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1. Introduction

Ruled surfaces are the surfaces generated by a continuously moving of a straight line in the space. These
surfaces are one of the most important topics of differential geometry. Ruled surfaces, particularly developable
surfaces, have been widely studied and applied in mathematics and engineering. The generation and machining of
ruled surfaces play an important role in design and manufacturing of products and many other areas. Because of this
position of ruled surfaces, many geometers have studied on these surfaces in both Euclidean space and Minkowski

3 . 3

space [6, 7, 8, 10, 11]. A ruled surface in Minkowski 3-space B (locally) the map Mgy IxP > By
defined by

M, 5 (s,v) = a(s)+ v5(s)
a:l— E13, ol E13 \{O} are smooth mappings and I s an open interval or the unit
v als)+vd(s)

where

1
circle S , we call @ the base curve and O the director curve. The straight lines are

M, )

called rullings. The ruled surface is called developable if the Gaussian curvature of the regular part of

M, M,
(@) vanishes. This is equivalent to the fact that (@9) g developable if and only if the distinguished
parameter
det(a',8,5")
T O
(.5")

In[2], S. Tzumiya and N. Takeuchi[8] studied a special type of ruled surface with Darboux vector. They
called the ruled surface rectifying developable surface of the space curve. Turgut and Hac salihoglu[2] have studied
timelike ruled surfaces in Minkowski 3-space and given some properties of these surfaces. Y. Yayl and S.
Saracoglu[10] study developable ruled surfaces in Minkowski 3-space and give necessary and sufficient condition
ruled surface to become developable. Besides, Kiziltug and Yayli [9] investigated curves on tubular surface by using
Darboux frame. In this paper, making use of method in paper of Y. Yayl and S. Saracoglu, we study developable
ruled surfaces with Darboux Frame.

2. Preliminaries

3
Let £ be a Minkowski 3-space with natural Lorentz Metric
<,> = —dx; +dx; +dx;,
3 3
where (21, %, %) is a rectangular coordinate system of E, . According to this metric, in E, an

V=(,,,V3)

arbitrary vector can have one of three Lorentzian causal characters; it can be spacelike if
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v,V

(V,¥)>0 or V=0 timelike if { VsV

a=a(s)

< = -
> 0 and null (lightlike) if < > 0 and V70 Similarly, an
arbitrary curve is spacelike, timelike or null (lightlike), if all of its velocity vectors a(s) are
spacelike, timelike or null (lightlike), respectively[3]. We say that a timelike vector is future pointing or past

o . . : X =(x,%,,x
pointing if the first compound of the vector is positive or negative, respectively. For any vectors (41, %,%3)

- 5 ~ -
and ¥ (732, 5) £, , the vector product of * and Y is defined by
XX Y= (X3 = X305X, Y3 = X3 V1,5,V — X, 5).
3

A surface in the Minkowski 3-space E, is called a timelike surface if the induced metric on the surface
is a Lorentz metric and is called a spacelike surface if the induced metric on the surface is a positive definite
Riemannian metric, i.e., the normal vector on the spacelike (timelike) surface is a timelike (spacelike) vector[3].

3
Let S be an oriented surface in El and let consider a non-null curve a(s) lying fully on S Since

{r,N,B}

n

the curve a(s) is also in the space, there exists a Frenet frame along the curve where T s unit

tangent vector, N s principal normal vector and B s binormal vector, respectively. Moreover, since the curve

a(s) lies on the surface S there exists another frame along the curve OC(S)' This frame is called Darboux

{r,v,7}

frame and denoted by which gives us an opportunity to investigate the properties of the curve according

to the surface. In this frame 7 is the unit tangent of the curve, Z s the unit normal of the surface S along
a(s) and Y isa unit vector given by Y =27 xT _Since the unit tangent T is common in both Frenet frame
N,B)Y

and Darboux frame, the vectors and Z lie on the same plane. So that the relations between these frames

can be given as follows:

If the surface M is an oriented timelike surface, the relations between the frames can be given as
follows

If the curve Ot(S) 1s timelike
1 0 0 T

T
Y|=|0 cos@# sinf| N |
Z 0 —-smné@ cosd| B

If the curve a(s) is spacelike
T 0 0 T

1
Yi=|0 coshd sinhé@ | N |
YA 0 sinhd coshé | B

If the surface M is an oriented spacelike surface, then the curve a(s) lying on M isa spacelike
curve. So, the relations between the frames can be given as follows

T 1 0 0 T

Y|=|/0 cosh@ sinhé || N|

Z 0 sinh 8 cosh @ || B
In all cases, 0 s the angle between the vectors Y and N [3, 5].

