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Abstract: In this paper, we investigate the global analysis of a virus infection model with multitarget cells and
multiple distributed intracellular delays. The model is a (2n + 1)-dimensional nonlinear delay differential equations
that describes the dynamics of the virus, n classes of uninfected target cells and n classes of infected cells. The
incidence rate of infection is given by saturation functional response. The model has two types of distributed time
delays describing the time needed for infection of target cell and virus replication. This model can be seen as a
generalization of several models given in the literature describing the interaction of the virus with one class of target
cells. Lyapunov functionals are constructed to establish the global asymptotic stability of the uninfected and infected
steady states of the model. We have proven that if the basic reproduction number is less than unity then the
uninfected steady state is globally asymptotically stable, and if the infected steady state exists then it is globally
asymptotically stable.
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1 Introduction
In the last decades, there has been much
interest in developing mathematical models of virus . _(”
Interes oping ! 0 = -8 [ 9@y -Dd - v@, 3)
infection dynamics of many diseases [1]. This is 0
because their importance to explore possible

mechanisms and dynamical behaviors of the viral where  x(t), y(t) and v(¢) represent the populations

infection process, to estimate key parameter values, of uninfected target cells, infected cells and free virus
and to guide development efficient anti-viral drug particles at time t, respectively. Here 4, represents the
therapies. Some of these models are given by ODEs rate of which new target cells are generated from
under an assumption that, the infection could occur sources within the body, d is the death rate constant,
and the viruses are produced from infected target cells and B is the constant rate at which a target cell
instantaneously, once the uninfected target cells are becomes infected via contacting with virus. Equation
contacted by the virus partic]es (see e.g. [2], [3]7 [4], (2) describes the pOpuIation dynamiCS of the infected
[5]7 [6] and [7]) Other accurate models incorporate cells and shows that they die with rate constant a. The
the delay between the time the viral entry into the virus particles are produced by the infected cells with
target cell and the time the production of new virus rate constant p and are removed from the system with
particles, modeled with discrete time delay or rate constant c¢. The model includes two kinds of
distributed time delay using functional differential antiretroviral drugs, reverse transcriptase inhibitors
equations (see e.g. [9], [10], [11], [26] and [28]). The (RTI) to prevent the virus from infecting cells and
basic virus dynamics model with distributed protease inhibitors (Pl) to prevent already infected
intracellular time delay has been proposed in [28] and host cells from producing infectious virus particles.
given by The parameters u,.€[0,1] and wu,e[0,1] are the
_ efficacies of RTI and PI, respectively. To account for

x(6) = A —dx(t) — (1 — ) Bx(B)v(t) 1) the time lag between viral contacting a target cell and
" the production of new virus particles, two distributed

y) =01 - urt)ﬁf f@e ™ x(t —t)v(t — 1)dr intracellular delays are introduced. It is assumed that

0

the target cells are contacted by the virus particles at

— ay(2), ()

1500


mailto:drmobaid@gmail.com
http://www.lifesciencesite.com/

Life Science Journal 2012;9(4)

http://www.lifesciencesite.com

time t — = become infected cells at time t, where 7 is
a random variable with a probability distribution f (7).
The factor e™™" accounts for the loss of target cells
during time period [t — 7, t]. On the other hand, it is
assumed that, a cell infected at time t — t starts to
yield new infectious virus at time t where T is
distributed according to a probability distribution

9(0).

Many authors have devoted their effort in
developing various mathematical models of viral
infections with discrete or distributed delays and
studying their qualitative behaviors (see [9], [11],
[26], [10], [28], [22], [23], [21], [27], [24], [31] and
[33]). These works addressed the virus dynamics
models under the assumption that the virus attack one
class of target cells (e.g. CD4*T cells in case of HIV
or hepatic cells in case of HCV and HBV). In case of
HIV infection, the HIV has two classes of target cells,
CD4*T cells and macrophages [29]. In ([8], [30],
[12], [13], [24], [17], [15], [19]), a class of HIV
infection models with two classes of target cells has
been proposed. The global stability of these models
has been investigated in ([12], [13], [14], [15] and
[19]). Since the interactions of some types of viruses
inside the human body are not very clear and
complicated, therefore the virus may attack more than
two classes of target cells. In very recent works, Elaiw
[18] and [16], has proposed some virus dynamics
models with multitarget cells and investigated the
global asymptotic stability of its steady states. In [16],
multiple discrete-time delays have been incorporated
into the model.

