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Abstract: The valuation of path dependent Asian contingent claims is a difficult matter in mathematical finance.
Only in some simple cases the no-arbitrage price of a path dependent contingent claim is computed in closed form.
The numerical methods for solving arising equations are limited. In this paper, we propose a new method based on
Block- Pulse Functions (BFFs], their operational matrix and direct method. Furthermore, we obtain an estimation of
the error bound for this method by projection operator and prove the method is convergent. Numerical examples
demonstrate the efficiency and accuracy of this approach.
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1. Introduction

Asian options are a variety of so-called
exotic financial derivatives, where the contract
specifies a future payoff depending on the average of
stock price or index over a specified period in the
future. These options can be more useful than
ordinary or vanilla options, particularly in
circumstances when an investor is more interested in
average or regular exposure to an asset over a period
rather than exposure on a particular data. There are
many varieties for Asian option, for example: Fixed
strike Asian options whose payoff is the difference
between the average price and a fixed strike price,
Floating strike options whose payoff is the difference
between the final stock price and the average stock
price and American versions of the Asian option,
which allow for early exercise (opposed to the
European version which can only be exercise at
expiry). There are also variations in terms of how the
averaging is defined. The most important is whether
the average is arithmetic or geometric [4.3.8.14] . In
this paper, we discussed arithmetic average option for
European version. The pricing of Arithmetic Asian
option has been tackled by a variety of analytical
approximations and numerical algorithms. They are
at least four methods for solving this problem. Monte
Carlo simulations, which calculate the price by
directly simulating the stock price process, numerical
solution of a partial differential equation formulation
of the problem, via finite difference or finite element
methods [1.9.11], analytical representations in terms
of infinite series and integral formulae, for example
Laplace transform, which usually require numerical
algorithms in order to recover the price[%], Density
approximations which replace the sum of Lognormal
density by a more tractable density[8], Lattices and
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Binomial trees which are related to finite difference

method[13].
The PDE for an Asian call option with value
V(5 LT)is:
1 .- 3 av v Jv
;US as:+rSE+§+Sﬁ—r‘?—U, (D)

with final condition

V(&lLT) = ma.x{% - K0,

where,
() = J; Sedx. (2)

is the average of the history of the asset
price, where we know that this is independent of the

current price. Also, we can treat 5,1 and T as

independent variables.

This paper discusses the issue that arises in
the valuation of these instruments in a no-arbitrage
Black-Scholes {E — 5} frame work, as well how

these problems may be solved via piecewise
polynomials, for example Block Pulse Functions
{BPFs), Haar functions or Walsh functions, etc. We
solve {17 by two dimensional Block-Pulse functions
and apply their operational matrix. Thus, the
corresponding PDE is converted to a nonsingular
linear system. The outline of this paper is as follows:
In section 2, we obtain Analytic solution for {1}.
Block-Pulse functions are discussed in section 3. In
section 4, error estimate for Block Pulse Functions
are given. In section 3, operational matrix for partial
derivatives are given. We use direct method for
solving (1} in section 3. In section &, error analysis
for this method, using projection operator, is given.
Numerical examples are given in section 7.
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2. Analytical solution
In order to be able to solve the problem (1)

subject to (2} numerically, we perform a variable
transformation [13]:
— 5
T V(S Lty = T uft, =), )
by which Rogers and Shi [10] have reduced
the PDE from two variables to one. By straight
forward calculation, We have

= =

gV §5 8u du
= i:fé; ‘—'(- 33
av S;ﬂu t
a1~ TG e
gV U Sdu tl -Tk
T T s
8V  28u tI - Tk S tl-Tk . 25du tl —Tk
Tl g it ) tRts
@)
substituting these into (1), we get
fu o’ "ﬂ:u du
Bt 2 e CFMRT

with final condition

u(x T = max(—x 07. (6)

Thus, under the transformation (4], the
arithmetic average of Asian option with fixed strike
price is reduced to a Cauchy problem (4). (3} as a
1-D parabolic equation in the domain
xe M 0=t=T. The PDE is defined on the whole
real axis. Note that in [12,13],
obtained for the case x = [ as:

a formula was

V{5 Lt) = S{ ] +e7riE '“{,_, k). (7)

