I,1>is called the universal IFS, and the
and the concept of fuzzy set to introduce the fuzzy IFS 0 =<0,0> is called the empty IFS.
syntopogenous structures.Kandil et al.,11] used the . . X . )
ideas of Csaszarand,Katssars and Petalas [7, 8, 9] and The blnary operations on II ~are given in the
the concept of intuitionistic fuzzy set redefined [10] following:

to introduce the intuitionistic fuzzy syntopogenous Definition 2.2:[9] Let 4:<A1 LA2> and §:<Bl
structures.Recently Tantawy et al,. [17] introduced

the convergence of fuzzy filter in fuzzy ,B2>be two IFSs on a non-empty set X. then :
syntopogenous spaces.Also in [16] they defined some (1) A c Eiff A1 S Bl and A2 € B2

separation axioms on syntopogenous intuitionistic '

fuzzy structures. 2) A4_B iff Al=B! and A2=B2.

Mondal and Samanta [12] introduced the
definition of generalized intutionistic fuzzy sets. (3)4 Uz =<Al U Bl,A2 U B2>.

Park and Park [13] used the generalized (4)4 N §:<A1 N B! A2 N B2>.
intutionistic fuzzy sets given by Mondal and Samanta c ¢
to introduce the concept of generalized intutionistic %) 4 ‘=<2 AL>,
fuzzy filter. According to above definitions we can

By using theintutionistic fuzzy set modified by generalized the operations of intersection and union
Kandil and the notion of generalized intutionistic ) ) 4. .
fuzzy filter given by Park and Park we will define to arbitrary family { <= 7 :i€ J} of [FSs as follows:
theintutionistic fuzzy filter. Also we will introduce U A LJAI.1 U Al.2 ﬂﬁ
the convergence of intuitionistic fuzzy filter in ie] i=<ie  ieJ > andie/ i=
syntopogenousintuitionistic fuzzy spaces using 4 ﬂ VE
[16,17] and study their properties. ﬂ Y y

ieJ s ieJ >,

Preliminaries
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X c
Theorem 2.3:[9](IT , ﬂ, U, ) is a Morgan
Algebra i.e. it satisfies the following axioms :
(1)Commutative laws

yAUB_BU 4
(2) Associative Laws

5 AUB,UC_4UBUC,

i ANB_BN A4

mANBNC_ANBNC,
(3) Identity laws

i)éUQ:A ii)ﬁUl:l
indN0_0 wAN1_4

(4) Distributive laws

pAUBNC, A4UB\N4UC,
9ANBUC ANBUANC,
(5) De Morgan's laws
i)(éUﬁ)C:ACﬂﬁc

11)(40§)C:46U§C

Definition 2.4:[9] Let X and Y be two non-empty

sets, / :X?Ybea function;

(HIf 4_ <A'!, A2> isan IFS in X, then the image
of A under / , denoted by

@ L (4yisan 1FS in Y, defined by / ()= </

(A1), f(A2)>; where

S -
. -1
sup 4, (x) if S =e
xef™(x)
0 otherwise v oy
EY,
and i:1, 2.
3)If §:<B1, B2> is an IFS in Y, then the
preimage of B under / , denoted by r (§)

is the TFS in X defined by / ' (By=</ "B
0, L B2y >, where /T @Y = BI(S
) and S "B2)=B2(f (x) V xex

The properties of the image and the primage of
intuitionistic fuzzy set is the same as the fuzzy case
as follows:
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Theorem 2.5:[9] Let J . X>Ybea function, 4 ,

Beyamda(4iiencn® b, 2

S|
"and (€. ien S’ Then:
mdcsB= 4, cf (B
el C /D)

3) Adcf N (4)), and the equality holds if /
is injective.

(4) f (f 71(Q))§ c , and the equality holds if S
is surjective.

o Ey =S TEN,

4, UJru)
(6) f(iej ):ie.l

Uc, Ur'c)

(7) S (e  )=iel .
4, (/)
(®) / (e’ )g heJ , and the equality holds

it /' is injective,

Nr'e) Ne)

(9) i/ ,

10y 7 (9)=0 i/ is surjective, then /(1) =1,
(ll)fil(l)=1 and fﬁl((_))=(_)'

=ieJ

Now we introduce the concept of intuitionistic
fuzzy point as follows.