The purpose of this paper is to propose a delayed
virus dynamics model with multi-target cells and
establish the global stability of its steady states. We
incorporate two types of distributed delays into this
model to account the time delay between the time the
target cells are contacted by the virus particle and the
time the emission of infectious (matures) virus
articles. We assume that the infection rate is given by
saturation functional response. The global stability of
these models is established using Lyapunov
functionals, which are similar in nature to those used
in [25]. We prove that if the basic reproduction
number is less than unity, then the uninfected steady
state is globally asymptotically stable (GAS) and if the
infected steady state exists, then it is GAS.
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2 Virus infection model with multitarget cells and
distributed delays

In this section we propose a virus dynamics model
which describes the interaction of the virus
with n classes of target cells taking into account the
saturation infection rate and multiple distributed
intracellular delays.

Bix; (v (t)

% (6) = 1(x) — 1+ a0’ i=1-,n (4

xi(t —Dv(t—1)
1+ av(t—1)
i=1-,n (5

30 = B, f fi(@) e me
0
—a;y;(t),

50 = pi [ gi@e e = D = o), (6)
i=1 0

where x; and y; represent the populations of the
uninfected target cells and infected cells of class i,
respectively, and v is the population of the virus
particles. Here «;,i =1,---,n are positive constants,
Bi=(1—u)B; and  p;=(1—-w,)pi=1n
The factors e%7,i = 1,---,n account for the cells loss
during the delay period. All the other parameters of
the model have the same meanings as given in (1)-(3).
The growth rate of the uninfected target cells of class i
is given by the function 7(x;) . The following
particular forms of function 7;(x;) have widely been
used in the literature of virus dynamics:

ri(x) = 4 — dx;,

Xi
)
Xi,max

where b; is the maximum proliferation rate of the
target cells of class, i and x; 4, is the maximum level
of target cells population in the body. We mention
that, if n=1,a; = 0and r; = 73, then model (4)-(6)
leads to the model presented in [33] and [31].

ﬁ-(xi) = /1,: - dxi + bix,: <1 -

The probability distribution functions f;(z) and
g:(7) are assumed to satisfy f;(tr) > 0and g,(t) >0
and
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fmfi('f)d‘f = foogi(‘f)d‘f = wafi(u)esudu < oo

f giwedu <o i=1,-,n,
0

positive  number.  Let
F = fooofi(T)e_mdeT and G; = f0°° g:()e-%dx,

where s is a

miZO,é‘iZO, then 0<FLS1 and 0<Gl‘S
1, i =1,---,n. The initial conditions for system

(4)-(6) take the form
5(0) =9;0),  ¥(0) = 9jn(®).j =11,

v(0) = @n11(0),9;(6) 20, j=1,-2n+1,
0 € (—x,0), (7)

9;j(0)>0,j=1,2n+1,

where,

(91(8), 9,(0),+, @241(0) € UC((_OO' 0], Rinﬂ):
and UC is the Banach space of fading memory type
defined as [32]:

UC((_M' 0)' Rin+1) = {¢

€ C((—o,0], R3"*1): ¢p(u)es* is uniformly continuous

on (—c0,0] and ||$| = supy<o p(w)e*™ < oo}

where  C((—o, 0], R3"*1) is the Banach space of
continuous functions mapping the interval (—oo, 0]
into R2"*1, By the fundamental theory of functional
differential equations [20], system (4)-(6) has a unique
solution satisfying the initial conditions (7).

Assumption Al For i = 1, -+, n, function t;: [0, 0) —
R satisfies:

(i) r;(x;) is continuous, differentiable and r;(0) > 0,
(i) there exits an x? > 0 such that
() =0, r(x)) <0
(; —x)ri(x) <0, x; # xf

2.1 Non-negativity and boundedness of solutions

In the following, we establish the non-negativity and
boundedness of solutions of (4)-(6)

with initial conditions (7). Let x = (x, x5, -, x,)T
@and y= (ylﬂyZ!“'!yn)T'

Proposition 1. Suppose that Assumptions Al holds
true and (x(t),y(t), v(t)) be any solution of (4)-(6)
satisfying the initial conditions (7), then x(t), y(t) and
v(t) are all non-negative for t >0 and ultimately
bounded.