By maklng the change of variables as in
4], we get
1 -
ty=—=(1- -~
uxt) = —(1-e

(®)

- [‘[T—tj:] —

We consider the solution of the PDE only
for = = 0 using [8] for the boundary condition at
x = [, the complete system of Rogers and Shi's FDE
is therefore
)

du  o@ 3% fu _
;4_?}: 2x? _{l+m:]a}:_[lx2[lt2&

Il
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w(xT) =0, (10)

u(0,t) = [}—?(1 — e "Iy, (11)

u(Lt) = 0.(12)

Two dimensional Block-Pulse functions
Block-pulse functions have been studied and
applied extensively as a basic set of functions for
signal characterization in system science and control.
This set of functions was first introduced to electrical
engineering by Harmuth in 1963 [2.3]. A set of two
dimensional Block-Pulse functions
®; i (x0)(, = 01.2..0omy — 1,i; =0,1.2,....m;)

is defined in the region x € [a,b)and t € [c.d) as:
$, o (xt) =

1 (iph ===+ b, G0k = 02 (@, + 1)k

L0 ulheswise.

(13)
where m,.m; are arbitrary positive
. b-a d-«
integers, and h, = m—,h: = —_. There are some
1 2

properties for 2DEFFs as following:
The 2DEPFs are disjoint and orthogonal
with each other. It is clear that (5)

4
NN xt@hl (x,E)dndt —

{h1h I =yl
othemlse

(14)

The 2DEPFs set is complete, when m, and
m approach infinity [6.7]. We can also expand a two
variable function f(x t} into BEPFs series:

fxt) 2Tt B B, (8D,
the

(15)

through determining block pulse

coefficients:

1 plig+1hg plig+iihg
=Eﬂ;i::.hi fion, | fOzdxdt (16)

in the region x; € [a b)) and x; € [c.d).
Also, Parseval's identity holds:

f.

iy.iz

[P 12w o) deax = T2, 2, 2]l [©(17)

Also, for vector forms, consider the m?
elements of 2DEPFs

Pix T —
[tz $oars

(18)

o B3m g Ot Fraome:] (9
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Above
property, follows:

representation and  disjointness

2 98Tt =

(P00 )
o1 0
Pom-1
0

[

(19)

§2 17 @pe )@ (x Hdxdt = hyhy L (20)
also,

2B =1, QD

e’ @V =Texen, ()

where V is an m? vector and ¥V = diag (V).
Moreover, it can be clearly concluded that for every
m? x m? matrix B:

®T(xt)Be(x t) = BT (x 1),

where E

(23)
is an m? column vector with
elements equal to the diagonal entries of matrix B.

For simplicity, from now on, we use m; = m, = m.

Operational matrix for partial derivatives
The expansion of a function u{xt} over

[0,1} = [0.1) with respect to
(. 1).1.7 = 0.1, ...m — 1, can be written as
m-1 m-t
D= D D uy et =087 =
i=p  j=0 (24)
where
U = [ugp. Upy» s Upm - 1 Uypos ovvs Ugm g0 ovs U g m1]
F =
[Po0-Poa: o Pom-1 P10 s Prmoro s Pmorm—1]
,and
. i - i+l j . i+1
— d: _-'_ —_ -
i (x. 1) —I =Tomm m
0 otherwise, (25)
. iFt Q%1
i = /5™ 7 uxtddt.  (26)
Now, expressing [ I $yj(eyidedy , in
terms of the 2DBPFs as :
1t B2
j f ¢ (s.y)dsdy = [0.0, ...,U,;Jﬁ, ... h?],
oo = 27)

in which hT‘, is ith component. Thus
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Lot
[y [; ®G.y)dsdy = Pe(x 1), (28)

where P is m? x m? matrix and is called
operational matrix of double integration and can be

denoted by P = h— B, where
o2 2 2
o 1 2 2
PBR=|0 01 .. 2
a0 0 . 1

(29)
so, the double integral of every function
u( % t) can be approximated by:

[§ [ uEydsdy = ZuTRe®y,  (30)

L
by similar method Jl, @;;(s.t)ds, in terms
of 2DEPFs as:

