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1. Introduction . . general case by considering b or € or both
In the year of 1972, very important equations coefficients of the G-BSDEs as discontinuous

known as backward stochastic differential equations functions with upper and lower solutions in the

(BSDEs) were introduced by Bismut (Bismut, 1973). reverse order.

While in 1990, they were generalized by E. Pardoux We consider the following backward

and S. Peng (Pardoux and Peng, 1990). These stochastic differential equation under G-Brownian

equations have immense applications in mathematical motion

finance and are appropriately connected with

T a
: . . X, =E[&+[ b(s, X)ds+[ 0(s, X)d(B),|Q,], te[0, T],
stochastic  controls, nonlinear semigroups and =Ee I s, X,)ds I s X)d(B), 1] <[ 71

nonlinear partial differential equations. Under the G- (1.1)

Brownian motion the above mentioned equations with where & € LIG (QT) is given, b(t, x), 6(t, x)
the existence and uniqueness theorem were launched . ; )

by Peng, see the appendix of this paper or (Peng, are M (0, T; R") measurable functions and

2010) chapter IV page 83. Later X. Bai and Y. Lin
developed the existence and uniqueness of solutions
for backward stochastic differential equations under
G-Brownian motion (G-BSDEs) with the integral {B}., - A process X, eM é 0, T; R")
Lipschitz coefficients (Bai and Lin, 2010). Also, see satisfying the G-BSDE (1.1) is said to be its solution.
(Xu, 2010) for the BSDEs under super linear G- We assume that both coefficients are monotonically

expectation characterizing a class of stochastic control increasing functions. But they do not need to be
problems.  Recently, Faizullah and Rahman continuous.

established the upper and lower solutions method in This paper is organized as follows. Section 2
the usual order for G-BSDEs and entrenched the presents some basic notions and definitions. In section
existence theory for G-BSDEs with a discontinuous 3 we develop the method of upper and lower
drift coefficient (Faizullah and Rahman 2012). Also solutions. The comparison theorem is proved in
see (Faizullah and Piao 2012) for the upper and lower section 4 while the existence of solutions for G-

solutions in the usual order. Now in contrast to the BSDEs with discontinuous functions is shown in
above here we introduce the method of upper and section 5. Appendix is given in section 6.

lower solutions in the reverse order to study the
existence theory for G-BSDEs. We discuss a very

{(B),} 5 is the quadratic variation process of one
dimensional (only for simplicity) G-Brownian motion
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2. Preliminaries
We remind the following notions and definitions (Denis et al., 2010; Faizullah and Piao, 2012; Faizullah et.
al., 2012; Gao, 2009; Li and Peng, 2011; Peng, 2010).

Let €2 be a (non-empty) basic space and H be a linear space of real valued functions defined on {2 such that the
constant ¢ € H and if X, X,,..., X, €H then ¢(X,, X,,..., X,)€H for each p €C,,, (R"), where

Lip

Ciip (R") is the space of linear functions ¢ defined as the following
C.,(R)={p:R" > R|ICeR" ,meN
st.lo(x)—p(y) S+ x|" +[y[") [ x=yl},

for x, y € R". We consider that H is the space of random variables.
Definition 1
A functional E : H— R is said to be a sublinear expectation, if for all X,Y €H, ce R and A >0 it
satisfies the following properties
1. (Monotonicity). If X > Y then E[X]>E[Y].
2. (Constant preserving). E[c]=c.
3. (Sub-additivity). E[X + Y] < E[ X ]|+ E[Y]orE[X]-E[Y]LE[X -Y].
4. (Positive homogeneity). E[AX]=AE[X].
The triple (€2, H, E) is called a sublinear expectation space.
Let {Q be the space of all R -valued continuous paths (w, )t€R+ with w, = 0 equipped with the distance
P08 W) = X ! =2 D),
k=1

1€]0,k]

and consider the canonical process B, (W) =w, for t €[0,00), w e (Q then for each fixed T’ € [0,00) we have
L,(Q;)=1{¢9(B,,B, ,....B, ): t;,....t,€[0,T], peC, , (R"),neN},

where L, (Q,) € L,,(Q;) for t<T and L, (=1, L, (Q,).