Definition 2.6:[9] Let X be a nonempty set and x€
X be a fixed element, a,pe I = [0,1] such that
asp , p >0. An intuitionistic fuzzy set x (*#) = (x
(@ xPByen x is called an intuitionistic fuzzy point
(IFp, for short ) i.e. the IFp x(*#) is an ordered pair
of two fuzzy points x (@), x ¥ where

x (@ <x B

When & = 0. Then x (> = 0 and the
intuitionistic fuzzy point x (*#) is called a vanishing
intuitionistic fuzzy point (VIPs, for short), i.e. x (*-#)

=(0,x# ) where p €10=(0, 1].
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X
Theorem 2.7:[9] Leté, B e 11

A. A A

, where = {=<""7 "1 > Then:

and {Ai D€

X
Sn
(1) Ac Eiff x(@p) € 4 implies x (@A) € By X

@h) in X.
4,
() x(@h €ics  iff x@h € 4iv i€ 1.

(3) If there exist i€ J such that x(*#) € 4 I, then x

U4,

L2

(a.f) € ieJ

A_U y@p . ge@mnedy

“4)
Remark 2.8:[9]

The union of an IFS and its complement needs
not be the universal IFS.

The intersection of an IFS and its complement
needs not to be the empty IFS.
The statement; (x(“#) & 4o x(@h) e Ac
not be true in general.

(1) In fuzzy setting, we observe that if {Ai i
€ J }be a family of fuzzy sets, then for any fuzzy
U4,

x (@) € ieJ

) may

point x (%) iff x(®) €Al for some i
€ J and J is finite. But this is not true in the
intuitionistic setting.

This is shown in the following examples:

Example 2.9:[9] Let X = {a, b, ¢} and 4_ @%,b

0.3 , c0A5 )’ (a 0.5 , b0A3 , C0A7 )>' Then:

(i) Ae =< (@05, b07,¢03) (06, H07 c05)>,
(ii) AU A _ _ (05, b07, c05) (206 H07 ¢
0.7)>¢ 1

(iii) ANAe_ _ @04, b03, ¢03), (@05, 03, ¢

0.5)>¢ (_)

(iv) If x = a, then a (*407) & 4 and a(0407) & 4 ‘)

Example 2.10:[9] Let X = {a, b} and consider the
following IFSs;

4: <(a0.3’ b0.4 )’ (aO.S , b0.7 )> and §: <(a0.4’ b

02) (a%4,b%3 ). Then we have:
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AU B
AU B

=<(a%4,b04), (als, b07)>, x(0407 €

while X(0.4,0A7) [ A and X(0.4,0.7) [ E

Definition 2.11:[9] Let A <Al , A2>and B_ <B

1, B2> be two IFSs on a non-empty set X and x
(@A) be an IFp in X. Then:

LA
i =
denotedbyé q B it A19B2 orAa2 9 B,

and Eare said to be quasi-coincident, and

If 4 is not quasi-coincident With§ , then Wewriteé

g B éqgifAquZ and

ie.
A2 9B,
(i) x @A 4 4 i a- 2(x) or B4l (x) ie.

@h dA @ A2 ® d AT

The properties of the quasi- coincident relation
were given in the
following theorem:

Theorem 2.12:[9] Let /. X>Ybea function, 4 ,

X .
§,Q€H ,D Ecy” and{ﬁt i€ TSI
X and x (@A) y(:9) €XIP Then:

(I)Aqﬁaégﬁc'

Gyxen Ao anede

x(@h 4 E, for some x(*A) € 4
4,

(8) x(@h q (i )& Jd i€ J suchthat x
@mq A

4,

) Ifx @A 4 ies
J.

, then x @/ 4 4, forall i€
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(10)x#* y = x@h) 1 y 79 for all ap.y,0
€l

(11) x@h) 1 y9) < x# yorx=y and
(a+5£1 and ﬂ+7£1)_

(Iz)éqﬁzf(é)(lf(ﬁ) iff is
bijection.

