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1. Introduction about such equations over prototypes for the
Our aim in this paper is to investigate the dynamics development of the basic theory of the global
of the solutions to the following difference equation behavior of nonlinear rational difference equations.
. = Xo_aks2) n=01 (1) Some results on rational difference equations and
" bex Xo o *oe2) T systems of difference equations can be found in refs.
[1-23].
Let | be some intervals of real numbers and let

where b and c are real numbers, k is a non negative

. o o RN LN
integer number and the initial conditions X k.o, Xk . '
1., X1, Xo are arbitrary non-negative real numbers. be a continuously differentiable function. Then for
Also, we obtain the solutions of some special cases of every set of initial conditions x_,x_,,,...x, €, the
Eq.(1). _ _ difference equation

The study of Difference Equations has been X, = F (X)X, 0o X ), N=0,1,0, )

growing continuously for the last decades. This is . :
largely due to the fact that difference equations has a unique solution {x 3 .

manifest themselves as mathematical models Definition 1. (Periodicity)

describing real life situations in probability theory, A sequence {x }.. , is said to be periodic with
queuing theory, statistical problems, stochastic time
series, combinatorial analysis, number theory,
geometry, electrical network, quanta in radiation, The linearized equation of Eq.(2) about the
genetics in biology, economics, psychology, Y
sociology, etc. In fact, now it occupies a central

period p if X, , =X, forall n>—k.

equilibrium X is the linear difference equation

position in applicable analysis and will no doubt Yo = i of (X, X,..0s X) Vo ?)
continue to play an important role in mathematics as R OX,_i r
awhole. _ ) ) Theorem A [15]:

Recently there has been a lot of interest in studying Assume that p. eR,i=12,..k and ke{0,1,2,..}.

the global attractivity, boundedness character,
periodicity and the solution form of nonlinear rational Then )

difference equations. The study of this kind of z‘ p-\ <1
equations is quite challenging and rewarding and is il '
still in its infancy. The nonlinear rational difference
equations are of paramount importance in their own
right, and furthermore we believe that these results

is a sufficient condition for the asymptotic stability of
the difference equation
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Xook + PXpsks +o-F PX, =0, n=0,1,....
2. Local Stability and Boundedness of Eq.(1)

In this section we study the local stability
character and the boundedness nature of the solutions
of Eq.(1) where the constants b and ¢ are positive real
numbers.

Note that the equilibrium points of Eq.(1) are given
by the relation

which gives

x=0 or §=3‘/1_b.
c

Note that if b <1, then Eq.(1) has a unique positive
equilibrium point.

Let f:(0,0)° — (0,0) be a function defined by

f(u,v,w)= L.
b+ cuvw
Therefore
o (u,v,w) _ —cww’
ou (b+cuvw)’’
of (u,v,w) _ —cuw?
v (b + cuvw)’
and

of (u,v,w) _ b
ow  (b+cuvw)’
Theorem 1 The following statements are true:
(1) If b>1, then Xx=0 is the only equilibrium
point of Eqg.(1) and it is locally stable.

(2) If b <1, then the equilibrium points x=0 and

- _.1-b
X=3 of Eq.(1) are unstable.
C

Proof:
(1) If b>1, then we see from Eq.(4) that
of (0,0,0) ~0o of (0,0,0) “0
ou ’ ov ’
of (0,0,0) _ b

ow  (b+cuvw)’
Then the linearized equation associated with Eq.(1)
about X =0 is
1
Ynu _Bynfskfz =0, 4

and whose characteristic equation is
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1
/13k+3__:0. 5
b ®)

It follows by Theorem A that, Eq.(4) is
asymptotically stable. Then the equilibrium point
Xx=0 of Eq.(1) is locally stable.

(2) Assume that b < 1.

(i) At Xx=0 it follows again from Eq.(5) and

Theorem A that X = 0 is unstable.

(ii) At X =3 /1_ O e obtain
C

OF (XX X) _ 0 oy XX .
— === =(1-b), === = —(1-b),
af(ij,i):b

= .