1
f i (s.)ds = [0.0,.... 0 0,0.....0]T8(..).
o

31

and

f ®(s.t)ds = hIBC,.).
e (32)

. . du
Now, we compute operational matrix for ™

ﬂu{s v]

4—wm33@@ﬂ

H

s
= [} (UT®(s.t) - UT&(s 0)ds

= hUTI®(x. ) — hUT A, ®(x. t).
where I_TfT is boundary vector and A, is the

(33)

[ 1
2 sdy = [ fu(s, t) — u(s, 0))ds

(34)

following m? x m? matrix :

"Hmsm
H 0
A = 0 m>m . . (35)
N Hoom
with
1 00 0
o0 0 .. 0
Hyom = R R (36)
0 00 .00
from (31} and {33} we can conclude:
2
do 2T _gTa, yp-t
P = h{LT U & 0P (37)
by the same method, operational matrix for
fu , 3;13 are given
2x  ax?
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—= (U8 xY

ax D)

i

oz = UemY,
where

— UL ARt

i -
Ul = (U5 4 (40)

1 -
U = o (U, 85 — UL, AR (4 — 0B

(41)

and A;.A; are the following m?® xm?
matrices:

Tpsm 0 o O
L R C5)
0 e o 0

M 0 .0
A=l % L) ) @
0 o Lon

and Ug, , U are boundary vectors of
uf0,t) and u(1.t), respectively.

Direct method for solving nonlinear PDEs

The results obtained in previous section are
used to introduce a direct efficient and simple method
to solve equations {10} — (13} . In generality we

consider equations {10} — (137 of the form:

fu atu du

E: 3 P +b{x,t:]a,

u(x 0) = f(x),

u(0.t) = g, (=),

u(l.t) = ga(x). (45)
Approximating functions a(x t} and b= t)

(44)

with respect to ZDEPFs we have:
almt) = @ (xt)A = AT S(xt)
b(xt) 2 & (xt)B = BT&(xt).

(46)
i hence
axt) ﬂx—u ~ &7 (x HAUL) &% 1)
= AUHHBE Y, @)
du - -
b(xt) —= @ (x, B(UH T e (x 1)
= BUHNHS O, 48)
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By substituting the above equations into
{43) and using boundary and initial conditions, we
obtain a linear system with u;;(i.j = 0.1.....m — 1}
as unknowns:

WHT -2 @I + BUHT = (49)

Error analysis
Let the problem be of the form

auxn

—=lu(t) +fix.t), xe[01)te[0.T)
ufx 0) = fx). (50)
u{0,t) = g, ().
u(1,t) = ga (k)

where f(x), g, (t), g, (t) belong to L*[0,1},
and L is linear operator of the form
r-_:x- a2 uuxt‘:

Lu=

+ (1 +rx ]— (1)

It is assumed, u(xt) is an element of a
Hilbert space L*[0,1) % [0,T} with inner product
<.,.= and norm Il. Il are bounded as follows:
<uE D vED == [ [ uxtvicdd,  (52)
lag=t)ll = {Jf J’,_,1 u? (x,tjdxdtji (53)

Let By, be the projection operator defined on
x0T -8B , E is
m? —dimensional, as:

Uy, (%) = Bpu(x t) = E25* ERCY uj;dy;(x.0). (54)
The discrete approximation of (317 is :
= Ll (6] + £ (2. £), (55)

where, for each =t ug (=t} belongs to an

where finite

2 (%10
at

m? — dimensional subspace B and Ly, is a linear
operator form L[?[0,1) % [0.T) to E of the form
Ly, = ByLE,,. (56)

First, we find an estimation of llu — Byull
for arbitrary u € L*[0,1) = [0, T).

