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1. Introduction
The concepts of A, -modules, A -algebra and

its related with simplicial (Hochschild ) (co)homology
has been studied in [2,4,6,7]. The relationship between

a set of all AOO -algebra structures on fixed differential

graded algebra and the Hochschild cohomology of that
algebra has been studied in [7]. The Hochschild

cohomology complex for AQO -modules over AOO-
algebras has been studied in [5]. The triviality of the
Hochschild cohomology of dimension (1, 2—n)
AOO -algebra is proved in [4]. In this article we are
concerned by (Hochschild cohomology) of differential
AOO -algebra. For a given cochain Hochschild

(simplicial) complex for differential AOO — algebra with
finite number of non trivial high multiplication 77; and

differential AOO —algebra A, we show that the

Hochschild cohomology is trivial. We generalized the
triviality of the Hochschild cohomology in [4].

2 Hochschild complex for differential AOO -algebra
In this part we recall the requisites definitions
and results relating to concepts of D, differential

module and D, - differential algebra. The main

references are [3], [4], [5],[7] and [9].
Note that all modules are defined on Z,.
Definition 2.1:
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A differential module (X,d) is a module
X ={x,},neZ equipped with a
d : X — X, called the differential of the module X,

with degree (—1) such that d 2= 0.
A mapping of differential modules

f:(X,d)—>(,d) is a mapping of modules
f:X —>Y suchthat df = fd .

A differential homotopy between mappings
f,g:(X,d)—(Y,d) of differential modules is

a mapping of module /2 : X — Y module X , where

Z,(X)=Ker{d,: X, > X,_|} is

called a space n-dimensional cycles and spaces
B, (X)=Im{d,,, :X,,, = X,} are called spaces

of n-dimensional boundaries. It is clear that
B, (X)c Z,(X) suchthat dh+hd = f—g.

It is easy to see that the homotopy relation is an
equivalence relation.

The modules X and Y are called homotopy equivalent
(denoted by X= Y), if there is a chain map

f:X—>Y,g:Y >Z suchthat go f=1dy,
feg =1dy.

The module is called contractible, if it is
homotopically equivalent to the zero. The factor space

H, (X)=Z,X)/B,(X) is called the homology
of X.

morphism

the space

n+l
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For a module X, denote by )_( the dual module of X,
X ={X,}, for which X_, - conjugate to X_,.
The differentials d, : X, > X,
differentials d, : X ., —> X_, . The homology of

induce the

the dual complex X is called cohomology of X and
denoted by

H*(X)={H"(X),H"(X)=H_,(X).
Definition 2.2:

A D, - differential module (X,d")is a an
arbitrary Banach module X with a family of
{d": X — X,i>0} such that
holds for each

homeomorphisms

the following relations

k>0,, > d'd’ =0.
i+j=k

it i=0,d%°=0 and (X,d°)is an ordinary

differential

d'd® +d°d" =0, that is the mappings d° and d'
are anticommuting maps. This means that the

integer

module, if i=1 we have

composition d'd' : X —> X is an endomorphism of
the differential module (X, d°) . For k = 2, we obtain
d*d® +d°d* =0—d'd" This
mapping d 2. X > X is a differential homotopy
between the zero map and the mapp

d'd":(X,d%) > (X,d°)of differential modules.

Therefore, the mapping d ! : X — X is a differential
within a homotopy.
Definition 2.3:

A differential algebra (A4,d, ) is a differential
module (A4,d) over algebra with the multiplication
7:A®A—> A such that
(r®1)7r =(1&® x)r holds.
Definition 2.4 :

Let A be algebra. The triple (A4,d,7,)is called

means that the

the associate law

A —algebra , where (4,d) is graded module over
algebra such that:

