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Abstract: In this short note, we discuss the best bounds of the Sandor and Debnath's inequality and we obtain in

simple proof that
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where y is the Euler- Mascheroni constant.
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1 Introduction.
Stirling's formula for factorials in its

simplest form is
n

nl~ ZTLT[(E) €Y

e

This approximation is used in many
applications, especially in statistics and in the theory
of probability to help estimate the value of n!, where
~ is used to indicate that the ratio of the two sides
goes to 1 as n goes to co. In other words, we have

n!
lim ———=+vV2m.

nownht+1l/2 g—n

Stirling's formula was actually discovered
by De Moivre (1667-1754) but James Stirling (1692-
1770) improved it by finding the value of the

constant V2 . A number of upper and lower bounds
for n! have been obtained by various authors [4].

J. Sandor and L. Debnath [7] found the following
double inequality

e—n lznnn+1 i<
—_— n.
Vn
e—n,lzn.nn+1 - (2)
—_— N
Vn—1 N

After that, this formula and other similar
estimations were established by Guo [3]. N. Batir [1]
refined and extended the double inequality (2) to the
form forn >1
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e ™ /2 7.L.nn+1 < e /2 7.L.nn+1
a, = n: —_—
" n—(1-2me2) Jn—1/6
=B (3)

which is better than the Burnside's formula for [2]

W ~V27 (n t1/2 )nH/Z .

e
C. Mortici [5] discuss in the double inequality

(2) and established an asymptotic expansion, leading
to a new accurate approximation formula which
provides all exact digits of n!, for every n <28 .
Mortici's formula is stronger than the upper bound £,
in the double inequality (3).

In this short note, we will improve the lower bound
of the double inequality (3) and we will prove its
upper bound by different method. Throughout this
work, the logarithmic derivative

of the gamma function

Ir'(x) =j t*le~t dt,
0

denoted by
I'(x)
V) = o
is called the psi or digamma function. One of the
elementary properties of the gamma function is the
functional equation I'(x +1) =xT(x), in particular
nl=T(n+1).

In order to prove our main result we need
the following Theorem

Theorem 1.
Forx > 1
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where y is the Euler-Mascheroni constant.

2 Main result
Our main result is the following Theorem:

Theorem 2.

Forx >1
e *\2mx* e "\/ T x* ©)
x—2y-—-1) 1/x—l/

where y is the Euler-Mascheroni constant.

Proof.
Let the function
My =2ty x>0, (7)
x)=——T(x), x .
o Vx—06

It is clear that
My, (x) < Mg,(x), V0, <86,  (8)
which means that Mg (x) is increasing function w.r.t.
6. Also,
chi_f)gMe(x) =1 9

Now

ng(x) =Mg(x) <_—1+10gx

dx 2(x—86)
- 1P(X)> (10)
There are two cases:
The first case if we take
1
log x “ox  12x2 <yP(x),
then we get for x > 1, § that
M) < M) (gt )
dx B PG T T 12
x—( +6x)ﬁ
< MB(X)(leZ(x—ﬁ))
< 0

if x — (1+6x)B <0 , which satisfies if § >1/6.
Then the function Mg(x) is decreasing function for

p=1/6 and x>1 . But
lim Mg(x) =1,
X—00

then we obtain
1
Mg(x) > 1, ,BZE; x>1 1y
Also, Mg (x) is increasing function w.r.t. 8, then
1
Mp(x) > My 6(x) > 1, ﬁ>g; x>1
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which give us the following best upper bound of
Sandor and Debnath's inequality

I'x) < ﬂ x> 1. (12)

Jx—1/6"
The second case if we take

1
P(x) <logx i
then we get for x > 1, u that

d
M) > M) (

2y —1
2x2’

~1 1 2y-1
2(x u)+ + 2x2)

(x—w)@y—-1) —px
> M
”(x)< 2x%(x — )
> 0
if (x—,u)(Zy—l)— x =0, which equivalent
,u<—<2y—1 vVx>1.

1+2y T

Then the function M, (x) is increasing function

for u<2y—1 and x>1 . But
lim M, (x) =1,
X—00

then we obtain
M,(x) <1, u<2y—1;x>1. (13)
Also, M, (x) is increasing function w.r.t. i, then
M,(x) <My, (x) <1, p<2y-1;x>1
which give us the following best lower bound of
Sandor and Debnath's inequality

I'(x) > _eamx x>1.  (14)

Ji—QCy-1’

In particular, if we put x =1 in (6), we have for

n>1
e—n lznnn+1
Up = ————— <n!
Jn—-Qy-1)
e—n /Znnn+1

Shege W

It is clear that 1 — 2me™2 < 2y — 1, which
gives us that a,, < p,, < n! for n > 1. Then the lower
bound of (15) is better than the lower bound of (3).
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