For 0=1, <t <..<t, <o, peC, . (R") and each
X =¢(le _BIO’BIZ _Btl ""’Bt” _BtH)ELip(Q)a

Elp(B, - B,,B, —B,,...B, =B, )]= Elo(Jt, —t,&50nft, — 1, 1 ED]

The conditional sublinear expectation of X € L, (€2,) is defined by
E[X[Q]=Ele@B, .8, -8, ,..B, -8B )Ql=w(B, B, -8B

e
where

WX X)) = BL@(X) s X o[ =88], =1, &),

such that &, is G-normally distributed and &, , is independent of (&,,&,,...,&;) foreach i =1,2,...,n—1.
Definition 2
The sublinear expectation E : Ll.p (Q) > R is called a G-expectation if the corresponding canonical

"Btv _Bt )9

t j j-1

process {B,},,, on the sub-lincar expectation space (€2,L,, (Q),E) is a G-Brownian motion, that is, for

0 <s <t, it satisfies the following conditions
1. B,(w)=0.
2. The increment B,, —B, is N(O,[gz,gz]) -distributed and independent of (B, ,B, ,...,B, ), for each
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neZ and 0<t, <...<t, <t
The completion of L, (€2) under the norm ||X||p=(E[|X|p])l/p for p>1 is denoted by L%.(€) and
LP(Q)c LE(Q,)c LE(Q) for 0<¢<T <o0.

Ito's integral of G-Brownian motion. Consider the following simple process:
Let p 21 be fixed. For a given partition 77, = {t,,¢,,...,¢, } of [0,T7],

0= Y&, 0

where &, € LL(Q,), i=0, 1,..., N —1. The collection containing the above type of processes, that is,
containing 77,(w) is denoted by Mg’O(O,T). The completion of Mg’o((), T) under the norm
I 77|={[oEll 7, |7 1dv}"? is denoted by M 2 (0,T) and for 1< p<gq, ME(0, T) > ME(O, T).
Definition 3

For each 77, e M é’o (0,T), the 1td's integral of G-Brownian motion is defined as

N-1
1) = [ ndB, =3 &(B, ~B,).
i=0

Definition 4
An increasing continuous process {(B),},., with (B), =0, defined by

N-1
. 2 2 !
(By, =lim 3(B, ~B,)" =B ~2[ B.dB,.

is called the quadratic variation process of G-Brownian motion.
For the details of the following two definitions see (Denis et al., 2010).
Definition 5

Let B({2) be the Borel o -algebra of ) and P be a (weakly compact) collection of probability
measures P defined on (Q2,B(£2)) then the capacity ¢(.) associated to P is defined by
&(A)=sup P(4), AeB(Q).

PepP
Definition 6

A set A is said to be polar if its capacity is zero, that is, é(A) =0 and a property holds “quasi-surely”

(g.s.) ifit holds outside a polar set.

The following proposition can be found in (Peng, 2006; 2008).
Proposition 1

Foreach X, Y €L, (Q) the following properties of [. |€2,] hold.
1. If X2V then E[X |Q ]2 E[Y |Q,].

2. E[n[Q,]=n foreach t €[0,00) and 17 € L, (€2,).

3. E[X|QI-E[Y|QI<E[X-Y|Q,]

Also, from (2) and (3) wehave E[X +77|Q,]= E[X |Q,]+7.

The following theorem can be found in (Faizullah, 2011). For the proof see appendix.
Theorem 1

Let X,, Y, e M ([0, T]; R").1f X, <Y, for £ €[0,T] andany w e ). Then
T T
[ x.d(B), <[ v.d(B),.

Through out the paper for X =(x,, X,,.., X,), Y =(¥,5 Vyreen ¥,), X <Y means x, <y,
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i=1, 2,.., n
3. The Method of Upper and Lower Solutions

We recall that the concept of upper and lower solutions for the classical SDEs was established in (Assing
and Manthey, 1995; Halidias and Kloeden, 2006; Halidias and Michta, 2008) and for G-SDEs in (Faizullah and
Piao, 2012; Faizullah and Rahman 2012; Faizullah et. al., 2012).
Definition 7 (Lower and upper solutions)

A process @, € M.(0, T; R") is said to be a lower solution of the G-BSDE on the interval [0, T7] if

for any fixed S the inequality (interpreted component wise)

a,> Elas + [ bs. a)ds+[ (s, a)d(B),|Q]. 0<r<S<T, @
holds g:s.
An upper solution ﬂt eM IG (0, T; R") can be defined in a similar way as above by replacing > with < and
a, with B, in(3.1).