According to the Lorentzian causal characters of the surface M and the curve a(s) lying on M , the
derivative formulae of the Darboux frame can be changed as follows:
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i) If the surface M s a timelike surface, then the curve a(s) lying on M can be a spacelike or a

timelike curve. Thus, the derivative formulae of the Darboux frame of a(s) is given by

T’ 0 k, —-¢k (T

g

Y=k O g Y|

g r

Z'\ kot 0 |Z

n

(T.T)=e=+1,(Y,Y)=—£,(2,Z)=1. O

ii) If the surface M isa spacelike surface, then the curve a(s) lying on M isa spacelike curve.

Thus, the derivative formulae of the Darboux frame of a(s) is given by
™ [0 Kk, kT
Y'|=|-k, 0 ¢ |Y|
VA

)

k,, k
In these formulae ¢’ "” and 2 are called the geodesic curvature, the normal curvature and the

geodesic torsion, respectively[1]. The relations between geodesic curvature, normal curvature,geodesic torsion and

KT are given as follows

ifboth M and a(s) are timelike or spacelike
k, =Kk cosb,k, =ksinb,t, =7+0,

A3)
if M timelike and a(s) is spacelike
k, =xcosh®,k, =ksinh0,t, =7+ 6" 4

0=(N,z)

where the angle function is between the unit normal and binormal to a(s).

In the differential geometry of surfaces, for a curve a(s) lying on a surface M the followings are
well-known[1],

<:>kg=0’

ii) a(s) is an asymptotic line kn =0 ’
<t =0

i) a(s) is a geodesic curve

ii) a(s) is a principal line

3. Developable Ruled Surfaces with Darboux Frame in Minkowski 3-Space

. 3
a:l—E be a curve in Minkowski 3-space and {T’Y’Z} be a Darboux frame, where In this

Let
frame 1 is the unit tangent of the curve, Z s the unit normal of the surface M along a(s) and ¥ isa
unit vector given by Y =27 xT . As we have said above, with the assistance of @ , we can define curve B.

B:1—>E

with the same parameter of the curve a(s) and such that

p'=aT +bY +cZ. )

And also, we can get the ruled surface that produced during the curve p (S) with each fixed line O of
the moving space H as:
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Alwﬁx&v)Z/%s)+v5@)
Let o be a fixed unit vector. Thus
8 eSp{T,Y,Z}and& =1, T+A,Y +A,Z

(6)
Then the distribution parameter of the ruled surface for the curve B can be given as:
~ det(,5,6")
5 - .
51’ 5/
(6.9) "

We can obtain the distribution parameter of the ruled surface generated by line S of the moving space
H | Different cases can be investigated as following:
Mg 5) B s timeli
3.1. The Ruled Surface *°/ and the curve is timelike

Let the ruled surface be timelike and B be timelike. By taking derivative of (6) with respect to § and
by using Darboux formulas (1) we have

5/:(,12kg+/13kn)T+(ﬂ1kg+23tr)Y+(ﬂ1kn—/12tr)Z. ®

Besides,
2 2
(66" =—( Ak, + 1k, ) +( Ak, + At ) +( Ak, —A,).

So, From (5), (8) and (9) we obtain £

al— 21, - 21, = A2k, + A2k, )+ b= Bk, + 2k, + A At + A4k,

o T Bk, - 2k, — Ak, + A At

d — (A, + Ak, ]+ (k, + 200, F + (4k, - 4,2,
a=1, b=c=0

)

o P . .
> the distribution parameter ~ ¢ is given as follows

P — - ﬂétr - ﬂéti - 212'3kg + A’lﬂ'zkn
’ - (AZkg + %kn)z + (ilkg + ﬂ3ti)z + (ﬂ’lkn - 2’22‘;‘ )2 '
(10)

For =1, a=c=0

For

o P . .
> the distribution parameter ~ ¢ is given as follows

B ﬂ'lzkn + ﬂékn + /11/12tr + ﬂ’22’3kg
P, = -
- (ﬂ'Zkg + A’jkn)z + (A’lkg + A’jti)z + (A'lkn - ﬂ'Ztr) (1 1)
c=1, a=b=0

o P . .
> the distribution parameter ~ 9 is given as follows

Bk, =k, = Ade, + A Aot
Py = 7
- (/IZkg + A’jkn)z + (A’Ikg + A’jti)z + (A'lkn - /12tr) (12)

