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1. Introduction 
Let the class of all functions  

�(�) = � + �����
��� + ⋯  

which are analytic in � = {�;|�|< 1} be denoted by 
�� and let �� = �.  
A function �(�) ∈ ��is spiral-like of order �, if  

Re ���
���(�)

�(�)
> �cos�,0 ≤ � < 1, 

for all � ∈ � and � is real with |�|<
�

�
 . We denoted 

the class of all such spiral-like functions of order � 
by ��

∗(�,�). For � = 1 and � = 0, this class reduces 
to the well-known class of spiral-like functions which 
was introduced by Spacek [4] in 1933. 
For any two analytic functions �(�),�(�) ∈ �� , we 
define the convolution or Hadamard product by 

(� ∗ �)(�) = � + �����
��� + ⋯ , 

where �(�) and �(�) are given by 
�(�) = � + �����

��� + ⋯ ,  and  �(�)
= � + �����

��� + ⋯ . 
 
Using the concept of convolution, we define a 
subclass ��(�,�,�) of analytic functions as follows: 
A function �(�) ∈ ��  belongs to the class 
��(�,�,�), if  

Re ���
�(� ∗ �)′(�)

(� ∗ �)(�)
> �cos�,0 ≤ � < 1, 

for all � ∈ �  with (� ∗ �)(�) ≠ 0 and �  is real with 
|�|<

�

�
 . This class gives a transition from the class 

�∗  of starlike functions to the class �  of convex 
functions.  

In this paper, we obtain a sufficient 
condition for a function to be in the class ��(�,�,�). 
To prove our main results, we need the following 
Lemma proved in [2]. 
 

Lemma. Let Ω be a set in the complex plane � and 
suppose that � is a mapping from �� × � to � which 
satisfies �(��,�;�) ∉ Ω  for � ∈ �, and for all real 
�,�  such that � ≤ −�(1 + ��) 2⁄ . If �(�) = 1 +
���

� + ⋯  is analytic in � and �(�(�),���(�);�) ∈ Ω 
for all � ∈ �, then Re �(�) > 0.  
 
Main results 

In this section, we study some sufficient 
conditions for function belongs ��(�,�,�). 
 
Theorem 2.1. If �(�) ∈ ��, satisfies 
 

Re����
�(� ∗ �)′(�)

(� ∗ �)(�)
��

��(� ∗ �)′′(�)

(� ∗ �)′(�)
+ 1�

>
��

4�
+ �,(� ∈ �) 

 

where 0 ≤ � ≤ 1, 0 ≤ � < 1, � is real with |�|<
�

�
  

 
and 

� = �(1− �)cos� �
�

2
+ (1 − �) cos� �� 

� = −(1 − �)�sin2� cos� 
� = �cos� (�� cos� � − sin� �)

+ ��sin� sin2� � cos� � 

+ �(1 − �)cos� −
��

2
(1− �). 

Then �(�) ∈ ��(�,�,�). 
 
Proof. Set 

�(� ∗ �)′(�)

(� ∗ �)(�)
= �(�) = cos� [(1− �)�(�) + �]

+ � sin�.                 (2.1) 
Then �(�)and �(�)  are analytic in �  with �(0) =
1 and �(0) = 1. 
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Taking logarithmic differentiation of (2.1), we have 

�(� ∗ �)′′(�)

(� ∗ �)′(�)
=
���(�) + ������(�) − �(�)

�(�)
, 

and hence 

����
�(� ∗ �)′(�)

(� ∗ �)(�)
��

��(� ∗ �)��(�)

(� ∗ �)′(�)
+ 1� 

= ����(�) + ���(�) + ��(�) + � 
        = �(�(�),���(�);�),  
 
with 
� = �(1 − �) cos�, 
� = �����(1− �)�cos��, 
� = (1 − �)�2������cos�� + ������sin2�

+ (1 − �) cos�), 

� = �����(��cos�� − sin�� + � �sin2�)
+ (1 − �)(� cos� + � sin�). 

 
Now 

�(�,�;�) =  �� + ��� + �� + �. 
For all real �  and �  satisfying � ≤ −�(1+ ��) 2⁄ , 
we have 

�(��,�;�) = �� + �(��)� + �(��) + � 
     = �� − ��� + ��� + � 

≤ −
(1+ ��)��

2
− ��� + ��� + � 

= −�
��

2
+ ���� + ��� −

��

2
+ � 

= −�
�

2
�(1− �) cos� + �����(1− �)�cos�����

+ ��(1− �)�2������cos��

+ ������sin2� + (1 − �) cos�)�� 

+ �����(��cos�� − sin��
+ � �sin2�)
+ (1 − �)(� cos� + � sin�). 