Z":(—l)‘f;zl.a@...@;zn,[ ®..®1)=0,
n (1)

c=nk+ik+n+k
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The morphism between A, -algebras A, A’ is a family
of homeomorphism f = {f;: A% — A’} such that

f,’((Ai))q € A;ﬂ»_l — A"} and
Y f,,(18.81807r,®..01)=
J

)
ZEE(j’,q@j’kz@...@ﬁ%)

The summation in (1) and (2) are given in all

possible place of m; and the right hand side of (2) we
can put :

i=k +k, ++...+k€ .The forms (1) and (2) are

called stasheff relation for A, -algebra [7].
Definition 2.5 :

A differential algebra AOO -algebra is
D, - module A tog- ether with a set operations

T, A®"* > A, n >0, with the following
identity:

d(r,)=Y (-Vr(1®..®r, 8..01),
i=0 5
e=nk+ik+n+k

For example if n=0, then

d(m)=rn,(—7,®1+1&® 7,), this is associated

homotopy relation.
If n=1 then

d(rmy)=m,(7r, ®1+1® 7))+

7(7,®1®1-10 7, ®1+1®1® 1,)
this means that there is a homotopy relation between
7, and 7z, .

Definition 2.6 :
The module 4 is called differential coalgebra,

if there is a specified operation V, : 4 —> A®"2 of

dimensions 7>0, satisfying the relations :
d(V,.)=>.(-)°(1®..0V,,;®..01V,
i=0

c=nk+ik+ni+it+k+1
from [4] the Hochschild complex C (4, A) for
algebras 4 is a  A-module over Z, with the
multiplication 7:A ® 4 — A with the associate law
(7N =1 7).
The cochain  Hochschild
by(C*(A, A),d) such that

complex is given
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C'(4, A)=)_C"(4, 4),5), feC"(4,A4),geC"(4,A.

C (4, A) = Hom(A4", A) and We can rewrite the operations \U and U, on
S5:C"(4, A)— A™' (4, A) . the Hochschild complex C, (A, A) as follows :

The relation between operators O and 7 is given by: U (C(4,M)RC,(4,A4)) = (C,(4,M)),

Of=n(1®@ H+2 f(1®..07®..Q)+x(f ®1) fug=f(19®..91®g),

The homology of (C (4, A),*é‘) is Hochschild U, 1(C(4, A®C, (4, A) — C*(4,4), (5)
cohomology and defined by H (4, 4).

Definition 2.7 : fug=) f(1®.01®g®..®1)

For differential A, -algebra A we can define
the coalgebra BA which is called B-construction over where f,geC_(A4,A4).

. _ ®n
A. Consider the tensor algebra T4 = anl A”" such For some (g, 8, g,) We can gencralize

that: deg(a, ®...® a, ) =deg(a,) +...deg(a, ) + k. the
The tensor algebra 7.X with the following differential
d: BAi - AH, such that

d(a,®..®a,)= LY (858558 =

34,®.075,(a,0..04,,.0q 2./10.018g018..
k.j

.®l®g ®10..010g, ®1®..®1),
is called B-construction over 4 and denoted by BA . (6)

Wi ider the differential A, -algebra A with
© consicer The diferentia aeen 4w f,2€C_(A4,A) and the summation will be in all

