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1. Introduction
Let A be the class of functions of the form

f(z):z+ianz", (1.1)

which are analytic in the open wunit disk
E={z:|z/<1}.If f and g are analytic in E,
we say that f is subordinate to ¢, written
f<g or f(z)=<g(z), if there exists a Schwarz
function w(z) in E suchthat f(z)=g(w(z)).

Let P[A, B] be the class of functions h, analytic

in E with h(0)=1 and

1+ Az
h(z)<
1+Bz
This class was introduced by Janowski [1]. The class

P[A,B] is connected with the class P of

functions with positive real parts by the relation

(B-1)h-(A-1)

(B+1)h-(A+1)

, —1<B<A<LI.

heP[AB] < eP. (12)
Later Polatoglu [2] defined the class P [A, B, a] as:
Let P[A, B,a] be the class of functions p,,
analyticin E with p (0)=1 and

1+{(l—a)A+aB}Z
P (2) < 1+ Bz

; (1.3)
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where -1<B<A<I], 0<a<]l.
From (1.3), it can easily be seen that,
p, e P[A, B,a], if and only if, there exists
he P[A,B] such that

p(z2)=(1-a)h(z)+a, 0<a<l, zeE. (14)
It is also noted that P [l,—l, 0] = P, the well-known

class of analytic functions in E with positive real
part. Noor [3] considered the generalized class

P[A,B,a] of Janowski functions which is defined
as follows.

A function p is said to be in the class P [A,B, ],
if and only if,

(@)=[£+1)p 0-(-1]n. @) )

4
where

p,p, eP[ABa], -1<B<A<l, k=>2, and
0<a<l. It is clear that P[A B,a]=P[A,B,a]
and P[1,-1,0]=P, the well-known class given

and studied by Pinchuk [4].

For any two analytic functions

fl(z):‘zw:an 2" and fz(z):zoo:bn 2" (z€E),

n=0 n=0
the convolution (Hadamard product) of f and f,
is defined by
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(f * fz)(z)zianbnz". (1.6)

Using Hadamard product, Ruscheweyh [5] intro-

duced a linear operator D : A— A. It is defined

as
Dﬁf(z)=ﬁ*f(z)
) (1.7)
=2+ (5) a2, (6>-1)
with
(pn(é):% (1.8)

(n-1)! ’

where (p), is a Pochhammer symbol given as

1, n=0,
= 1.9
@, {p(p+1)(p+z)...(p+n_1),neN. (12

Moreover, for 6 e N = {0,1, 2,...},

z (z""l f (z))(ﬁ) '

D' (2) ==

The function D’ f (Z) was then called oth order

Ruscheweyh derivative of f . For the application of

Ruscheweyh derivative, see [6—8]. The following
identity can easily be established.

(5+1)D”*‘f(z)=5D"’f(z)+z(D”f(z))'. (1.10)

Now using all these concepts, we define the
following class.

Definition 1.1. A function f € A is in the class
v.[A B,a,b], ifand onlyif »
2 2D f(2)
-Z+=—
b b D’f(z)
where k=>2, 6 >-1,

and beC—{O}.

jeF’k[A,B,a], zeE,

-1<B< A< 0<axl

Assigning certain values to different parameters, we
have different well-known classes of analytic
functions as can be seen below.
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Special cases
i v/ [L-lLa,b]=v, (a,b,d), the

well-known class defined by Latha and

Nanjunda Rao in [9].

(i) Vv![AB,a,1]=C[AB,«],
V! [AB,a,2]=S[AB,a], the well-known
class defined by Polatoglu [2].

(i) v.[AB,0,1]=V [AB], V/[AB,0,2]=
R [AB], where V [A,B] and R [A B]

denote the class of janowski functions with
bounded boundary and bounded radius rotations
respectively, given by Noor [10].

For the detail on the subject of functions of bounded
boundary rotation, Janowski functions and related
topics, we refer the work of Noor et.al [11] and Arif
et.al [12].

2. Preliminary Results
We need the following results to obtain our main
results.

Lemma 2.1. Let p(z):l+§,qnz” eP[AB,a].
n=1

Then, forall n>1,

. k(A-B)(1-«a)
=

q, (2.1)

This inequality is sharp.