Now we investigate some different cases for € I, a=b=0.
Firstly, from (12) we can give the following lemma:

For

M,
Lemma 1: The ruled surface (£4) that produced during the curve p (S) with each fixed line @ of the
moving

space H s developable if and only if

t, cosOL2 - 2)-sin (4,1,

X — A,
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Proof: The ruled surface M(ﬂ 9) s developable, Then
P — /’i’lzkg - /’gkg - /12/13kn + /1[/13tr — 0

5 2

—(k, + Ak, F + [k, + 4, F + (0, - 2,1, )

(13)
from (13), we get
B, 2k, = Lok, =AMt a%
k,=xKcosd = Ksi
If we replace ¢ and k” xsing in Eq. (14), we get
4, _ cosOl — 2)-sin 62 ,)
K - A4,
3.1.1. Special Cases
1. The Case: 0 =7
In this case, A =1 22 - 13 - O. Thus, from Eq. (12)
2
L
5 2
(ke f + (2,
If £ = O, then kg =0. Thus, a(s) and also B(s) geodesic curve.Hence the following proposition

holds:

— M
Proposition 2: Let =T  Then the ruled surface (85) that produced during the curve p (S) with each
fixed line O ofthe moving space H s developable if and only if a(s) and also B(s) geodesic curve.

2. The Case: 0 =7
In this case, A4 =1 A - 13 - O. Thus, from Eq. (12)

2
b Ak,
5 2"
- (A2kg)z + (A2kn)
= k,=0
If P5 O, then ¢ . Thus, a(s) and also B(s) geodesic curve.Hence the following
proposition holds

— M
Proposition 3: Let =Y. Then the ruled surface (85) that produced during the curve p (S) with each
fixed

line O ofthe moving space H s developable if and only if a(s) and also B(s) geodesic curve.

3. The Case: 0 =Z
A=1, 2,=2,=0

In this case, . Thus, from Eq. (12)

P,=0.

: Mips)
Thus we can easily see the ruled surface ) is developable
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— M
Proposition 4: Let 8 =Z. Then the ruled surface (85) that produced during the curve p (S) with each
fixed line ¢ of the moving space H s developable.

4.The Case: O isinthe 7 —Y plane
In this case, 5~ O Thus, from Eq. (12)
o AkE
—(k, F + (e, o+ (2k, = 2ot,

- k,=0
If £ =0, then ¢ . Thus, a(s) and also B(s) geodesic curve.Hence the following

proposition holds

M
Proposition 5: The ruled surface (85) that produced during the curve p (S) with each fixed line ¢ in the

r-Y plane of the moving space H s developable if and only if a(s) and also B(s) geodesic.

5.The Case: O isinthe / —Z plane

In this case, 4 =0 . Thus, from Eq. (12)
P _ A’lzkg + 112'36
5 2 2"
(4} + 0k, + 20, F + (ak,)
If £ =0, then kg =4 =0. Thus, a(s) and also B(s) both geodesic curve and principal

line.Hence the following proposition holds:

M,
Proposition 6: The ruled surface (85) that produced during the curve p (S) with each fixed line ¢ in the
r-z plane of the moving space H s developable if and only if a(s) and also B(s) both geodesic curve
and principal line.
6. The Case: O isinthe ¥ —Z plane
In this case, A4 =0 . Thus, from Eq. (12)
2
o — Rk, — Aok,
’ - (/12kg + /13kn)2 + (/13tr )2 + (/IZtr )2
- k,=k =0
If £ =0, then ¢ " . Thus, a(s) and also B(s) both geodesic curve and asymptotic
curve. Hence the following proposition holds.

M
Proposition 7: The ruled surface (85) that produced during the curve p (S) with each fixed line ¢ in the

Y-Z plane of the moving space H s developable if and only if a(s) and also B(s) both geodesic curve
and asymptotic curve.

My B -
3.2. The Ruled Surface °/ and the curve is spacelike

Let the Ruled surface be spacelike and B be spacelike. By taking derivative of (6) with respect to
and by using Darboux formulas (1) we have
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5’=(—/12kg +/13kn)T+(ﬂ1kg +ﬂ3tr)Y+(ﬂ1kn +M,1,)Z. (15)

Besides,

(5,68") = (~Aok, + 2k, ) +(k, + 2ut, ) = (Ak, + 251, .

