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Abstract: This paper mainly studies the singularities of Gauss Map of pedal hypersurface in R" . It contains the
geometry of pedal hypersurfaces in R" ™' and their Gauss maps. The singularity of Gauss map of the pedal
hypersurface using the rank of jacobian matrix of Gauss map is given and classified. The sets of singularities and its

graphs under the Gauss map are plotted.
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1. Geometry of Pedal Hypersurfaces in Euclidean
Space

In this section we review the classical theory of
differential geometry on hypersurfaces in Euclidean
space R ™' [ 11,[ 21,[3].

Let X : U — R""'be an embedding and U is an
open subset of R ", and identify M and U through the
embedding X , i.e, M = X ( U), in this case M is
called hypersurface in R "' . The tangent space of M
atp=X(u),ue Uis

aX

LM = (X (u), Xo(u), .. Xo(u)). . Xj=—

Yy

(1)
and
the unit normal vector field along X : U — R™"is
given by:

Xo(u) x Xolu) x oox X (u)

Nu) = —— — = 2
oo Xo(u) o Xalu) x ..ox Xo(u) @)
Where
€1 €2 €n+1
1 2 rn+1
XixXox..xXy=|X3 X2 5+
X; X3 x5
where {e; , ..., ey} is the canonical basis of R™"'
and
- iy nt+l v _ 0% (VA
Xi=X; e LMCR"™, X; =%t X =(Xj)

T Ouye
o

Amap G: U — S"definedby G(u)=N(u)is
called the Gauss map of M =X ( U), the derivative of
the Gauss map dG (u ) : T, M—> T, M can be
interpreted as a liner transformation on the tangent
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space T p M .The linear transformation S p = -dG (u)
is called the shape operator (or Weingarten map) of
the hypersurface M = X ( U ) . The eigenvalues of S,
are called the principal -curvatures. and the
eigenvectors of S, are called the principal directions
on M . By definition, k, is a principal curvature if and
only if det ( S, - k, I ) = 0. The Gauss-Kronecker
curvature of M =X (U ) at p= X (u) is defined to
be K (u )= detS,.

In the extrinsic differential geometry, totally
umbilical hypersurfaces are considered to be the
model hypersurfaces in Euclidean space. Since the
set { Xi| (i=1, ..., n)} is linearly independent, the
Riemannian metric (first fundamental form) on M =
X (U )is given by ds* = Z ", g du; du; , where g;
=<Xj(u),Xj(u)> for any u € U The second
fundamental coefficients 1; are given by I; =<-N; (u),

Xi (> =<N (u), Xj (u)>, for any u € U. Recall the
following Weingarten formula [4]:

3)

1 ) =1, )g" (u),g" () = (g, )"

. _
and g, (u)g" (u) =5 .

By the Weingarten formula, the Gauss-Kronecker
curvature is given by 4)

Ni(u) = = (u) X;(u)

Where

Bl der; [_- {7 :I\:: i.u ) ’,::.
o det((gas)(u))
For a hypersurface X: U — R™', the pedal
hypersurface of M =X (U )is M and defined by :

X :U = Rt A‘E'I[u'} = (X(u), N(u)) N(u) = S(u)N(u)
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where S (u)=<X (u), N (u) >#0 is the support
function on M and M = X (U) is identified with U

through the embedding )A( [3]. The tangent space of

M at p = X (u)is defined as:

T, (M)

The unit normal vector field along X : U — R™!

can b e obtained and is given by:
R(u) = (=1)" )uul — X(u)

' ' X (u) (6)
Since the set {)A( ; } is linearly independent, the

Riemannian induce metric on M = X (U) (first
fundamental form) is given as:
de® = ¥ o, Gipduidu; = 30 (S, S, + 5P duidu;

where g =<)A(l (u),)A( ; (u)> and 7J; =<Nl(u),N](u)>
is the third fundamental metric for any u € U .The

discriminant ¢ on pedal hypersurface M is given
by the relation:

= det(ji;) = K*(ug(u) | X(u) " 7 = K (u)i(u) | X(w)|" ™
] . T (7

where g = det(gy), 1 = det(lj ) and K (u) is the
Gaussian curvature of the hypersurface M .
The second fundamental co efficients 1; are given by:

f =>'—\|u|)ilul-= IZQUT%J

i

\_ﬂ

‘L (u chy;

for any u € U . Thus Weingarten formula on M is
given as:

1\
r_ I'l'l >4

N H(u) = —J ul)& — (26;; + Siujlfi-,L{'m_c];"j{'u]l)

Where
17 )=l 8" ) and §"wu)=(g, )"

From (8) it is easy to see that, the Gauss-Kronecker

curvature K is given by:
det( !,,1

}:f{ U) = —————
det{gns)