The proof follows from (1.4), (1.5) and the
coefficient bound of he P[A,B] given by Aouf
[13].

Lemma 2.2 [14]. Let u=u, +iu,, v=Vv, +iv, and
v (u, V) be a complex valued function satisfying the
conditions:

(1) 1//(u,v) is continuous in a domain D < C’,
(i) (L0)eD and Rey(1,0)>0,
(iii) Rel//(iUZ,VI)SO, whenever (iuz,vl)e D

and v, < —l(l+uj).

2
If h(Z):1+C]Z+--- is a function analytic in E
such that (h(2),zh'(z)) e D and

Rey (h(2),zh'(2)) > 0 for
Reh(z)>0 in E.

zeE, then

Lemma 23. Let peP[AB,0] with k=>2.
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Then, for |Z| =r<l,
2—(A-B)kr—2ABr’
— <Rep(2) <|p(2)|
2(1-8°r)
2.2)
2+(A-B)kr—2ABr’
< .
2(1-8°r)

The proof is immediate by using (1.5) and the
growth result of h e P[A,B], see [15].

Lemma 24. Let peP[AB,0] with k=>2.
Then, for |Z| =r<l,

r{(A—B)k—4B(A—B)r}Re .

+B*(A-B)kr’
(1-B'r")(2+(A-B)kr—2ABr’)

|2p'(2)| <
The result follows directly by using Lemma 2.3.

3. Main Results

Theorem 3.1. Let f eV [AB,ab] with

-1<B<A<Il, 6>-1, beC-{0}, O<ac<l.
Then
a|< L vnx2, 3.1
(n-1)tg,(5)
where o klb|(A-B)(1-a)(s+1) ind

@, (5) isgivenby (1.8).
This result is sharp.

Proof. Set
2 2D'f(2)

b b D'f(2)

=p(z), (3.2)

so that peP[AB,a]. Let p(z)=1+Xq z".
n=1
Then (3.2) can be written as

2(Do‘+1 f (Z) _ D‘f f (Z)) = bD(; f (Z)iqn Z"’

n=1

which implies that

2¢,(5)(n-1)a, :b(q"* +9.(9) aq,, +j‘

(6+1) ~+p (5)a_ q
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(23

Using Lemma 2.1 » we obtain
< k|b|<A—B><1—a><a+1>(l+¢z(5) -
T 4(n-1)e,(8)

e (5>(”§W) el

For n=2la,|<-o . = (92
or |2| ?,(0) ~ (2-D)lp,(9)

Therefore (3.1) holds for n=2.
Assume that (3.1) is true for n=m and consider

ool

i=2

- m¢m+](5)( Z((' —)ll)] J
m%(@(“g H(“‘B

m¢m+1(5)H[l+_)

I )
(m)te,.(5)

Therefore, the result is true for n=m+1. Using

mathematical induction, (3.1) holds true for all
n>2.

n-1

a

m+1

This result is sharp for o> -1, 0<ax<l,
beC- {O} and k>2 as can be seen from the
functions  f, (Z) which are given as
k 1 ) 1+ Az
— + pa—
1+ Bz

2+2M (-« )(4 2
SRR

For different values of A, B, @, b and 0O, we

obtain the following results [16].
Corollary 3.2. If fev/[l,-1&2]=R («),
then
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_(k(-a))_
" (n-1)!

, Vvnx>2.

This result is sharp.

Corollary 33.If f eV, [l,-La,1]=V, (a), then

(k(1-2)),,

|a,| < , Vn>2.

This result is sharp.