Then the linearized equation of Eq.(1) about

- /1—b .
X=3 is
C

Yo +(1=D) Y, + (1=b)Y, 5 —bY, 5, =0, (6)
and whose characteristic equation is

2L 1-b) A2+ (1-b)A " -b=0. (7)
It is follows by Theorem A that, Eq.(6) is
asymptotically stable if

(1= b)| +|(1-b)[+]o| <1,

or
2(1-b)[+b <1,
and so
2-2b+b<1.
Therefore 1 < b which is a contradiction. Then the

- /1— b
equilibrium point X =3 of Eq.(1) is unstable.
C

The proof is complete.

In the following theorem we study the
boundedness of the solutions of Eq.(1).
Theorem 2 Every solution of Eq.(1) is bounded.

Proof: Let {X,}.- 5, be a solution of Eq.(1), we

consider the following two cases
(1) If b>1. It follows from Eq.(1) that

Xn-@3k+2)

b + an—kxn—(2k+1)xn—(3k+2)

n+1

Xn-(@3k+2)

< b < Xn—(3k+2)'
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Then the

subsequences  {X (3 ,an-sc_2 0 -
{X(3k+3)n—1}n 0

{X(:3ntneo are decreasing and so are bounded

{X(3k+3)n sk1tn=0 1"

from above by

M =maxq X 50 X g g0 X gerees X g4 Xgs g

(2) If b <1. For the sake of contradiction, suppose
that there exists a subsequence {X s, 3n_sk_2tnz0 15

not bounded from above. Then we obtain from
Eq.(1), for sufficiently large n, that

0 = 1im Xsk+3n+1
n—oo

X(3k +3)n—(3k+2)

= lim
n—e b+ CX(3k+3)n kX(3k+3)n (2k+l)X(3k+3)n (3k+2)

X 3k +3)n—(3k+2)

<lim
n—> CX 311 3)n—k X(3k+3)n—(2k+1) X(3k+3)n—(3k+2)
. 1
= lim . (8)

n—>e CX(3k+3)n—kX(3k+3)n—(2k+1)
It follows that the limit of the right hand side of
(8) is bounded which is a contradiction, and so the
proof of the theorem is complete.
3. Solutions Form and Their Periodicity
In this section we give some different forms of the

solutions of Eq.(1) whenever the coefficients b and
C take different values.

Remark 1 The initial values

{X 32y X g1y X gy reees X g, Xo} OF Eq.(1) have not
to be equal zero at the same time, otherwise Eq.(1)

will have only the zero solution.
In the sequel we assume that all elements of the set

X ok 21 X g1y X ggrees X4, Xo b are positive real
numbers.

Theorem 3 Assume that b=c=1 and let
{X,}r-s_, be a solution of Eq.(1). Then for

n=1.23,..

1+ 33X, X o 1 X g

n-1
Xakrayn-3k—2 — X k- 2H(

1+ 3IX—k+lX—2k X—3k—l

1+( 3|+1)x X e 1X sus

}

n-1
X@k+3)n-3k-1 — X—3k—1H(

i=0
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)
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n-1

1+3|X k+2x 2k+1X 3k J
1+ 3' +1)X k+2 2k+1X 3k

n-1 H
« —x H( 14+ 3iXoX 41X s J
(3k+3)n—2k—2 —2k-2 )
T+ (3 + L)X X X g,

. . H T+ (3 + )X, X py X s
(3k+3)n—2k-1 — X_2k-1 l+3|+2X szlxskz’

Xak+gn-2c = X Zk

” 1+ 3|+1xk+1 X sk
1+ 3|+2xk+l T

y — ﬁ(1+ 3+ D)X, X X s
(Bk+3)n-2k+1 — -2k+1
1+ 3' +2) —k+2 —2k+1X—3k

. -y ﬁ 1+ (3i +1)XX X g s
(3k+3)n—k-1 = Akl . [l
! i=0 1+ (3| + 2)X0X—k—lx—2k—2

X
(3k+3)n—k
1+( 3|+3)x X o1 X a2

nll
+3|+2x WXk aX sko
- (1

1+ 3| + 2 x X X
x(3k+3)n—k+l —k+1H AL 1
1+ 3| +3)X 41X o X ey

1+ 3| + 2 x X X
X(3k+3)n k+2 = —k+21_[[1 3j 3) K223
+ P4 O )X 2 X o Xoak

Xaksan-2 — X2

“(1:22'”3* ot
+2)