)
Explicitly the Gauss-Kronecker K curvature can be
written as:

1 i3
= T L @
and the mean curvature is given by:
[ —1 :I n+1

nK(u) || X ()| S(u)2n-3

Klu) + S(u)lix(u)g" Jlu J

(10)

H (u) =
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(‘2?11{{1{] X (u)|” S(u)™3 + S2™ + nS(u)*H !iu})

where H(u) is the mean curvature of the hypersurface
M at u € U. The third fundamental coefficients are
given by:

(4d0) + ()

: ((X (), X)) (X (u), X;(u)))
b X(u) 2

[1X ()]}

(11)

By the definition the point q = X (u) eM is a
parabolic point if K (u) =0 . Thus the hyperbolic
set on M is define by (using eq. (10)) :

H(zé,-j+5’[}uj;.f (w)g*(u)) =0

= span{S;N}_, & span{SN;},
or explicitly by:
95 (VL () akT )Y — P
(20;; + S(u)lix(u)g™ () =0, i=1,2....,n 1)
Recall the following results for the hyp ersurface
M = X(U) inR™ [4].
Proposition 1. Suppose that M/ = X (U) is totally

umbilical, (/:T , 1s constant 12 ). Thus we have:

D If k#0 , then M isa part of a hypersphere.

DIfk=0
Proposition 2. For the hypersurface p = X (U) in

, thenM is a part of a hyperplane.

R™" The following are equivalent:

1) Mis totally umbilic with k=0.
2) The Gauss map is a constant map.

3) M is a part of a hyperplane.
Na(u) = 0
Map of pedal

M {u) x _‘:.'Ql;'_uj:- S
2. Singularities of Gauss

hypersurface

The Gauss map is singular at q € M Whenle =0,
i. e., on the parabolic set given by equation (12).
From the relation:

\lu X \m X.x\ |m-I\me1 Jlx)xg U X.. XA 1I\(13)

From this definition it follows that the Gauss map is
singular when
i.e, the Jacobian matrix of the normal vector field

N(u) is singular [ 51,[ 61,[ 7.
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Gauss map has a singular point u = uy, when the rank

of the Jacobian matrix of N (u,) less than n (the
dim of U), i.e.,

rank(DN/{ug)) = rank((N(ug) x Noug) X ... x Nyug)) < m (14)
To study the singular points of Gauss map we make a
modification of Gauss map as follows: if the Gauss
map has a singular point we make projection of N (u)
to the ( n+1) hyperplanes projections) and find the set
of singular points of it (discriminant set).Thus we
have

N « C?\‘\l\ru \2|u. ey (1), ey N1 (1)),
Singular set (s) = det( - =0
Oy, g, .y )

(15)

where the position N*(u) indicates that the

component N* (u) is missing, The singular set give
us a new hypersurface with dimension n which can
be written, using the Mong form, as the following:

Uy, = Z(uy, u

The parametrization (16) define a hypersurface
(singular set) contains or may not contains singular
points inheritance from the main hypersurface M .
For study the graph of singular set under the Gauss
map, consider the form

11\-\|

s H“_]‘a

N 3) = N( (w1, U, - U, ey 2 (U, U, oy U

(17)

Definition 1. [8] A map f: R®—> R™ has a singularity
of type Sk at the point ug if the rank of f at u, is
min(m,n )-k, the number k is called the deficiency of
the singularity, if k = 0 then u, is regular point.
Definition 2. [9] The level set attached to the
hypersurface M is defined as the following: let u, =
Z(uy,u2, ...,u,) = ¢, c is constant, if ¢ = 0 that given
the level set Vo = {(uy, uy, ..., Uy): u, = 0} and the
other level sets are

Ve={(u, uy, ..., up):u, =0}, ¢c#0
Another version of the definition of level sets is
contours as given in the following
Definition 3. We say the point p on a surface M with
a parametric representation is a contour point if and
only if N.pc=0
Where N is the normal vector field on the surface M
and c is the view point. The contour line or contour,
for short, of a surface is the set of all its contour
points.
The determination of the contour line of a surface in
the general case involves a numerical method to find
the zeros of a real-valued function of n real variables
in a domain (ul, u .. u") € U. An algorithm and its
implementation can be found in [10].
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3. Application
As an application, we consider a hypersurface
MeR?, i.e., we try to study the singularities of Gauss

map of pedal hypersurfaceM to the hypersurface M
given by:

M - I4=I€+I§—I% (18)
This hyp ersurface can b e given by the regular
parametrization

M: X(u,v,w) = {u,v,w, fu,v,w)}, (19)

f=uv?4+v*—w? (n,vw)elV c R®
The normal vector field on the hypersurface (19) is
given as:
N(u,v.w) = é{—211. —2v, 2w, 1}

L (20)
Where 9 = 1+ 4u? + 4% + 4w? £ 0
The support function S on the hypersurface M is
given by:

F
Slu, v, w) =

]|

(21) Thus the

pedal hypersurface M attached to the given
hypersurface M is deﬁned by (from (20),(21)):

M : X(u,v,w) = —{')u 2u, —2w. 1}
g (22)

The normal vector field N on a hypersurface M can
be obtained (from (22)) as in the form:

j't_ w, v, w) = {u (l + 8:1,‘2) U (1 + 811,'2) ’

(l*zm + Bo? ;‘('3+4u + 4% + du?