Lemma Let u(xt) be defined on
12[0.1) = [0, Ty and B, be projection operator
defined by (55) then |lu — Pyull = g_uw:, (57)

where for

0=ij =m-1.
Proof: The integral f,: fnl vy 8 (= y)d=dy is

Bij o, 1
@ it mj the

i+ . Lij
I~ uj with average value —;.
III m im*

upfuf = maxp g jem- + [0

a  ramp subinterval

(=) X

on
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The error in approximating the ramp by this

constant value over the subinterval
| i+ ] ]+ _ .
X L) =i
X u" i HJ
rij(st) = -—— k-1
. 2m?  m m (58)
hence, using Ej; as least square of the error
on ljj, we have
i 2
2 = | Al
Ef = J" L (i) dsdt = = (59)
m
|11
Eij<——
S 24/ 3m?®

(60)
and on the interval [0.1]) = [0, T} we have

zup|u|

llu — Byull = maxE;; = im (61)

uau

atu
Theorem: Let u(xt), flx=t), 39 B dﬁ
be in L*[0,1) % [0,T) and up{x.t) be approximate

solution by 2DBPFs and L be a linear operator

defined as (52) such that

E%E=Lmﬂ+ﬁﬂJ

et
at

(62)
= Lpug (et) 4+ fn (x6 + &

then

llell =
+zup|lu| +
* | zuplf[)

’\'lrn( ““l

lleLpen s

(63)

sum'u 1

where L* is adjoint of L.
proof: By using properties of projection
operators, P2 =B, and lIF; Il =1 thus

—"-1_ (5 t) = Ly, [T E) +

fint —f, (=)
(64)

3'“; Sl Ly — B LB, Bou+f— B.f (65)
ZWH“ — B LB Pou+f—PBf
=3"F'T+Lu_P LBpu + (I— By )f
=22l fu— ByLu+ Bylu —ByLBou+ (1 —
Pt

Mo 0B (- Bl + BpL(l - BpJu + (I—

Bp)f.
2 0801 By Lal | IBLET
ij-:la

llell = ||

By uf 1 T

(66)
now, applying the above lemma we have
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!UIJILUI !UPIfI

llell < + + 1B Mg — Bl +

(67)
It is sufficient to fined a bound for
PL{I — By JuP,L{I —FpJu = Em e i (7 t)

where 1 is:
0 =< @, LI — BpJu === L'y, (1 — By Ju =,
IL{I — By)ull = Ef2g* ¥ Jui;| =
E o 2t < L-¢"|]J':I FpJu = |,
using Cauchy—Schwartz 1nequa11ty
IL( = Bo)ll = N2 I™2 1l = B yu? 112
by substituting in {67
llell =
—=—(sup| 5 | + sup|Lu] +
(LY I2 (sup(u?))H2 + sup|e]),
(68)
A
lell = m (69)
where

A - ::Lpl |+:=|_p|Lu + ey ||
sup |}

for (xt) € [0.1) = [0.T),
theorem, A is a finite number and llell = D(i:] So, if

{suplua™)"

so by hypothesis of the

m — == then llell tends to zero.
Numerical examples

Consider the following two examples. We
solve them by direct method and numerical results
obtained here can be compared with exact solution
u(x 07 . The numerical results show that with
increasing m, the approximate solution gets better. To
show the accuracy of the method we report infinity
norm of the error which is defined by

lell = llu(x 0) — uy & 0) g (70)
Example 1
In (8)—(11) let T=r=c=L=1,

numerical results for different m are shown in Table
1. Error function between exact solution and
numerical solution is plotted in Figure 1 for m = 3.

Table 1: Error between exact solution and
numerical solution in U(x,0).

m |5 10 20 30

e 1.0945e-4 2.8247e-4 3.7763e-5 1.1421e-5
Example 2
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In (8)—(11)letT=1,r=01, c =02,
L = 1. Numerical results for some m are given in
Table 2. Error function between exact solution and
numerical solution are plotted in Figure 2 for M = 5.

Table 2: Error between exact solution and
numerical solution in U(x,0).

m 5 10 20 30

e 2.7934e-4 3.8351e4 5.2384e-5 1.5950e-5

Figure 1: error function for u(x, 0) for example 1,
m=5.

x 0
B T T T
7 — S — . M— ]
. ox i ¥
: ra : /
- 7 : 7
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3 1 : i/
B O 3 o
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Figure 2: error function for u(x, 0) for example 2,
m=5.
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Conclusion

In this paper, we introduced a new method
for solving partial differential equations. We used
2DEPF:z and its operational matrix to solve Asian
option problem. The proposed method is simple
theoretically, thus we can use it for solving linear and
nonlinear partial differential equations. Also, we can
apply this method to other complex options, for
example, American option, Exotic option, etc.
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