So, from (5), (15) and (16) we obtain £
alBt, - 21, = A4k, + Aok, )+ b= 2k, + 2k, - Aot — A, Ak,
p - T B, + 2k, — A2k, + A At 2
(= Aok, + Ak, |+ (A, + 2t ] = (2ik, + 4ot,)

For 4=1, b=c=0

(16)

o P . .
> the distribution parameter ~ ¢ is given as follows

At =2t — Ak, + ALk,
P(sz( ik 7
= Aok 2k, + ek 2, f = ek, + 2t ) -

For =1, a=c=0

o P . .
> the distribution parameter ~ ¢ is given as follows

— 2k, + 22k, — Aot — Aok,
P, = 2
_2g n g r) n 2°r
(— Ak, + Ak, F + Ak, + At F = (4k, +Aot,) as)

For ¢=1, a=b=0

> the distribution parameter £ is given as follows
. Bk, + Bk, =2k, + A A,
’ (_ ﬂ'Zkg + A’jkn)z + (A’lkg + A’jtr)z - (A’lkn + ﬂ’Ztr )2 (19)

Now we investigate some different cases for €~ I, a=b=0.
Firstly, from (19) we can give the following lemma

M,
Lemma 8: The ruled surface ~ #9) that produced during the curve B (S) with each fixed line @ of the
moving space H s developable if and only if

t, sin0 2 +2)-cosO(4,1,)

K — A,

Proof: The ruled surface M(ﬂ 9) s developable, Then
- ﬂ'lzkn + ﬂékn B 212’26 - Z’ZZSkg
p,= _=0.
(- 2k, + 4k, +(ak, + 28, F = (4K, + 4,2, 0

From (20), we get
— Pk, + A2k, — Ak, = At

2
If we replace kg =K cos0 and k” = Ksing in Eq. (21), we get
i, _sin6- 2 +2)-cos8(1,4)
K ~ Ak

3.2.1. Special Cases
1. The Case: 0 =7

In this case, A=l A =4=0. Thus from Eq. (19),
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_ Ak,
Tk S - (k)

If £ =0, then k, =0. Thus, a(s) and also B(s) asymptotic curve. Hence the following

proposition holds:

- M,
Proposition 9: Let 6 =T. Then the ruled surface (85) that produced during the curve p (S) with each
fixed line O of the moving space H s developable if and only if a(s) and also B(s) asymptotic curve.

2. The Case: 0 =Y

In this case, A4 =1 Ah=4=0. Thus, from Eq. (19)
P, =0.

- Mips)
Thus, we can easily see the ruled surface ) is developable
3. The Case: 0 = Z
A =1, A, =4,=0.

In this case, Thus, from Eq. (19)

Ak,
(k) + (4, )
i B=0. k,=0

then . Thus, a(s) and also B(s) asymptotic curve. Hence the following

5

proposition holds:

— M
Proposition 10: Let O =Z. Then the ruled surface (85) that produced during the curve p (S) with each

fixed line O ofthe moving space H s developable if and only if a(s) and also B(s) asymptotic curve.
4.The Case: O isinthe 7 —Y plane

In this case, 4 =0. Thus, from Eq. (19)
— — //i'lzkn — //i'l//i’Ztr
Ak F e (ak, f - (ak, + A, )
If £ =0, then k, :t’:O.

line.Hence the following proposition holds.

Thus, a(s) and also B(s) both asymptotic curve and principal

M,
Proposition 11: The ruled surface (84) that produced during the curve p (S) with each fixed line ¢ in the

r-Y plane of the moving space H s developable if and only if a(s) and also B(s) asymptotic curve and
principal line.

5.The Case: O isinthe / —Z plane
A,=0

In this case, * Thus, from Eq. (19)
_ — Ak, + Ak,

BT Gk Uk, v Y Gk T
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If £ =0, then k, :O. Thus, a(s) and also B(s) asymptotic curve.Hence the following

proposition holds:

M,
Proposition 12: The ruled surface (85) that produced during the curve p (S) with each fixed line @ in the

r-Y plane of the moving space H s developable if and only if a(s) and also B(s) asymptotic curve.

6. The Case: O isinthe ¥ —Z plane
A =0

In this case, * Thus, from Eq. (19)

/’iékn B /12/13kg
P = > 2
(_ Azkg + ﬂ’Bkn) + (ﬂ’lkg + ABtr)z - (Zlkn + Z’Ztr)
If £ =0, then kg =k, :O'T
curve.Hence the following proposition holds:

hus, a(s) and also B(s) both geodesic curve and asymptotic

M
Proposition 13: The ruled surface (85) that produced during the curve p (S) with each fixed line ¢ in the

Y-Z plane of the moving space H s developable if and only if a(s) and also B(s) both geodesic curve
and asymptotic curve
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