2Xk3X2k4

—_ X_ X —k— ZX 2k-3
X(3k+3)n—l - X—l )

I+ 3)X-lx-k-zx—zk-s

+(

1+ 3| +2 x X, X
X@k+3)n = XOH kA2
1+( 3|+3)x X 1 X ok

Proof: The proof will be achieved by Mathematical
Induction. It is easy to see that the result holds for
N =1. Now suppose that N >1 and our assumption
holds for n—1; thatis
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X@k+3)n-6k-5 —

1+ 3IX X o 41X g s
1+ 3|+1)x X o X s )

X@k+3)n—6k—4 —

-2
ol
rz[[ 1+3IX k+1X ZkX 3k-1 ]
=0

3' +1)X ka1 X2k X 3k

n-2 1 H
+ 3iX, X, X
X@k+3)n-5k—5 — X ok— 2|| (k22 |,

1+ (3 +1)XX X o1,

. “x, i—i 1+ (3 + DX Xy X s
(Bk+3)n-5k—4 — A-2k-1 1+(3i +2)X7kxfzkfle3k72 .

1+ (3i +1)X—k+lx—2kx—3k—1
1+ (3i + Z)X—k+1x—2kx—3k—1 ’

Xaksan-sk-3 = X o]

H L4+ (3 + DX 4, )X oieaX g
Xak+g)n-sk-2 = X2k 1+ 3| + Z)X ke2 X2k X3k

X =
(3k+3)n-4k—4
i=01 3' 2XXk1X2k2

-2 1+3|+1xx X
=x lH[ —k-1"-2k-2

_ " 3|+2x WXk 1 X gk o
X(3k+3)n—4k—3 =X k

3|+3x WXk 1 X 3ko

n- 2(1+ 3|+2 x X X a

X sl ]
(3k+3)n—4k— 2 +1 ’
i=o \ 1+ (3i +3 X e Xook Xk

n- 2[1+ 3| +2 x Xk X 3KJ

X
Gk+3)n-ak-1 — X2
1+ @i +3 X _k+2X 21Xk

n-2
Xeoomacs = Xa] | 1+( 2K X i X gy
3k+3)n-3k-5 -2 1
@k+3)n o L1+ (3 +3)X_,X X s
n-2
. . 1—[1+(3|+2 XX s
(3k+3)n—3k—4 1 )
i=0 1+(3|+3 KX k2 X ok_3

X(3k+3)n—3k—3 XO

n- 2( + (3 4+ 2)XX X ph zj

i=0 (3| +3)X0X k1X 2k 2
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Now, it follows from Eq.(1) that

X @3k+3)n—(6k+5)

X =
(3k+3)n-3k-2
1+ X(3k+3)n—(4k+3) X(3k+3)n—(5k+4) X(3k+3)n—(6k+5)

i—i 1+ 3iX , X X gy »
a2 1+( 3|+1)x Xy X osin

X Xy X 1—[1+3|+2x WX ook aX 3k o
B | T (TR ) N S

1+ (3| +1)x_kx_2k_lx_3k_2
1+ (3 + 2)X Xy X gis

143X, X 5 1 X gy
1+ (Si + L)X X g X gy

1+

n-2 1+ 3IX_, X o 1 X 52
i X gk- 2H[1+(3| +1)X X ok-1X ak-2

”2( 1+ 3iX Xy 51X g 5 ]

1
+ X XX gk ZH 1+(3|+3)X kX 2k X 3k—2

y ﬁ 143X, Xy X g s
el 1+ ( 3|+1)x X o1 X s
_{_( X X k1 X gk—2 ]
1+ (3n = 3)X X perX a2

n-1 H
Xerom 52 = X an. H[ 14+ 3IX X o 1 X 3e» J
3k+3)n-3k-2 —3k-2 -

T+ (3 + )X, X X 5

Similarly, one can easily obtain the other relations.
Thus, the proof is completed.
Theorem 4 Assume that b =-1 and c=1 and