 
Now taking real part of both sides, we have 

Re �(��,�;�) ≤ −�(1 − �)cos� �
�

2
+ (1 − �) cos� �� ��

− [�(1 − �)�sin2� cos�]�
+ � cos�(��cos�� − sin��)
+ �� sin� sin2� + �(1 − �)cos�

−
��

2
(1 − �). 

 
Equivalently, we have 

Re �(��,�;�) ≤ −��� −�� +�

= −�√�� +
�

2√�
�
�

+
��

4�
+� 

<
��

4�
+ �, 

 

where �,� and � are given in the hypothesis. 

Let Ω = ��;Re � >
��

��
+ ��.  

Then �(�(�),���(�);�) ∈ Ω  and 
�(��,�;�) ∉ Ω,∀ real � and � ≤ −�(1 + ��) 2⁄ ,� ∈
�. By an application of Lemma 1.1, we obtain the 
required result.  

By taking � = 0 , � = 1,� = 0 and �(�) =
�

���
 in 

Theorem 2.1, we get the result proved in [1]. 
 
Corollary 2.2. If �(�) ∈ �, satisfies 

Re�
���(�)

�(�)
��

����(�)

��(�)
+ 1�� > −

�

2
,  � ∈ �,� ≥ 0, 

then �(�) ∈ �∗. 

If we take  � =
�

�
,� = 1,� = 0  and �(�) =

�

���
 in 

Theorem 2.1, we obtain the following result proved 
in [1]. 
 
Corollary 2.3. If �(�) ∈ �, satisfies 

Re�
���(�)

�(�)
��

����(�)

��(�)
+ 1�� > −

��

4
(1− �),   

then �(�) ∈ �∗ �
�

�
�. 

 

If we take � = 0 and �(�) =
�

���
 in Theorem 2.1, we 

obtain the result proved in [3]. 
 
Corollary 2.4. If �(�) ∈ ��, satisfies 

Re�
���(�)

�(�)
��

����(�)

�′(�)
+ 1��

> �� �� +
�

2
− 1� + �� −

��

2
�,  

0 ≤ �,� < 1, then �(�) ∈ ��
∗(�).  

 
Theorem 2.5. Let  � ≥ 0,0 ≤ � < 1  and � is real 

with |�|<
�

�
. If �(�) ∈ �� satisfies 

Re����
(� ∗ �)(�)

�
��

�(� ∗ �)′(�)

(� ∗ �)(�)
+ 1− ���

> �� −
��

2
(1 − �)� cos�,  

then  

Re ���
(� ∗ �)(�)

�
> � cos�. 

 
Proof. Consider 

���
(� ∗ �)(�)

�
= [(1− �)�(�) + �]cos� + � sin�. 

Taking logarithmic differentiation, we get 

�
�(� ∗ �)′(�)

(� ∗ �)(�)
+ 1 − �

=
[�(1 − �)cos�]���(�)

[(1 − �)�(�) + �]cos� + � sin�
+ 1 
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So 

���
(� ∗ �)(�)

�
��

�(� ∗ �)′(�)

(� ∗ �)(�)
+ 1− ��

= [�(1 − �)cos�]���(�)
+ [(1− �)cos�]�(�)
+ (�cos� + � sin�). 

                                = �(�(�),���(�);�). 
For all real �  and �  satisfying � ≤ −�(1+ ��) 2⁄ , 
we have 
�(��,�;�) = [�(1 − �)cos�]� + [(1− �)cos�](��)

+ (�cos� + � sin�). 
Taking real part on both sides, we have 

Re �(��,�;�) = [�(1 − �)cos�]� + �cos� 

                  ≤ −
�

�
�(1 + ��)�(1 − �)cos� + �cos�  

 ≤ �cos� −
��(1− �)cos�

2
 . 

 
Let us take 

Let Ω = ��;Re � > �� −
��

�
(1 − �)� cos��.  Then 

�(�(�),���(�);�) ∈ Ω  and �(��,�;�) ∉ Ω,∀ real � 
and � ≤ −�(1+ ��) 2⁄ ,� ∈ �. By an application of 
Lemma 1.1, we obtain the required result.  
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