Suppose that &, and ,6’, are the respective lower and upper solutions of the G-BSDE

X, = E[&+[/b(s,w)ds + [ 0(s,w)d(B), |Q,]. (34
Define two functions p, ¢q :[0, T]xR"xQ — R" by

p(t, x, w)=min{a,(w), max{f,(w), x}},

q(t, x, w)y=p(t, x, w)—x.
Consider the backward stochastic differential equation

X, =E[E+["b(s, X )ds + [ 0(s,X )d(B),|Q,] (36)
where

b(t, x, w)=b(t, w)+q(t, x, W),

(3.5)

- (3.7
o, x, w)=0(t,w)+q(t, x, w),

are Lipschitz continuous in X and & € LIG (Q;, R") is given. It is known that the G-BSDE (3.6) has a unique

solution X, e M é (0, T; R") see the appendix or chapter III page 84 of (Peng, 2010). Also see (Bai and Lin,

2010).

4. Comparison Theorem for G-BSDEs

First we prove an important lemma which will be used in the next comparison theorem.
Lemma 1

Suppose that the respective lower and upper solutions ¢, and ﬂt of the G-BSDE

(3.4) satisfy the condition ¢, = ﬂt fort €[0, T]. Then ¢, and ﬂt are lower and upper solutions of the G-BSDE

(3.6) respectively.
Proof

Using the given condition &, > 8, we have p(f, &,)=a, and q(t, o,)=0, thus
Elag+ [ b(s. a)ds+ [ O(s, a)d(B),|Q,]

s s
= Elay + [ [b(s. w)+q(s. a)lds +[ 1005, w)+q(s. a)d(B), ]

= Elag+ [ b(s, wyds+ [ 0(s. w)d(B), |Q]<a,

Hence «, is a lower solution of (3.6). Similarly, we can show that if ﬂt is an upper solution of the G-BSDE (3.4)

then it is an upper solution of the G-BSDE (3.6).
Theorem 2

2734



Life Science Journal 2013;10(2) http://www.lifesciencesite.com

Suppose that the mappings b, @ are measurable with IITE[|J (¢,.)|]dt <o where J =b and 6
respectively, the respective lower and upper solutions ¢, , B, of the G-BSDE (3.4) with E[| ¢, || <o,
E[| B []<o satisfy @, > B for t€[0, T] and X, =& e L,(Q,, R") is a given terminal value with
E[| X, |]< o0 such that B, < X, < a,. Then there exists a unique solution X, € M (0, T; R") of the G-

BSDE (3.4) such that 5, < X, < ¢, for t €[0, T] g.s.
Proof

We define the functions p, ¢ :[0, T]xR" x€Q — R" by (3.5) and consider the backward stochastic
differential equation (3.6).
Now the G-BSDE (3.6) has a unique solution and by lemma 1 if &, and ﬂt are the lower and upper solutions of the

G-BSDE (3.4) respectively then they are for the G-BSDE (3.6). We also note that any solution X' , of the modified
G-BSDE (3.6) such that
B <X <ea, te[0, T], 41

q.s. is also a solution of the G-BSDE (3.4). Thus we only need to show that any solution X, of the modified

problem (3.6) does satisfy the inequality (4.1).
Suppose that there exists an arbitrary interval (¢, #,) ©[0, 7] such that X, =@, = and X, >, for

t€(t,%,) . Then
X, —a,=E[{+[ B(s, X,)ds+ [ 0(s, X)d(B),|Q,]

~E[¢+ ["b(s, a)ds+["O(s, a)d(B),|0,]
<E[¢+([b(s, X,)ds+ [ (s, X,)d(B),

~¢ = ["b(s, a)ds—["0(s, @,)d(B),|Q]

= E[["[b(s, w)+q(s, X)lds+ ] "[0(s, w)+q(s, X)d(B),

t o)
~["Ib(s, W)+ q(s, @)lds— | 10(s, w)+q(s, @)ld(B),|Q,].
Since @, > 3 gives p(t, &)=, and q(t, @) =0. Also by supposition X, >, implies X, > /3, so
p(t, X,)=q,. Therefore we have p(t, X,)=«,.