operation Uy in relation (5 ) to be

Ui 1(C (A4, D™ = € (4, 4),

finite integer nontrivial exterior multiplication 7;,

then there is A,-algebra such that for place of clements g, 8., 8y -

,neZ, r,=0, fori>n. The relation between operators U1 , O and s
Consider given by:
Hom(BA, A) then of=fun+ry, f
Hom"(BA, A)=[f:B4 > A4.,] . From relation (3), (4), (5), (6) we get :
k _ k
Note that f € Hom"(BA, A) , then thereis {f;}, O (81:825--8)) =S V1 (81580581 +
. k
f; Z(Al)q - AqH-Jrn .The identity map is Id,=d, +qui‘ (2,855 8, )+
1d,=0 for k>1. i=l1
Define the differential kook2
k—i+1 i
S : Hom" (B4, A)— Hom"" (BA, 4) such +Z;, Z_}ful (813eees T (850005 8o &) F
that k-l k=2 _ _
5= f(10..010r,011..0)+ D DI AT -y Y - - W)
f i=0 s=1
(7
Z 7 (19..® f ®..® 1) (3) The relation (7), when k=1, can be written in the
i form:
The complex Hom(BA, A) with differential 5
’ U 2)=0fHu g+ fu (0g)+fug+guUf,
(defined in relation (3)) is called the Hochschild (fng )1 ©@f)vn g { 08+ fugrgvf
complex for A, —algebra and denoted by C_ (A4, A) . if weput Ly =0 and 7 U; (f,g)=f g in(7)
Consider the following operations in Hochschild and f U? = f in(5)
complex C(A, A) from [4]:
fug=n(f®g), 3- Twisted cochain Hochschild complex for A.-
7 U g= Z f(1®..01®g®..®1) where algebra and related cohomology.
k
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In this part we are concerned with the
commutative A,-algebra and triviality of the
Hochschild cohomology in [4]. We define a new
concept of twisted cochain on Hochschild complex

C, (A, A) for A,-algebra and get the theorems (2.4)
and (2.5) analog to theorems of kadishfili in [4].
Firstly we recall the definition of commutative AOO -

algebra and its related cohomology, we also define the
twisted cochain and its propereties on Hochschild
complex from [1], [4] and [7].
Definition 3.1.

The twisted cochain is an element

a=a"'+a*7 +. . +a""
o .
a”"' eC"”"(A4,A), such that Sa=a\J, a, since

+... where

U1 is multiplication in the Hochschild complex for
algebra A. The set of twisted cochains is denoted by
TW (A, A).
Definition 3.2.

Two twisted cochain a and @' are equivalent

(a~a') if there exist an element

p= pZ,—l + p3,—2 +.+ pi,l—i ’
pi’l_i eCH (A4, A) such that:
a-a =6p+pu,a+ad U (p®p)+

ad o (p®p®p)+... .
The set TW (A, A)/ ~, where ~ is an equivalent
relation, is denoted by D(A4, A).
In the following we define the AOO -algebra
commutative case and its related cohomology.

Definition: AOO -algebra A is commutative algebra if

Z (=1)*m,o(i,n—i)=0 , where the summation
o

is got on the perturbation O .
Definition : If A is commutative algebra, then it’s

Hochschild complex C*((A4,A4),0) is called
Harresona complex.
Definition 3.3 .

The cohomology  of  the complex

C*((A4,A),0) is called Harresona cohomology of
commutative algebra A and denoted by , then it’s
Hochschild complex Harr(C* (A4, A),d)) is called

Harresona complex.
In the following we define a new concept of twisted

cochain on Hochschild complex C,_ (A4, A) for A.-

algebra.
Definition 3.4.
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Any element g € C.>(A4, A) is called twisted
cochain if the following hold:
. g,=0,1i i<n+l

2. O0g=gu, g )
The set of all twisted cochain in Hochschild complex
C_ (A, A) is denoted TW(C_(A4,A)).
Definition 3.5.
Two twisted cochains g and g’ are equivalent
and denoted by:

g~g ifthereis f € C,'(A4,A), such that:

- f, =1id,

2-5f+ ) mU(frn N+ 8 +
i=2

Zgui(f,~-~,f)=0

Where U, and Ui are defined by formula (5), (6).
Suppose that D(A, A)=TW(C, (A, A)/ ~) where

~ is an equivalent relation, then the following holds.
Theorem 3.6.

Let geTW(C,(A,A)) be an arbitrary
twisted cochain and f € C.'(4,A), such that

f,=id, f,=0fori>n+1, then there exist
Twisted cochain g such that:

)

1. g =g,i<k+Lk>n;

20 =&t )

3. g~g

4.  Proof. We use the method of constructing
element_g ~ g . Note that , to use the condition of the
theorem 2.4 we have the relation (0 f),,, =0(f,).