1} (23)

The Jacobian matrix (derivative) of N (u, v, w) can
be written in the following form:

\“—:1} \"—"1,1 ,;,;’1;

- \ NP NP NP
N(u, v, w) = S i
NP NP @

R RO R

The factors in the matrix of equation (24) are
calculated.

The rank of D ](7 (u, v, w) at (0, 0, 0) is equal to zero,

so N (u, v, w) is singular at (0, 0, 0). Thus we have
the following:

Lemma 1. The Gauss map of M has a singularity of
type S; at the origin point.

To study the singularities of Gauss map of pedal
hypersurface, we use the orthogonal projections on
the hyperplanes x; = 0 ; i =1, 2, 3, 4. Thus we have

four surfaces are denoted by o respectively, which
are given explicitly by as (Fig(1),(2)) :
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(oy: zy=0z3+13-23=0 (cone).

(2)o3: z3=0,74—22—22=0 ( paraholoid of revolution).
(3)ga: z=0,zy—22+22=0 (hyperbolic paraboloid).
()oy: 7 =01—13+22=0 (hyperbolic paraboloid).

Thus, we have 4 parabolic sets S;, Sy, Sy, Siv
corresponding to the hyperplanes X; respectively.

Using the modified normal vector field N
for each parabolic set as in the following:

mod (u: V: W)

I- For the surface 0, , we have a modified normal
vector field, as in the form:
Sr: Npea(u,v,w) =

_Rf2 )
7][‘ u (148w, v (1 +8u°
g

)

;W (L4 8u” + 8v°
a 9

}
(25)
The singular (discriminant or parabolic set) set in this

case is given from:
512 e ooy
|

51 =det{ DNpqlus, v, w) ) = —F (f) {1+ 8uw)

[5 + 2807 + 28w + 4 [T.!;'} — 2Mu® — 48u%? — 240t + 32

(1 +?) (32t 28w 18 (-3 + 8l + 8wl =0 (26)

Since 1+8w*# 0( we R ), thus the singular set S
consists of 2 types of singularity as in the following
(fig. 3):

Srn: =0,

512 5+ 2807 + 28u? + 4 (Tu2 — My* — 4805t — 2t

+32 (240 (342 + 207w + 8 (-3 + & + &%) ) =0 (27)
Then the parabolic surfaces M ;, corresponding
to.S 5 is given by the parametrization:

My (u,v, Va2 + v?) and A\“},!{,d{]t!;l ) =1(0,0,0) (28)
For the 2™ type S ;, we have four roots, wi(i =1, 2, 3,
4) as functions in u and v, so we have four pranches
S I, i =1, 2, 3, 4 and their corresponding parabolic

surfaces M 1,, are given as:

M12, : (u,v,wl-(u,v))

The surfaces S 1, under the modified normal vector

field N mod (U> v, W) and their con-tours are shown by

the fig. ((4),(5)).
II- For the surface 0;, we have a modified normal

vector field, as in the form:
Srr: A\A\:ymd‘f.?i- v,w) =

,gfﬂ

g-l

{u(1+ 971'2) v (1 - 811}2) of (? + 4% + 407 + du?

)} (29)
The singular (discriminant or parabolic set) set in this
case is given from:
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1024w
g
(—9—120* — T6u? +4 (73112 + 56u + 112u%7 + 360 + 32

Sy =det(DN (u, v, w)) = — 8 (1+ Su.“z)

(u? + 07 (=1 +6u® + 607) w? + 8 (=1 +240% + 240%) w?)) =0 (30)

Since 1+8w*# 0( we R ), thus the singular set Sy
consists of 3 types of singularity as in the following
(fig. 6):

Sy, w=0, §,: [f=0,

S, (-9- 1207 — T6u? +4 [73119 + 36 + 1120 + 560

+32 (ug + 1'2) (-1+ 6u’ + 61.'2) w?+8 (-1+ 2?4+ 247?2) wt =10 (31)
Then the parabolic surfaces M, corresponding
to S 1, is given by the parametrization:

“‘[”1 :

(u,v, Vu? +v?) and Nnod(Mr1,) = (0,0,0)

(32)
For the 3™ type S 1, We have four roots, wi(i =1, 2, 3,
4) as functions in u and v, so we have four pranches
S 1, i =1, 2, 3, 4 and their corresponding parabolic

surfaces M ;, are given as:
2i

MIIZ, : (u,v,w,(u,v))

The surfaces S, and S, under the modified normal

vector field N mod (U, v, W) and their contours are
shown by the fig. (7), (8),(9).