DgE -1.D -1 E
1y LaLE=>SLyafE,
Definition 2.13:[10] Asemi-topogenous intuitionistic
fuzzy order on X is a binary relation <= on

X
II  satisfying the following axioms :
aror) 9 =<0 gnq 1

aF02) 4 << B implies ;
(IFO3) AcAd <<B.cB
B

Definition
2.14:[10] Asemi-topogenousintuitionistic fuzzy order

<< onasetX is called:
(1) topogenousintuitionistic fuzzy order on X if it is
satisfies the condition ;

U4
Ai<<Bii-123. . n)imply
Us N4 28
izl igpd =l @ <<=l i
(ii)perfect semi-topogenous intuitionistic fuzzy order
on X if it is satisfies the condition :

Usa Us
Ai-<—<§i(ie J) implies i/ i <<jeJ i

i ==

(iii) biperfecttopogenousintuitionistic fuzzy order on
X if it is satisfies the condition :

A B
Adi<<Biie sy imph U_i<<~U_i
(i€ J) implies i</ ieJ
N4 N3
and ieJ i << ieJ i .
Where J is any index set.

Definition 2.15 :[10] Let 1 and be two
semi-topogenous(resp.topogenous, perfect semi-
topogenous,biperfecttopogenous )intuitionistic fuzzy

<= <<

<= <=,

orders,then we say that 2 is finer than I (or

=i is coarser than == ),denoted by <<€ ==,

it 4==08 jpplies 4<%28

Definition 2.16:[10] The complement of asemi-
topogenous(resp.topogenous, perfect semi-

2941

topogenous,biperfecttopogenous ) intuitionistic fuzzy
order <= on X,denoted by <=<" is defined by ;
A< BigB<<Ad alo is  called

symmetrical if 4 << B implies 4 << B
Definition 2.17:[10] A syntopogenousintuitionistic

fuzzy structure on a set X is a non-empty family )
of topogenous intuitionistic fuzzy orders on X having
the following two properties :

(IFS1) If <=, <<€ S ,then there exist an << €
S finer than =<='and <=,

(IFS2) If == € ) ,then there exists an —<='€E )

such that 4<<B implies the existence of

X
QEII such that 4 <<.C '<'<’§,(i. e. =<
<<ty

The pair [X, S ] is calledsyntopogenous

intuitionistic fuzzy space.In case ) consists of a
singletopogenous intuitionistic fuzzy order it is called
a simplesyntopogenous structure
(topogenousintuitionistic fuzzy structure ).If all
topogenous intuitionistic fuzzy orders of an

syntopogenousintuitionistic fuzzy structure S on X
are perfect,it is called perfect
syntopogenousintuitionistic ~ fuzzy  structure or
(intuitionistic fuzzy syntopology),and the space [X,

) ] is called syntopologicalintuitionistic fuzzy

space.If all topogenousintuitionistic fuzzy orders of a

syntopogenousintuitionistic fuzzy structure S on X
are biperfect,it is calledbiperfectsyntopogenous
intuitionistic fuzzy structure or
(biperfectsyntopology).

Definition 2.18:[ ] Asyntopogenous intuitionistic

fuzzy space [X, §] is said to be:
fuzzy

Loy

points(IFPs) x (@h) y(7’5) with x@#h < y 79

space If for any intuitionistic

c

there is <= € ) such that x (¥4 << y(:9) o y

c
(7:6) <<x (@)
.

points(IFPs) x (*A) | y9) with x@A < y(:9)

space If for any intuitionistic fuzzy

c

there is <= € ) such that x (@/) << y(:9)
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(T 2)- space If for any intuitionistic fuzzy points

c

(IFPs) x @A) |y (19 with x @A < y:9) there is

X
<<€ £and A €11 such that x (@A) << 4 <<

c
.8

y
(T 2)- spacelf for any intuitionistic fuzzy points

C
(IFPs) x (@A) |y 9 with x (@A < v there are

X
<<€ iand A,E €11 such that A0 Ezg,
x@h =<4 .4 y(m) << B
3. Intuitionistic fuzzy filter
Definition 3.1:Letfbe a non-empty family

ofintuitionistic fuzzy;ets on X (IFSs), then § is said
to be anintuitionistic fuzzyfilter on X if it is satisfying
the following:

Qe‘t\;;

4 BE‘J;,thenAﬂBE{?,

AcB

2.If=

3. If € i}and then i}

Definition 3.2:Let Pbe a non-empty family

ofintuitionistic fuzzysetson X (IFSs), then P is called
anintuitionistic fuzzyfilter base if it is satisfying:

Qe‘B;

A Beg hend N Besg,

A family £ is called a sub baseof
anintuitionistic fuzzyfilter base if it is nonempty and

2. If=

theof any finite numbers of elements of £ is not 0
Lemma 3.3:(i) If £ is a sub base of anintuitionistic
fuzzyfilter, then the family B(L) consistingof allfinite
intersections of the elements of £ is anintuitionistic
fuzzyfilter base.

(i1) IffBis anintuitionistic fuzzyfilter base,then the

family § () consisting of all IFSs4 such that4 2

B for someE € B is anintuitionistic fuzzyfilter.
(iii) B(L) and § (P) are uniquely determinedL and
B respectively.

Lemma 3.4:(1) Let {§, : a €'} be a family

ofintuitionistic fuzzyﬁlte_rs on a set X. Then:

L nael‘&a ={no<€1"ﬂ( ﬂc € ga} is also an
intuitionistic fuzzyfilter on X.
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. Uger 8a¢ ={Uxer Fx F. € Ea} is also an
intuitionistic fuzzyfilter on X.

(2) By andPpbe twointuitionistic  fuzzyfilter
bases. Then$ (1) = F( B)iff for any
A c B

B €P,there ex1sts4 €P,such that=

Theorem 3.5: Letibe anintuitionistic fuzzyfilter on

Fvv : Eegiisan

intuitionistic fuzzyfilter on Y if F \Y_"'!:Q

E e

Proof:
F.v=0

Since —\Y

4 \Y, B \Y €F \Y, then clearly

B ANB

X, and Y S X.Then§ \Y= {

for every

for every F €3, then 0 €T \Y. Let

AN By = ANByy  sinces s

anintuitionistic fuzzyfilter, then4 ns € Fand
B

hence (A W) ( By ) eg v, et £ eg and

X
€ Ysuch that F \Y & B . Choose anIFS c €Il such

C

that—\Y=§. Sinced is anintuitionistic fuzzyfilter

onX, then € eg,and hence & 1v=8 eg v

Theorem 3.6:Let f: X—Y be a function and Fbe
anintuitionistic fuzzyfilter onX. Then f(F) = { f (E )

: F €¥}is an intuitionistic fuzzy basefilter on Y.

Proof:

. 0 . F

(i) Suppose that =€ f (§), then there exist™— €F
such that f(£)=0 which imply £~ =9 which

contradict with 0 ¢ §.Hence 0 € f(®).
(i Let £(2).f(B)ef(@such thatd, B e, then
rANE e N B e pm).

Hence f (&) is an intuitionistic fuzzy basefilter on

Y.
Theorem 3.7:Let f: X—Y be a surjection function

-1
and Ebe anintuitionistic fuzzyfilteronY. Then f (E)

-1
={f (G):GeE }is an intuitionistic fuzzy basefilter
on X.
Proof:
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-1
Suppose that 0 €f (E), then by surjection there

existQ €Ewhich contradict with 0 ¢E.Hence 0
-1
¢f (E).
-1 -1 -1
) Let f (GLf (G)Ef  (E)such thatG,
G€EE .

Since E is anintuitionistic fuzzyfilter then G n
-1 -1 -1
GeE, sof (&) VN @=5"(al

-1 -1
G ef (E) Hencef (E)is an intuitionistic fuzzy
basefilter onX.

Definition 3.8:Let(X,& ) and (Y, E )be two
intuitionistic fuzzyfilters, then a function f:( X, &

)—(Y, E ) is called intuitionistic fuzzy filter
continuous w.r.t (§, E ) if

f - (G)EF for every GEE.