For every element f in definition 3.3, which make the

equivalent relation g ~ g, we consider it as an
element satisfies condition of theorem 2.4. Define
g, i<k+1 from condition 1 of theorem 2.4. For
elements g and g, the first nontrivial elements in
right hand side of relation (9) is given in (k+1)-
dimension, such that & f + f,(g)+ f,(g) =0, this
if f, =id ( al
f;=0, forl<i<k+1).

Theorem 3.7.

relation is true remain
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If Lt H7(C,(4,4)=0,
D(A4,4)=0.

Proof: we must prove that the arbitrary twisted cochain,
given condition, is equal zero. The formula (8), for

then

element g, in (n+1)-dimension has the form 0g =0,
that is g is acyclic. By considering the condition

H?(C_(A,4))=0 there exist fl such that
g,.,=0f",, or g—=0=5f . Following theorem
3.6 we can get a twisted cochain g1 such that
giﬂ =0 and g~g1. Hence the formula (8) in

oL
g, is given by

is

(n+2)-dimension, element
5g' =0, g'

H?(C_(A,4))=0, then there is f~ such that
g,..=00f",,, o g —-0=56f" and so on.

Repeating this process we get a sequence of twisted

for

that is acyclic.  since

cochain such that g' =0, k <i+1.The extension
of this process to infinity get trivial twisted cochain
with the element f with components f, =0and
ﬁ =0, for

i<n+l, fi=f"",i>n

4- Extension of A, -algebra and cohomology of
Hochschild of C..(A, A) for A, -algebra

Definition (4.1) .
Let A be A, -algebra (A, 7;) with nontrivial

of the

(r; #0, 0<i<n, ,7, =0, i>n.

The extension of A,-algebra is an A, -algebra A such
that A and A coincided and the high multiplication
77, = 7[,’, for i<n+1.

In [4] is proved that there is a bijection between the set
of structure A, -algebra on fixed graded algebra, such

finite number multiplication 77, ie.

that 7z, = 0, T, =7, m is multiplication in algebra,

denoted by (A, )(o0) and the set of twisted cochains
Hochschild complex factored by the equivalent relation

Here we give an extension of this fact between the set

of all extension of a fixed AOO -algebra, denoted by
(4, 7,)(©) , where 7, is the structure on a fixed

AQO -algebra A, and the set of twisted cochains
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Hochschild complex factored by the equivalent relation
~(D(A,A)).

The following theorem is the main result in this part.
Theorem (4.2): There is a bijection between sets

(A4, 7,)(0) and D(4, A4).
A e (A4,7r,)(©)consider the stasheff

relation (1) as follow:

Proof: For

Y 1(10..8107,011..®1)+

i=1,j=1

+ > 71(0®.010r,®18..81)+

i=1, j=n+1

+ > 7,(1®.0107r,®18..01)+

i=n+l, j=1

+Y 7(1®..0107,818..01)=0
i, j=n+1
(10)
Clearly that the first term of (10) is equal zero,
following stasheff relation for fixed algebra A. The
second and third terms of (10) , following (5), (6) can

be written in the form Og. The fourth term in

fomg\U, g where g =0,i<n+l1 and

g =n,i>n.
Therefore the stasheff relation (1) takes the form
0g+g\, g,and hence g is twisted cochain.

Thus every A_-structure from (A4, 7,)(c0)

defines a twisted cochain for Hochscihld complex C,,
(A, A). The inverse is true that is every twisted cochain

defines AOO - structure.
To complete the proof we must show that any two
extension of AOO -algebra are equivalent if and only if

every equivalent result coincide with its twisted
cochain.
From theorem 4.2 and definition 3.3 we get the
following assertion.
Theorem (4.3):

If H*(C, (A, A)=0, then any structure of

extension of a fixed AOO -algebra is trivial.
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