II- For the surface 0, , we have a modified normal
vector field, as in the form:

& . _—8s? . 5 e il
Sirrt Npoa(u, v, w) = qj {u(1 +8u,'2) w1+ 8u® + 827) .

F(3+4® + w7 +4u?)}

(33)
Similarly as in the case I, II, 1+8w*# 0 ( weR ),
thus the singular set Sy; consists of 3 types of
singularity as in the following (fig. 10)

S,HO: v=0, S,Hl: =0,

S, (-9 T6v? — 4 (Su'l + 8t + (10 + 161.‘2_)) — 12w +128
(w? +07) (=1 +6u + 607) w® + 32 (7 + 24® + 200" w¥) = 0 (34)

Then the parabolic surfaces M i, corresponding
to S 11, » is given by the parametrization:
M (uv, Vil +1?) and j’nw,pf‘l]”jl:] =(0,0,0) (35)

For the 3™ type S 11, We have four roots, vi(i =1, 2, 3,
4) as functions in u and w , so we have four pranches
S 1, > i=1, 2, 3, 4 and their corresponding parabolic

surfaces M ;; are given as:

My, o (v, v, (u,w)
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The surfaces S, and S, under the modified

normal vector field 1\7 mod (U, v, W) and their contours
are shown by the fig. (11), (12),(13).

IV- For the surface 0, we have a modified normal
vector field, as in the form:

~ —_ 2 L b
Sy 2 Npwaltt, v, w)= qgf {v (1 + 871'2) Lw (1 +8u + 81‘2) .

F (344 + 4% +4u?)}

(36)
Similarly the singular set of this case is given from:
Siv =clct(D.\A'(u.1',u:§) = uyt

(=9—T7607—4 (811* + 8t + o? (1‘3 + 16L‘2)) — 12w + 128

(u+ 02 (-1+ 6u’ + ﬁl,‘g) w® + 32 (7+ 24u® + 2-11:2) wt) = 0(37)
Thus the singular set Sy consists of 3 types S W, >

Sy, Sy, corresponding to (fig. 10):

u=0, f=0,
(-9-T6" -4 (8114 +80 o (19+ lﬁvg)) — 120 +1%

9 w9 an (7 o2 gg ) Ay
(v +v7) (=14 60 + 60%) w? + 32 (7 + 24 + 22?) w?) = 0(38)

Respectively.

Then the parabolic surfaces corresponding to S w, is
coincident with:

Mp, (v, \/m] and Axmod(‘lfn-l} =(0,0,0) (39)
For the 3 type S 1, We have four roots, u(i =1, 2, 3,
4) as functions in v and w, so we have four pranches
S W, i=1, 2, 3, 4 and their corresponding parabolic

surfaces M ;, are given as:
2i

M[VZi : (U,V,Vi (U,W))

The surfaces S, and.S,, under the modified normal

vector field 1\7 mod (U, v, W) and their contours are
shown by the fig. (11), (12),(13).

4. Conclusion
From (28), (32), (35) and (39), one can see that there
exist a common intersection between the singular sets

and the four projections where M, =M, =
juu]1 EJMU/1 andMIZ EMIIZ = j‘/[m2 =M

The analytical solutions for the singularities of the
Gauss maps and their contours on the pedal
hypersurface are geometrically interpreted as show in
fig. (4), (5), (7), (8), (9), (11),(12), (13))(left), Also,
the contour problem and the problem to find lines of
intersection of surfaces and planes has been solved in
the general case as shown in fig. ((4), (5), (7), (8), (9),

(11), (12), (13))(right).

w, *

106

Figures

- 4

Figure 1: oy (left), oz (right)

T O

Figure 5: The image of singular 5y, = 55,, and its contours
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Sy
==

Fighare 6: The singular set Syy

Figure 8 The image of singular Sir,

1.

Figure 9: The image of singular Sy, = Syp,, and its contours 5.

10.

Figure 11: The image of singular set Syp;, = Srv, and its contours

Figure 12: The image of singular set Syrp,, = Sy = Spvy, = Srvy, and its contours

Figure 13: The image of singular set Sy, = Stipy = Sty = Sivy, and its contours
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Figure 10 The singular set Sy = Sp
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