Proposition 3.9: (i) I f f:( X,& )—(Y, E ) and g: (Y,
E )—(Z, H )are twointuitionistic fuzzy
filterscontinuous functions, then the composition gof
( XF )— (Z, H ) is alsointuitionistic fuzzy
filtercontinuous.

If f:(XF)—(X,g)is an identity function, then f
isintuitionistic fuzz? filterscontinuous.

I £ f:( X\%—(, E )isintuitionistic fuzzy

filterscontinuous function, and Z S X such that F\Z

=0 for any F €. Then the restriction f\Z :(Z,&
\Z) —(Y, E ) s
filtercontinuous.

Proof:

Straightforward.

4. Convergence of intuitionistic fuzzy filters in
syntopogenous intuitionistic fuzzy space

alsointuitionistic ~ fuzzy

Proposition 4.1: Consider a syntopogenous

intuitionistic fuzzy space [X, E] and IFpx (*#) of X.

X
Then the family Es(x(aﬁ)): {E e x@h <<

B for a suitable <= € ) tforms an intuitionistic
fuzzy filter onX.
Proof:

@) If B e Bs then there exist <= € ) such

(x(@.B))’

that x(@f) << B which implies that x (-4
cBioB=0,
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Gy Let 8.8

€ ot <<
Es(x(a,b’))’ then there exist ,
<<€ 8 guch that x@ << B gng x@p)

<< B gince S is a syntopogenous
intuitionistic fuzzy structure, then there exists

<<vef§ finer than == and =<=<". Thus x

@h) << B g @h << B i

B

implies that x (@-#) << BN B fence
NB.c
Bs sy

AcB

Let = = 4

(iii) and & €

Bg @p) then there

exists == € S such that x@# << AcB
B B

which implies that x (*/) << £ j ¢£ €

ES(x(ﬂub’)) ’

Hence Bg is an intuitionistic fuzzy filter in X.

(x(a.B))

Definition 4.2: Let [X, §] be any syntopogenous

intuitionistic fuzzy space, andx (*#) be any IFp of
X. Then the intuitionistic fuzzy filter given in the
previous proposition is called the intuitionistic fuzzy

filter of neighborhood of x (*#) in §

Definition 4.3: Let S be a syntopogenous
intuitionistic fuzzystructure on X, and let § be an
intuitionistic fuzzy filter in X. We call & converges

to an x (@A) in S , denoted by § —x(*#) iffES(x(ar B))

S&. Also we call x (@ the intuitionistic fuzzy limit
point of the intuitionistic fuzzy filter §.

In more general manner we gi\Te the following
definition.

Definition 4.4: An IFpx (“# in a syntopogenous

intuitionistic  fuzzystructure ) is called an
intuitionistic fuzzy cluster point of an intuitionistic
fuzzy filteriff B (1 E %0 gor very B €,
= (x(a.B))
and Vil €g.
Corollary 4.5:From the above definition it follows
that any intuitionistic fuzzy limit point of an
intuitionistic fuzzy filter is an intuitionistic fuzzy
cluster point of it.
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Theorem 4.6:An IFpx (“#) in a syntopogenous

intuitionistic fuzzy space [X, §] is an intuitionistic
fuzzy cluster point of an intuitionistic fuzzy filter

iff there exists an intuitionistic fuzzy filter" in )

S

which consists § and converges tox () in
Proof:

Let x(*#) be an intuitionistic fuzzy cluster point of
the intuitionistic fuzzy filter § in a syntopogenous

intuitionistic fuzzy space [X, E], then BNE=0

F

for every B EE, this follows that

S
Es(x(aﬁ)) and

& 1s an intuitionistic fuzzy filter. Since

Es(x(a.ﬁ)) —
B;BHE JE2BNF

for every B e

BNFE ¢ N

Bsxapy and — EE' Also =Sx(a.p)

B F ¢

& Then & for every B e

ES(x(ﬂ!ﬁ))

[

F €3. It follows that &, B, .