{X,}r- s, be a solution of Eqg.(1). Then every
solution of Eq.(1) is periodic with period (6K + 6)
and have the following form:

Hence, we have

Xek+6)n-3k-2 — Xgk—21  X(ek+6)n-3k-1 — X_3k_11

Xek+6)n-3k — X_gkrees

Xek+om-1 = X110 Xekrgn = Xo»
) _ X k2
k )
(6k-+6)n-+1 (_1+ X7KX72k71X73k—2)
‘. _ X k1
(6k+6)n+2 (_1+ X_k+1X_2kX_3k-1)
: X 2k-3
Xok+o)n+k =

(_ 1+ X—lx—k—zx—zk—S) ,

lifesciencej@gmail.com
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X k-2
-1+ XoX_ 1 X k2 )

Xekeo)nrk+1 — (

Xek+6)nk+2 — X—2k—1(_1+ X X g1 X k-2 )’

Xigk+6)n+k+3 — X_2k (_1+ X e Xook X—3k—l)""’

Xigk+6)n+2k+1 — X_k—2 (_1+ XX o X k2 )v

Xek+6)n+2k+2 — X—k—l(_1+ XOX—k—lx—Zk—2)1
X k

-1+ X kX k1 X 3k 2 ) ,

Xek+6)ns2k+3 — (

X—k+l
-1+ X X ok X—3k—1)

Xek+6)ns2k-d — (

X 5
-1+ X72X7k73X72k74)
X

-1+ X—lx—k—zx—zk—S)

X(6k+6)n+3k+l = (

Xek+6)n+3k+2 — (

X0
-1+ XOX—k—lx—Zk—z)
Theorem 5 Eq.(1), with b=—1 and ¢ =1, has a
of period (3k+3) iff
XoiX ok siXakoosi = 2 (fori=0,1,2,...,k)
and will be in the following form:
{X—sk—Z’X—Sk—17X—3k""'X—l’XO’

X gk-21 X gioams Xog Xo’---}-
Proof: First suppose that there exists a prime period
(3K + 3) solution of Eq.(1) of the form

X6k+6)n+3k+3 — (

periodic  solution

X k-2 X gk-1r Xogree Xph Xo

X gk-21 X gke1s Xogiorens Xogy Xooeees
Then we see from the form of solution of Eq.(1) that
Xek+6)n-3k—2 — X_ak—21 Kek+6)n-3k—1 — K_gk—11e+1
Xek+6)n-1 — X_110 Xek+6yn — Xoo

X 32
=14+ X X 1 X 3o

Xek+6)n+1 — ( ) = X gz

X — X g1
6k+6)n+2
(eleene (_1+ XX ook X—Sk—l

): X gy 110

X k-2
-1+ Xo X 1 X k2

X(6k+6)n+k+l = ( ) = X gk_21

Xek+6)nsk+2 — X—Zk—l(_1+ X X gk X 3k—2 ) = X k1
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X6k+6)nek+3 — X—Zk(_1+ X—k+lX—2kX—3k—l) = Xoggreen

X6k+6)ns2k+2 — X—k—l(_1+ XOX—k—lX—Zk—Z): X 1

X g

(_1+ Xk X—2k—1X—3k—2 )

X,

(_1"' X—1X—k—2x—2k—3)
Xo

=1+ XXy 41X g )

= Xy yeens

X(6k+6)n+2k+3

X(6k+6)n+3k+2 -

=X,

X 6k+6)n+3k+3 — ( = Xo-

or
1+ X—kX—Zk—lx—Sk—Z) =1,

(_
(_1+ X—k+1X—2kX—3k—1) =1,...,
(_l+ X—lx—k—ZX—Zk—3) =1,
(_1+ XOX—k—lx—Zk—Z) =1.
Then

XX gk aX g2 = XogaX o Xigkg =
= XXX g3 = XoX g X g = 2.
Second suppose that
XooiXoakiiX gk = 2 (fori=0,12...k).
i.e.
Xy X gk Xgoa = XXX gy = o
= XXX g T XoX X g, = 2.
Then we see from Eq.(1) that