Proof. First, we prove that x;(t) > 0 for all t > 0.
Assume that x;(t) lose its non-negativity on some
local existence interval [0, ] for some constant o and
let t* be such that x;(t*) = 0. From Eqg. (4) we have
x(t")=r;(0)>0, i=1,--,n Hencex;(t) <0

for some t € (t* — ¢, t*), where € > 0 is sufficiently
small. This leads to a contradiction

and hence x;(t) > 0, for all t = 0. Further, from Egs.
(5) and (6) we have

yi(t) = y;(0)e~ %" +

¢ * xi(n —v(n — 1)
| emutm f L(T)e T — drd
| | f@er e MR Sy

i = 1, s,
v(t) = v(0)e ¢t +
n t o
Zpi j e~ct=m j gi(e 5"y, (n — T)drdn.
i=1 "0 0

Then similar arguments can easily be used to show
that y;(t) = 0and v(t) = 0forall t > 0.

Next we show the boundedness of the solutions.
Assumption Al and Egs. (4) imply that
lim sup;_x;(t) < xP.

I follows that [~ f;(T)e ™"x;(t — T)dt < Fyx .
Let X;(t) = [, fi(De ™i"x;(t — T)dT + y; (D),

i=1,-,nS = supxielo_x?]ri(xi) and a; <

. S
minja;, —5¢, then
Xi
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X0 = f f@e ™ (1t = 1)
0

Bix;(t — vt — T)
B 1+av(t—1) de
© e Bt = DV = 1)
+J; fi®e T Tr— dt — a;y;(¢),

< FS; — a;y;(t) < FS; — a;y;(t) + FS;

—-a; f fi()e ™ix;(t — 1)dt

S ZFl'Sl' - C_lle(t)

Hence limsup,_X;(t) < L;, where L; = 2F;S; /a;.
Since foooﬁ(‘r)e‘mifxi(t —1)d7r > 0,

we get lim sup ;. y;(t) < L;. On the other hand,

n g ’ n
v(t) < Z pLLLf g, (De 8%7dr — cv = z p,L,G, — cv
1=1 0 =1

piLiGi

then lim sup,,,v(t) < L*, where L" = 3L, === .0

Therefore, x(t),y(t)
bounded.

and v(t) are ultimately

2.2 Steady states

Assumption Al ensures that system (4)-(6) has an
uninfected steady state E, = (x°,y° v°), where x
is the solution of 7;(x?) =0, y? =0 and v° = 0. In
addition to E,, the system can has a positive infected
steady state E;(x*,y*,v*). The coordinates of the

infected steady state, if they exist, satisfy the
equalities:

Bixjv* Bixjv* .
ri(x )_1+av yi= LT =1n (8)

vt =Y, Gipiyi - (9)

The basic reproduction number of system (4)-(6) is
given by

=zn: i -G-ﬂ- x!

(10)
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where R; is the basic reproduction number for the
dynamics of the interaction of the virus only with the
target cells of class i.

2.3 Global stability analysis

In this section, we prove the global stability of the
uninfected and infected steady states of system (4)-(6)
employing the method of Lyapunov functional which
is used in [25] for SIR epidemic model with
distributed delay. Next we shall use the following
notation: z=1z(t), for any zé€{x,y,vi=
1,---,n}. We also define a function H:(0,00) —
[0,0) as

H(z)=z—-1-Inz.

It is clear that H(z) = 0 for any z > 0 and H has the
global minimum H(1) = 0.

Theorem 1. If Ry < 1 and Assumption Al holds true,
then E, is GAS.