Es(x(a.ﬁ)) and

Es(x(a,ﬁ)) &. Hence Es(x(a‘ﬁ)) & is anis an

intuitionistic fuzzy filter includes & and converges

S

tox (%A in
Conversely, Let § ° be anintuitionistic fuzzy filter

includes § and converges tox (*#) in § Then §°
includes B Bs ety Also for every E. ‘€Y and B e

. B F.
§5(x @B imply =, = "€, then

BAE. . Hence x*#) is anintuitionistic fuzzy
cluster pomt of .

Corollary 4.7: Let § and § be two intuitionistic
fuzzy filters in a syntopogenous intuitionistic fuzzy

space [X, i]and x (@A) be an IFpin S Then -

() § 2§ —ox@ S = g ox(@h) ),

(if) § —x (@) S and § "—>x (@) S :>§U§
Sx(@h (S,

Proof: (i) If § —x(*F) (ﬁ), then Bs, ., Sgs

& . Consequently § —x (@h) (£ )-

2944

(ll)%—m(“ﬁ)(—)

(aﬁ')( ) =B

Bseiay) E’ and § "—x

C g
Bsytapy = & Which

imply Bs, o, S §U§ ". Hence §U§ ‘ox (@h)
S

(=)

Theorem 4.8:A syntopogenous intuitionistic fuzzy

\
space [X, £] is (T 2)- space iff there is no
intuitionistic fuzzy filter § which converges to two

distinct [Fps of [X, S ].
Proof:

\
Suppose that [X, E] is (T 2)- space, andg is an
intuitionistic fuzzy filter § which converges to two

isti (@.f) (7,9)
distinct IFpsx , Y - Then Bg, , o, g and

L 0
Eg(y(y‘ 5 = E which implies B4 g N By.5 # = for

every

€
Bys) E5(y<y,6))'

S

E(a,ﬁ) ES(x(az,ﬁn ’

Consequently for every ==, =<=<'€& 2 and for

every IFSs 4B with x(@h << 4 0.0) <<
B 4N B=0

T 2)- space.
Conversely;

Suppose that there is no intuitionistic fuzzy
filter § which converges to two distinct IFps of [X,

which contradict that [X, i]

) ]. Let x(@A and y 9 be two IFps in X. For

every By py € By € Bsis), Such that

Es(x(a.ﬁ)) !

Bap) ' ' Bys) * 0 this implies the existence of

intuitionistic fuzzy filter § = —S(x(a ) Es(y(y 5

includes B . andBs . and converges to X

(@8 and y %) which contradicts the hypothesis. So
<<, <<€ S8 quch that x@H << y(0)

—(oy
and [J N N =0 . Hence [X, —]
—(.0)

—(@,0) —(@,0)

Corollary 4.9: If [X,
intuitionistic fuzzy space,

= ] is syntopogenous
such that there is no
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intuitionistic fuzzy filter [J which have two distinct

IFcluster points. Then [X, i] is (T 2)- space.
Proof:
Since ever IF limit point for an intuitionistic fuzzy
filter is an IFcluster point of it. Then theorem 4.8
yield the proof.

Now we will define a kind of intuitionistic fuzzy
filters in the syntopogenous intuitionistic fuzzy
spaces which characterized by uniqueness of limit in

the (T 2)syntopogenous intuitionistic fuzzy space.
Definition 4.10: We call an intuitionistic fuzzy
filter(intuitionistic fuzzy filter base) [| a quasi-

F qF. F F

coincident iff — for every — ,— "€[].
Definition 4.11: For every intuitionistic fuzzy filter
(intuitionistic fuzzy filter base) the quasi-coincident
part of L[] is the maximal one of he set of quasi-
coincidentintuitionistic fuzzy filter (intuitionistic
fuzzy filter base) which contained in [].

Theorem 4.12:In anysyntopogenous intuitionistic

fuzzy space [X, i], the intuitionistic fuzzy filter of

neighborhoods o, is quasi-coincident if the
GIGE)

values [1 = [] > 1/2.

Proof:

Straightforward.

Corollary 4.13: Every convergent filter in any

syntopogenous intuitionistic fuzzy space [X, S ]
contains a quasi-coincident part if its IF limit point x

(@8 satisfying [ > [ > 1/2.
Proof:
Straightforward.
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