Xekr6)n-3k—2 — X_gk-21  X(eks6)n-3k-1 — XK gk-11++1 X(kabyna — X-11

Xekse)n = Xor Xeksgynt — Xgkez 11 Xeksg)nek — X_2k-31
Xkeo)nket = X_ak—21 Xeks6ynrk+3 — Kook 1+ 1 X gkrgyns2kel — Xk

Xekrene2ke2 — Kokt X(ok+6)n+2k+3 = X

X(6k+6)n+2k+4 -

= X,

X psrer Xgkagyneak+2 — X1

X6k +6)n+3k+3
Thus we have a period (3K +3) solution and the
proof is complete.

Theorem 6 Let {X,}.- 5., be a solution of Eq.(1)

and consider b=1 and ¢=-1 . Then for

n=123,..

1- 3|X—k X—2k—1X—3k—2

n-1
Xak+3)n-3k—2 = XSkZH[
i=0

1- (3i + 1)X—kx—2k—1x—3k—2

1-3IX 4 X o X g g

n-1
X@k+3)n—3k-1 — X3k1H(l
i=0

- (3i + 1)X—k+lx—2k X 3k

lifesciencej@gmail.com
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1_3|X—k+2X—2k+1X 3k j
- )
- (3| +1)X—k+2X—2k+1X—3k

n-1
Xak+gn-sk — X 3k H(l

i=0

1
X@k+3n-2k-2 = H(

=0

1—3iXoX_ (X oy 5
1— (B +1)XX Xy p )

X@k+g)n-2k-1 = )

”1(1 (3i +1)X_ Xy lxgsz

iz \ L 3|+2)X KX 2k-1X a2

11— (3i+1)x X
X@k+gn-2k = X 2kH o2
1- 3' + 22X X X gy

- [1_ (Si + l)x—k+2X—2k+1X—3k }

n-1
X =X
(Bk+3)n-2k+1 —2k+1H -
1- (3| + 2)X—k+2X—2k+1X—3k

i=0

X@k+3)n-k-1 —

il

(3i +1)XX 41X 0y s
(3i+ 2)%X X s )

Xak+gn-k — X -«

1L (1 (3 4+ 2)X, X oy X gy s
1- 3|+3)x Kook Xoas )

_ 11— 3|+2Xk+l 2kX3k1
X(3k+3)n—k+l - X—k+1

i-o\1— 3|+3Xk+1 _ok X gk1

X(3k+3)n—k+2

=x ﬁl 3|+2Xk+2 ok X
e 1- 3' +3 X 2 X ok 1 X3k

y — 1L (1 — (30 4+ 2)X_,X X o
3k+3)n-2 — -2 !
@3 Lol 1- 3|+3)x X s X oy
y X“l (3 + 2)X X oX g3
(3k+3)n-1 — -1 )
' bol1- 3|+3) X Xy X oy
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X@k+3)n

(!

Theorem 7 Let {X, }.- 5., be a solution of Eq.(1)

with b = ¢ =—1. Then every solution of Eq.(1) is
periodic with period (6K + 6) and for n =1,2,3,...

3|+2 xox 1 X ko
(3 + 3)XX X s

Xek+6)n-3k-2 — XK ak-21  X(gk+6)n-3k-1 — X_3k-1»

Xek+6)n-3k — X_gkr=ees

Xekoyn-1 = X100 Xekeoyn — Xoo
X, - X a2

Creren (_1_ X—kx—zk—lx—3k—2)
X e, - X k-1

, -

(eleren (_1_ X—k+lx—2kx—3k—1)
X, .= X o3

(Creron (_1_ X—lx—k—ZX—Zk—S)
" - X_ak—2

k k '

(Freane (_1_X0X—k—1x—2k—2)

Xek+6)nk+2 — X—Zk—l(_l_ X X g1 X k-2 )!