Proof. Define a Lyapunov functional W, as:

F,

x;(t —0)v(t —0)
1+ av(t—6)

dédr

+ ] fi(yeme j

[ee] T

gi(v)e %" in(t—H)der +v
0

FG

FiG;
where y; = PEEL

13

The time derivative of W, along the trajectories of
(4)-(6) satisfies
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dW1 if and only if x=x%y; =0 and v=0. From
LaSalle.s invariance principle, E, is GAS.
n
_ pixiv . . .
=) vi[|1-——)| (n(x) - T Assumption A2. For i =1,--,n, function 7;
a;v L
=1 satisfies:
[)’ o xi(t—tv(t—-1) a;
3 [ f@em dr -2y, . *
F; ) 1+ a(t—1) F; (1 - x_) (r;(x) = 1:(x)) <0 forall x; >0
. i
,8 e [ XV x(t—1)v(t—1) _ )
F fime ™™ | 1 Taw  1taut—1) dt Theorem 2. .If E, exists and Assumptions A1-A2 hold
o true, then E; is GAS.
a;
FG.) gi(@e " (y; —Yi(t—f))dfl Proof.  We construct the following Lyapunov
functional
+ Z 1 f gi(0)e %%y, (t — T)dr — cv. n x; 1 v,
i=1 szzyi[xi*H<E>+Eyi*H(F>+
Collecting terms we get i=1 ! ' '
n
aw, x? Bixlv L Bixi f ——
dt =Zlyl<<1—x—l ri(xl')+1+aiv —Cv F 1+av fl(T)e
i=
_ Z L)y vt Z FiGpiBix f (K= OV -0 +ap))
. - Vi X i) v ey - aic(1+ a;v) x;v*(1+ au(t — 0)) !
= i= 0
n X-O n R. _
=S 1= 2 |r (x) — v vy ¥ lylfgl(r)e-sffj (M)ded ]
i-1 X o 1+ oV FG 0 Vi
Ny " Racv? v
=> (% =X )n (%) = D=+ (R, ~1)cv +v'H ().
i1 X iz l+aVv v
If R, < 1 and Assumption Al is satisfied, then Differentiating with respect to time yields
dw, ) n
< Ofor all x,y > 0. By Theorem 5.3.1 in [20], aw, z <1 x{‘)( ) Bix;v )
= Vi —— )\ ri(X;) —
the solutions of system (4)-(6) limit to M, the largest L+aw
o dw, . o
invariant subset of =0. Clearly, it follows x;(t — T)v(t — 1)
dt 1 —— j fi(r)e ™" = dt
daw i 11+ av(t—1)
0
from (11) that d_tl =0ifand only ifx = x° v = 0.
Y
Noting that M is invariant, for each element of M we l l)

have v = 0, then v = 0 . From Eq. (6) we drive that

n
xi(t —Dv(t —1)
1+av 1+ av(t—r1)

0=v= Zf gi(1) €707 pyy; (¢t — 1)dr

i=19

ﬂ’f fi@e T (—

is Vi = awy _
This yields y; = 0. Hence prale 0 + xiv* (xi(t—‘r)v(t—t)(1+aiv)>) d

1+a;v* xiv(1+av(t-1))
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+5 [ gi@e ey, — yie = 1)
F,G; Yi— Vi
0
* yl( )) ( *)
+Yi1< " Ydr] + (1 ) x
plf 9:(Me %y (t —)dr —cv |
i=1 0

Collecting terms we obtain

n

aw. x; Bixiv
= 2l neo +

1+ av
i=1

- e ROV a
- i i d — )
f fit)e 1+ av(t—1)y; Tt F; Vi

— -m;T
+F 1+av fﬁ(r)e

l x(t—v(t—1)(1+ aq;v) 4
n( xv(1+ av(t — 1)) ) !

fee)

I.yl —8;T ( _T)
+FG gi(D)e % ln(—% )d‘r]

n fee)

v*
=) f 9:De™ y,(t = Ddr + v,
i=1

0

Using the infected steady state conditions (8)-(9), and
the following equality

n n
_ *U_VZG *_vzyiai*
v =cv I ' iPiYi = v 4 F, Yi

i=1 i=1

we obtain
n
aw, x; .
R A (RS [CICORETCH)

i=1

+ai *(1 x{) +ai v +aiv*)+ai .
Fi yi X Fi yi 17*(1 +aiv) Fi yi

yixi(t — vt — 1)1 + a;v*)
yixiv*(1 + av(t — 1))

a; _miT
—mzYi fi(r)e ™
i 0

xt-tvit-1)1+a; v)) de

F2 el J. f@e™™ ln( xv(1+ qu(t — 1))

[ee]