X, —a, <E[[ q(s, X)ds+] q(s, X)d(B),|Q,]<0,

because X, >, gives q(¢f, X,)=a,—X,<0 in (¢, t,) . This is a contradiction. Thus X, <, for

t €[0, T]. Using similar arguments as above we can show that X, > 3 for t €[0, T1].
5. G-BSDEs with Discontinuous Coefficients
We now take the following G-BSDE
T T
X, =E[&+[ b(s, X)ds+|[ 0(s, X)d(B),|Q], te[0, T]. (.1)
t t

Here both coefficients (¢, x) and 6(z,x) do not need to be continuous but suppose that they are increasing, that

is, if x>y then J(¢, x)>J(t, y) for J =b and O respectively (where the inequalities are interpreted

component wise).
Theorem 3
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Suppose that the mappings b(¢, x), @(¢, x) are increasing in X, ¢, and f3, are the respective lower
and upper solutions of the G-BSDE (5.1) with IITE[| J(a)|)dt <o, jtTE[| J(B)|ldt < for J =b and €
respectively and a, > f3, for t €[0, T7].

Then there exists at least one solution X, € M (0, T; R") of the G-BSDE (5.1) such that 8, < X, < a, for

tel0, T] g.s.
Proof
We define the space of all d-dimensional stochastic processes by H, that is,

H={X={X,, te[0, T]}: E[| X, || < o} with the norm ”Xt” =_[tTE[| X, [|dt for all £ €[0, T], which
is a Banach space, see chapter 4 page 45 of (Peng, 2010) or see (Peng, 2006; 2008).
Now we denote the order interval [, o] in H by K, thatis, K={X : X €H and p <X, <a,} for

t €[0, T], which is closed and bounded by the above norm. By using the monotone convergence theorem one can
prove the convergence of a monotone sequence that belongs to K in H (Denis et al., 2010). Thus K is a regularly
ordered metric space with the above norm. It is clear that for any process ¥ € K, & and f are lower and upper
solutions for the G-BSDE

T T
X, =E[&+] b(s, V)ds+[ 6(s, V)d(B),|Q], te[0, T].  (52)
t t
Thus by theorem 2, for any given X, € L.(Q,, R") with E[| X, |]< o and S, < X, <, the G-BSDE
(5.2) has a unique solution X, € Mé (0, T; R") suchthat B, <X, <q, for t€[0, T] g.s.
We define an operator N : K — K by N(V) = X, where X is the unique solution of the G-BSDE (5.2). We will

use theorem 6 to show that NV has a fixed point, which is then the required solution. If we show that N is an
increasing mapping then it has a fixed point.

We have to prove that if VD and V® are stochastic processes in K such that Vt(” < Vl(2) then sz < Xl(z) for
all £ [0, T, where X = N(/") and X = N('?).
- Vt(l) = V[(z) for all 7€[0, T] and define XV =N(F¥"), X@=NE@"?) where V'V, V' eK.

Since it is given that the coefficient b and @ are increasing functions therefore X' l(l) is an upper solution of the G-
BSDE

X, = E[&+] b(s, V)ds+ [ 6(s, V)A(B), Q] te[0, T]. (3)
But this problem has a lower solution ¢,. Hence by theorem 2, the G-BSDE (5.3) has a solution X 1(2) such that
XI(I) < Xl(z) <, Thus N is an increasing mapping and by theorem 6, it has a fixed point
XY =N(X")eK suchthat B < X" <a, q.s. where
X = B[+ b(s, X ds+ [ 6(s, X)d(B), Q). 1[0, T1.

Example 1
Consider the following scalar G-BSDE

X, =E[&+ [ u(X)ds+ [ u(X)d(B),|Q].  re[0. T, (3
0,if x<0;
1

u(x)=
where # : R — R is the unit step function defined by (x) { , if x>0.