Theorem 3.4. Forreal b >0,
v:"'[AB,a,b]lc Vv [1,-1,8,b+1], z<E,

where [ (0 <pB< 1) is one of the roots of

ab (5+2) (1-a)
-b(5+2)(1-a)[4 (B+1)+4,(B-1)] (3.3)

+(Bz—1):0,

where

_(1-b)+p(1+b)
A = T2 0)(1p) [A(B-1)-(A-1)], (34

_(1-b)+p(1+b)
S (1 p) [A(B+1)-(A+1)] (3.5)

and
_(1+b)(5+1)(1—ﬁ)
 p(s+2)(1-a)

Proof. Suppose f eV [A, B,a,b] and set

2 2 D™'f
p(z)=1- + - (Z). (3.6)
b+1 b+1 Df(2)

where p is analytic in E with p(O):l. Then,

by simple computations together with (3.6) and
(1.10) yield

2 2 Do‘+2f !
T T sa (Z):(l_#l)+ﬂ1|:p(z)+mj|’
b bDf(z) p(z)+4,

(3.7
where g =218 4 = ((m)z(bﬂ)a Hy=on L

> ¥

+2
+1

Since f ev [A,B,a,b], it follows that
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(1—yl)+ﬂ{p(z)+”2 (2 )} P [AB.al.
(2)+4,

or, equivalently

(1—0-’_,“1)+ H, |:p(z)+m:|e Pk[A’B]
a H

-« 1- p(z)+pu,
(3.8)
Define
A, z
@ = 41
(2)= (1+,u;)(1—z) (1+,u3)(1—z)""

and by using convolution techniques given by Noor
[3], we have

p(mm:(g 1)@1() 2 pl())

p(z)+pu, \4 2 p,(2)+p,

I e

By using (3.8), we see that

(1—a—ﬂ1)+lﬂl |:p( )+ 1, 2p, (2 )} [A B],

l-«a p( )+/13

where ze€E, i=12.
Now, we want to show that p, € P [A, B, ] , Where
p (O <pB< 1) is one of the root of (3.3).

Let
p(2)=(1-p)h (2)+ 4. i=12.
Then
1-0;-;,](1—/3)+
-«
/ul(l A) h (lﬂ) ()} PIAB
A e erta

Using the fact illustrated in (1.2), we have
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[(A+uh(2)(h(2)+o,)]
(6| ¢ * @)@ +0)
| +o,uzh (2)
-(A-1)(h(2)+®,) 5
= =r€P,
(A+uh () (h(2)+w,)
(B+1) ,
| +o,uzh (z)
-(A+1)(h (D) +w,)
“, u+p 1-a-u,(1-p)
where =1, O,="r, A=—T— and
uzM. We now form the functional w(u,V)

by choosing U =h(z), v=2zh(z) and note that the

first two conditions of Lemma 2.2 are clearly
satisfied. We check condition (iii) as follows.

{ (B=1)[ (A+pu)( u+a)2)+a)1/4v]}
(A-1)(u+e2)
{(B 1)[(ﬂ+,uu)(u+a)2)+a)1yv]}

(A+1)(u+an)

w(u,v) =

where 4 =@, [A(B-1)-(A-1)] and
A, =o,[A(B+1)-(A+1)]. Now

A+ p(@v,—u;)(B-1)
+[(A+ pw,)(B-1)—-(A-1)]iu,

y(iu,,v,) =

;)(B+1)

+[(A+ pw, ) (B+1)—(A+1) iy,

A, +,u(a)lv1 -u

Taking real part of (iu,,v,), we have

[-; +y(a)‘\/‘ u2)(I—B):I[Zzﬂz(mlv‘—uj)(B+I):|—
[(a+pe, ) (B-1)~(A-D)][(2+ue, ) (B+1)-(A+1)]u]
[, +u( oy, +u, ) (B+D)] ~[(2+ 0, ) (B+1)-(A+D)T 0>

Rel//(luza 1) -

As ® >0, £>0, so applying v]£—§(1+u22)

and after a little simplification, we have
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+Bu’+Cu’
Ret//(iuz,vl)sm, (3.9)
D

1

where

A =i[2/11 ~ou(B-1)][24, -ou(B+1)],

(A+uw,) (B =1)=2(2+ uw, ) (AB 1)
+(A 1),

1 Bz)(a)1+2)2’

1
C=——u(1-
4/1 (
and
D, =[4, +u(oy, +u,)(B+1)]

+[(2+ pw,)(B+1)-(A+1)] ul.