X(6k+6)n+k+3 = Xg (_1_ X X ok X gk )’"-v

Xek+eyns2k+1 — Xk—2 (_1_ XX o X g2 )’

Xek+6)n+2k+2 — X—k—l(_l_ XoX 1 X ak—2 )!
X = Xk
k k+3 — )
(Clertnsaices (_1_X—k X—Zk—lx—3k—2)
Xek+6)n+2k+4 — Xokat
(Chcroms zicea (_1_X—k+1x—2kx—3k—1)
X,
X(6k+6)n+3k+l = '
(_1 XX _3X ok 4)
Xy
X =
(6k+6)n+3k+2 (_1 X X X )’
1 k—2"-2k-3
_ Xo
X(6k+6)n+3k+3 -

(_ 1- XoX_k1X_ok—2 )

Theorem 8 Assume that b =c¢ =—1. Then Eq.(1)

has a periodic solution of period (3K +3) iff
XX oak-riXoakani = —2 (for i=0,1,2,....k)
and will be take the form
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{X a2 Xoakons Xogiorees X gy X, X a2 (D+CA) =X g, = X g ,(b+CA 1) =0,

X a2y Xk 19 X g seees X gy Xgoere }-
X g (D+CA) =X g4 = X 5, (b+CcA -1)=0,

The following theorem deals with the periodic

solutions of the general form of Eq.(1). X 5 (0+CA) =X 5 = X 5 (b+CcA, —1) =0,
Theorem 9 Eq.(1) has positive prime period X (b+CcA ;) =x = x, (b+cA_-1)=0,
(3k + 3) solutions if and only if

(b+cA -1)=0, ©) X,(b+CcA) =%, = x,(b+cA -1)=0.
where A = XX o i X i Since X;#0 for all —(3k+2)<j<O0, then
(fori=0,1,2,....K) and A=A, Condition (9) is satisfied.

Second suppose that (9) is true. We will show that

Proof: First suppose that there exists a prime period Eq.(2) has a prime period (3K +3) solution,

(3K + 3) solution of Eq.(1) of the form

vees Xogroy X gi_gs Xogyreees X g1 Xgs It follows from Eq.(1) and Eq.(9) that
X X
X gk_2y X ge_gs Xogyreees Xgy Xgyeens Xlzﬂzx_ X :i:x_ >
b +c 3k-2 2 b+ I 3k-1
That is Xy, = Xy_a, for N >0. We will prove A A
that (9) holds. . = Xk — X
Now we see from Eq.(1) that : b+tc =3k
X—3k—2 X—3k—l
Xap o =X =——, X4 =X, =————, _ Xllo _
2 btcA ¥ bacA Xk+1_b+CAk = Xogk-2s
X
X o = Xg = —K . X X
3k 3 IEEEY] — —2k-1 — —2k-1 —
b+c X, ., = = =X op ayen
A, k+2 b+cA_, b+cA 2k-1
X X
— = X2 X = k=2 __ — k-2 = Xy 5y
X—Zk—Z - Xk+1 - m’ 2k+1 b +CA2k b +CA<_1 k-2
X X
X ok-1 X k-1 = =kt = 2kl -
X7 _ =X = = . 2k+2 k-1
Ry S TN b-l)-(CA2k+l bX+CAk
X X = —2 = —2 =
X2 = X = 7y - ¥ b+cA, b+cA -
b+cA, b+cA k 2
X X
X k1 X k1 = — - =
X, .= = . 3k+2 11
17 ez THOA T bacA b+cA,,, b+cA
X X
X X X3k+3 = ==X,
X o = Xgguy =5 = =2 b+chAg,, b+cA
- + 1
b+cA, b+cA, which completes the proof.
X X - .
Xy = Xgup = e e 4. Global Stability of the Solutions
b + CABk+l b + CAk 1
Here we study the convergent of the solutions of
X, X, Eq.(2).