Then a, = E[& + jtTdS +J’tTd<B>S |€QQ,] and B, =E[£|Q,]=¢& for t €[0, T are the respective lower and
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upper solutions for the G-BSDE (3.3) which are shown below. Since
a, = E[§ +[[ds +[[d(B), |Q,]= Elas +[}ds + [}d(B), |Q,] where

oy = E[§+I§ds+ J.gd(B)S | €2,] for any fixed S suchthat 0<¢<S<T.And

Elag+[ds +[’d(B),|Q,]> E[a + ['u(a,)ds + [u(a,)d(B), |Q,], 0<t< ST,

which shows that &, = E[& + j[TdS + J’tTd<B>S | €2,] is the lower solution of (3.3).

Similarly, one can show that 8, = E[& |Q,]=¢& for t €[0, T7] is the upper solution of (3.3). Thus by the above
theorem 3 there exists at least one solution X' of the G-BSDE (3.3) such that

t

E<XY <Elay+[’ds+[d(B), |Q,].
Remark 1

The above results (i.e. theorem 2 and theorem 3) are more general. Therefore the existence theory for G-
BSDEs with upper and lower solution in the reversed order where the first or second coefficient is a discontinuous
function can be obtained in a similar manner.
6. Appendix

For the following definition and theorem see (Heikkila and Hu, 1993).
Definition 9
An ordered metric space M is called regularly (resp. fully regularly) ordered, if each monotone and order (resp.

metrically) bounded ordinary sequence of M converges.
Theorem 6

If [a, b] is a nonempty order interval in a regularly ordered metric space, then each increasing mapping

N :[a, b]—[a, b] has the least and the greatest fixed point.
Proof of theorem 1
Since {(B), : t 2 0} is an increasing continuous process with (B), = 0. Therefore for any w €€ and ¢,,, 2 1,,

<B>t,+| _<B>z, 20, i=0, L., N-1. Also for X, Y, GMIG([O, T)]; R"), X, =Z,ﬁ51§il[[”[’+l) and
Y, =YL,  where &, & € L5(Q).i=0, 1., N—1.Then X, <Y, implies that

t
N-1 N-1
zél[ti ’ ti+l ) S z il[’i ’ ti+l ) ’
i=0 i=0

this yields

D ELB),, —(B),1< Y EKB),, —(B),].
Hen(l:; :

[ x.a(B), <[ va(B),
Remark 2

The above theorem shows that the G-Ito's integral w.r.t. the quadratic variation process satisfies the
monotonic property. Also if X, <0 then IOTX d(B), <0.

We now consider the G-BSDE (3.6). Define a mapping A, : MIG(O, T; R")—> MIG(O, T; R") on a fixed
interval [0, T] by

T T~
A(X)=E[E+] b(s, X)ds+] O(s, X)d(B),|Q], te[0, T].
Lemma 4

For each X, Xe Mé (0, T; R") we have the following estimate;

E[[A(X)-ACBI<C Ell X, - X, [lds, 1[0, T, (72)
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where C is an arbitrary constant, depends only on the Lipschitz constant K.
Proof

Using lemma 43 (Peng, 2008) or see (Peng, 2006) and the Lipschitz condition on functions b and @ we have
Ve T ~ ~ T ~ ~
E[|A,(X) = A (XFN< EL[ |B(s, X)=b(s, X)) |ds+][ 0(s, X,)=0(s, R)|d(B),]

<EIK[ | X,-#[ds+K[ |X - X,|d(B),]

< K[ El| X, - ¥{ds + K[ E[| X, - X, [ds

=2k [ El| X, - #1ds= C[ E[| X, - X, \ds.

where C =2K is an arbitrary constant. Hence it is the required result.
Theorem 7

The backward stochastic differential equation has a unique solution X, € M IG(O, T; R").
Proof

To show that the G-BSDE (3.6) has a unique solution we prove that A(X') is a contraction mapping.

Multiplying by €*“' and integrating on [0, 7] yields
[TENA, (X0 - A, ear< [ ['El X, - X, [J*“dsdi

— r Yy v act
=C[ Ell X, - X, |If &*“duds

_1 r 2Cs Yy
_Ecjo(e DE[| X, - X [lds

1 r 2Cs %
< Ejoe E[| X, - X, |1ds.

Thus

[ EA, GO - A, (B e < % [[eEN X, - X, 1d. @3)

One can observe that the following two norms are equivalent in M IG(O, T; R"), ie,

Hence from (7.3) we get that A(X,) is a contraction mapping.

T T
[ EULX, lldz ~ [ ETLX, [le*“dr.
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