The right hand side of (3.9) is negative if A <0

and B <0. From A <0, we have S to be one

of the roots of

b (6+2) (1-a) -
b(s+2)(1-a)[A (B+1)+4,(B-1)]
+(B*-1)=0

with 0 < f <1 and also for 0< <1, we have
B, <0.

Since all the conditions of Lemma 2.2 are satisfied, it
follows that h eP,

peP [1,—1,ﬂ]. Hence from (3.6),
fev’[,-1,8b+1].
By choosing the parameters A=1, B=-1, b=1

i=1,2 and consequently

and 6 =0, we obtain the following known result,
proved in [17].
Corollary 35. Let f eV, (a). Then feR (B),
where [ isarootof

28 —(2a-1)B-1=0with 0< B <1,

which is
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ﬂ:i[(Za—1)+\/m]

For ¢ =0, k=2 in Corollary 3.5, we have the
following well known result [18].

1 1
V,(0)=CcR|—|=S"|—|, forzeE.
(©-cer(1)-s (1) orze

Theorem 3.6. Let f eV [AB,0,b], &>-I,

b>0 (real), k>2 and O<a=@£1. Then

D’f(z) maps |Z|<r0 onto a convex domain »

where 1 is the least positive root of the equation

ar'+ar +ar’ +ar+4(2a-1)=0with0<r<l,
(3.10)
where

a =4a’A’B’ -4(a-1) B,

a, =2a(2a-1)(B-A)Bk,

a, =8a’(a-2)+8a(l-a)AB-a’(A-B) k',
and

a, =2a(2a-3)(A-B)k.
This result is sharp.

Proof. Since f eV’ [A,B,0,b], then

D*"'f(z) b(p(z)-1)+2
D'f(z) 2
where peP[AB,0]. Using the identity (1.10),
we have from (3.11),
2(D°1(2)  b(p(2)-1)(5+1)+2
D'f(z) 2
Logarithmic differentiation of (3.12) yields

(z (D°f(2)) )

: — =ap(z)—-a+1+
(D't(2))

b(s5+1)

, (3.11)

. (3.12)

zp'(2)
p(2)—1++

where a = . Then, we have

D’ f(2))
Re 1+u >aRep(z)+(1-a)
(D't (2))
@@
p@) -1+
http://www.lifesciencesite.com

3834

and hence, by using Lemma 2.3 and Lemma 2.4 »

(D°f(2)
ke p(z){a+ 2(1-a)(1-B°r")

2+(A-B)kr—2ABr’

2ar{(A—B)k—4B(A—B)r+BZ(A_B)kr2}
) (2+(A-B)kr—2ABr" )¢ }

Re p(2) ar‘+ar +ar’+ar+4(2a-1) 0
=Re >0,
P (2+(A-B)kr—2ABr*)¢

provided
T(r)=ar'+ar +ar +ar+4(2a-1)>0,
where
a =4a’A’B’ -4(a-1)" B,
a, =2a(2a-1)(B-A)Bk,
a =8’ (a-2)+8a(1-a)AB-a’(A-B) k’,
a, =2a(2a-3)(A-B)k,
and
£=2(2a-1)-a(A-B)kr+2(B*-a(A+B)B)r’.

We have T (O) >0 and T (1) < 0. Therefore,
D’f(z) maps |z| <r onto a convex domain,
where 1 is the least positive root of the equation

T(r)=0, lyingin (0,1).
For D’ fl(z) such that

D" f (2) - b(p,(z)-1)+2
D’f (z) 2

>

2+(A-B)kz-2ABZ

2(173112) >

where p, (z)= we have
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(Z(D(S fl(Z)) ) ~ a]r" .|_azr3 -|-a_3r2 +a4r+4(2a—1)

(0°2) (2+(A-B)kr—2ABr" )¢
-0,

for z =r . Hence thisradius r, is sharp.

k=2,
b=2 and 6 =0, we obtain the following known
result, see [18].

By choosing the parameters A=1, B =—1,

feS.

|z| <, onto a convex domain, where I, is the least

Corollary 3.7. Let Then f maps

positive root of the equation
r'—2r—6r’ —=2r+1=0with0<r <1,

whichis r =2- \/5 . This is also sharp.
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