(t—T a v
f gl(T)e—é'Tln (%) dt — _y.*_
5 i

FG F7t v

[oe]

a; 5.V Vit —7) a; *]

P ————dt+—=y;|. 12

eyt [ a@e s P Rar e Syt az)
0

Then collecting terms of (12) and using the following
equalities

| x(t -t —1t)(1+ aq;v) _
n( xv(1+ aqv(t — 1)) > B

vixi(t —v(t —1)(1 + a;v") x;
In < yix;v:(1+ au(t — 1)) >+ln( )

v'y; 14+ av
+In — |+ ln( ),
vy, 1+ a;v*

4

(t — * v (t —
In <yl( r)) :1n<v*yl>+ln (v yilt T))'
Yi Vi VYi

4

vy,
ln< ’fj>+1n( y‘>_1 (1) = 0.
vy; vy,

2

We obtain
n
sz xlfk *
T ZVL‘ [(1 - x—l) (ri(x) —ri(x{))
i=1
+ 4 <1 x?) p 28
yl X Fz YL

2

a; *<v(1+aiv*) v) a;
F,yi v+ aqv) v :

(Yt =D =T+ )
J- fi(T)e : yixl.*v*(l + aiv(t - T)) ar

a.
ooy [ fime e x
i 0
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yix(t—tv(t -1 + a;v" x;
<1n< yixiv* (1 + au(t - 1)) ) * ln( )

e (22 4 (Haiv) dr
n vy} n 1+ a;v* FGyl

vy; vyt —t
fgi(‘r)e“s”(ln( 3}l>+ln< Yl - )>>d‘r
Vi vy

0

a; —5:T v*yi
t——d 13
et [ a@eni e (3)
0
Eq.(13) can be rewritten as
aw, < :
x.
g =2 |(1-3) i) — )
i=1
+ 2y ("* 1-1 (")) + 2y x
F Vi X n L
( v(l+av) v 1+ aiV)
v1l+av) v 1+av*

a; 1+ av 1+ a;v
(- ()
F; 1+ a;v* 1+ a;v*

——%fﬁ@emf

(yi*xi(t — vt -1 + av’)
yixiv (1 + a(t — 1))
yix(t — vt —t)(1 + a;v")
—In - dt
yixiv* (1 + au(t — 1))
FiGz gi
0
vy (t—t vy (t—rt
( yi( * )—1—ln< yi( * )))dr].
% vy
Using the following equality
v(l+av’) v 14+av
vi(1+aqv) v 1+av
(v —v")?

v (1 + qv)(1 + av)’
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. AW,
we can rewrite i as.

inm—ﬁmm)nwn

i=1

i . —o;(v —v*)?
F; Yi v (1 + )1+ a;v)

+ai *H(x{‘> a; *H(1+aiv>
Fi Vi X F Vi 1 +aiv*

lyL

J'ﬁcwe-mf

yix(t — vt — 1)1 + a;v) p
< yix;v*(1 + ayv(t — 1)) > t

aiyi*f Py <V*Yi (t— T))
+ (D)e %"H| ———=)dt |
i d 9:(t) vY;

FiG

It is easy to see that if Assumption A2 is satisfied and
x5, y,v°>0,i=1,-,n , then %SO. By
Theorem 5.3.1 in [20], the solutions of system (4)-(6)

limit to M, the largest invariant subset of {% = 0}
It can be seen that % =0 if and only if x; =
x{,v="v",
and H=0 i.e,
yixit—Dvit-1)A+aqv’) vy(t—-1) 1
yix;v*(1 + ayv(t — 1)) vy;
For almost all T € [0, ). (14)

If v =v"then from (14) we have y;
aw,
dt

implies global stability of E;.

=/, and hence
equal to zero at E;. LaSalle’s invariance principle

3 Conclusion

In this paper, we have proposed a virus dynamics
model describing the interaction of the virus with n
classes of target cells taking into account the
saturation infection rate. Two types of distributed time
delays describing time needed for infection of target
cell and virus replication have been incorporated into
the model. The global stability of the uninfected and
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infected steady states of the model have been
established by using suitable Lyapunov functionals
and LaSalle invariant principle. We have proven that,
if the basic reproduction number is less than unity,
then the uninfected steady state is GAS and if the
infected steady state exists then it is GAS.
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