X. = X = = .
© T hycA,,, b+cA

Theorem 10 If b >1, then every solution of Eq.(1)
Then it is easy to see that

converges to the equilibrium point X = 0.
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Proof: It was shown in Theorem 1 that ;: 0 is

local stable and then it suffices to show that X= 0is
global attractor of the solutions of Eq.(1).
We claim that each one of the subsequences

{X(3k+3)n—3k—2}::0 , {X(3k+3)n—3k—1}::0 peees

0

HKacanatnzor Kakigntnzo has limit equal to
zero. For the sake of contradiction, suppose that there
exists a subsequence {X.zn 3 otn=o With limit
doesn't zero. Now we see from Eq.(1) that

DX 3k a1 T CReak 3y 1 X3 aynk Kok +3)n- 2k +2) X3k 33k +2)
= Xk+3)n-(3k+2)?

or

bx(3k+3)n+l

X =
(3k+3)n—(3k+2)
1- CX(3k+3)n+1X(3k+3)n—k X(3k+3)n—(2k+1)

Now it follows from the boundedness of the solution
that

1im X 3:3)n-(3k+2)
Nn—o0

- ||m bx(3k+3)n+l
=0 1 - CX(3k+3)n+1X(3k+3)n—k X(3k+3)n—(2k+1)
bM
< ———<0,
1-cM

1

where M 23\/: which is a contradiction and this
C

completes the proof of the theorem.

5. Numerical Examples

For confirming the results of this paper, we present
some numerical examples which show the behavior
of solutions of Eq.(1). See below Figure 1 (

b=2,c=4, k=1, X=10,x,=7,
X,=3, X,=12, X, =6, X,=4.), Figure 2 (
b=04, c=08, k=1, x, =15 x,=7,

X,=05 x,=4 x,=9 X,=4.) and
Figue 3 ( b=-3, ¢=2, k=2, x,4=6,
X,=-1, Xz=05 x,=-4, x,=1/7,

X, = 4, X, = —1/12, X, = -2, Xy = 1. ).
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plot of x(n+1)= x(n=5)/(7+4x(n-1)x(n-3)x(n-5))
12 T T T T T T T

10

e

15 20 25 30 35 40 45 50
n

x(n)
=)

Figure 1

plot of x(n+1)= x(n-5)/(b+cx(n-1)x(n-3)x(n-5))
15 T T T T T T T

101!

x(n)

. . . . . .
0 10 20 30 40 50 60 70 80 90 100
n

Figure 2

plot of x(n+1)= x(n-8)/(b+cx(n-2)x(n-5)x(n-8))

. . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50
n

Figure 3

The following figures show the behavior of the
solutions of Eq.(1) ( when b =c =1) with a fixed
order and some numerical values of the initial values:
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Figure 4 K =3, X, =8, X,, =11, x,=4,
Xg=7, X,=13, x,=6, x,=3, x,=5,
X;=1, x,=9, X;=2, X,=10. Figure 5:

k=3, x,,=05 x,=13 x,=02
Xs=07 x,=11 x,=06, x,=009,
X,=05 x,;=1, x,=01 x,=14,
X, =0.2

plot of x(n+1)= x(n-11)/(b+cx(n-5)x(n-8)x(n-11))

x(n)

L L L L L
0 10 20 30 40 50 60 70 80 90 100
n

Figure 4

plot of x(n+1)= x(n—-11)/(b+cx(n-5)x(n-8)x(n-11))
14 T T T T T T T

121

0.8

x(n)

0.6

0.4r

0.2

L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
n

Figure 5

In the following we give some numerical examples
to confirm the obtained results for Eq.(1) ( when

b=-1,c=1). See below Figures 6 ( k=2,

Xg=02, x,=05 x,=18 x,=0.9,
X,=-21 x,=13, x,=25 x,=17,
X, =2.7.) and Figure 7 ( K=2, Xx,4=2,
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X,=05 x,=6, x;=1/9, x,=-5

X,=1/9, x,=9, x,=-4/5, x,=6.).

plot of x(n+1)= x(n-8)/(b+cx(n-2)x(n-5)x(n-8))

x(n)

. . . . . . . . .
[¢] 10 20 30 40 50 60 70 80 90 100
n

Figure 6

plot of x(n+1)= x(n-8)/(b+cx(n-2)x(n-5)x(n-8))
10 T T T T T T T

x(n)

L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50
n

Figure 7
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