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1 Introduction: kx=&y—n) =

The mathematical formulation of physical [(x =82+ (y—n)?]"W/2(0<u<1/2)
phenomena, and contact problems in relationships the (1.2)
theory of elasticity, often involves singular integral under the condition
equation with different kernels. In Mkhitarian and J Jo @G, y)dxdy = P, (P is a constant)
Abdou [1,2], using Krein’s method, obtained the (1.3)

will be obtained in some different domains of
integration €, where

spectral for the integral operator containing
logarithmic kernel and Carleman kernel, respectively.

The monographs [3-5] contain many different SRs D) Q={(x,y,2) € Qx| <0,0 <y <ow,z|] <o}
for different kinds of integral equations, in one, two (2) Q@={(x,y,2) € Qx| <o, |yl <a,|z|] < oo}
and three dimensional. The generalized potential 3) Q={(x,y,2) € Qx| <o,ly| 2 a,|z| =0}
theory method is applied and used, in Abdou [6-7], to (1.4)
obtain the SRs for three-dimensional semi- The physical meaning for the contact problems and
symmetric contact problem. The Hertez contact the spectral relationships was explained in the work
problem contains two rigid surfaces, having two of Mkhitarian and Abdou [9, 10].

different elastic materials and occupying the contact In order to guarantee the existence of a unique
domain 0 = {(x,y, 2)EQ: \/m <a z= 0} solution of Eq.(1.1) in L,(Q), we assumethe

following conditions :
(i) The kernel k(x — &,y —n) satisfies in L, the
condition

with potential kernel and generalized potential kernel,
respectively. Also, in Abdou , Salama [8], the

orthogonal polynomials method isused to obtain )

many different SRs in one, two and three {ff ff k(x — &y — O n)dE dn dx dy}E —
dimensional, for Volterra-Fredholm integral equation Qe

of the first kind in the spaceL,(Q) x C[0,T],T <1,
where the Volterra integral term is considered in
time, while the Fredholm term is considered in

A (A is a constant)

(ii) The given function f (x,y) with its first partial
derivatives are continuous.

(iii) The unknown function ®(x,t) satisfies

position. . . o
Lipschitz condition for xand y.

In this work, the eigenvalues and eigenfunctions of
the integral equation

[, kG =&y —moEmdEdn = fx,y) (L1
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2. Potential theory method, see [10,11]

The integral equation (1.1), with the kernel
(1.2), after using the complex Fourier integral
transforms
o) = [, ®(x,y)edx,

fi) =, fxy)edx 2.5)
and the famous definition of the generalized
Macdonald function Eq.(3.773.6). p.433, of Gradstein
, Ryzhik [12], takes the form

f K, (slly = nD®sm)
ly —nl#

dn =f(y),

1
(y €L,0=u<5,0,()= CD(y,S)>

f) =
_1 1
72201 (0 +3) 11 £0), (F0) = £(,9))
(2.6)
where KP_(|S| [. ) is the generalized Macdonald kernel
, s is the coefficients of Fourier integraland I'(.) is
the Gamma function.
Now, Eq.(2.6) is equivalent to (1.1), where the
domain of integration L is defined in theforms
1YL ={(y,2) EL:0 <y < 0,|z| <0},
@) L={(,2) €L:lyl <alz|l <},
GBI ={(,2) €L:lyl 2 a,|z] <}
Using the principal idea of the potential theory
method, see [10,11], we can write the integral
equation (1.1) in three dimensional form
A WD dgdn = U(x,y,2)
(=% +(-m)?+22]" "2
The integral equation (1.1) or (2.7), is equivalent to

2.7)

the following BVP
AU( 219U =0
%,y,2) + z 0z '
0% R R
A= ﬁ+6_3/2+ﬁ((x'y'z) ¢ Q)

U(x,y,2)|,20 = f(x,y), ((x,y, 0) € Q)

U(x,y,z) ~Pr 172t > finites r - oo,
r=.x2+y%+2z2 (2.8)
After constructing the solution of the BVP (2.8), the
solution of (1.1) is completely determined from the
equivalence condition

—27T¢(x,J/) =
sgnzli rpqozlzlz“% ,((x,,0) € Q)
2.9)
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Using the complex Fourier integral transform, with
respect to x, the BVP (2.8) and the integral equation
(2.7), respectively, become

2 9% 2w
(6_yz+ﬁ+?£_s )Us(y,z) =0
((r,2) ¢ L)
Us,2),=0 = £,3),((,0) € L)
Us(y,z) > Oasy? + 22 > oo; (Us(y,2) =

U(y,z5)) (2.10)
and
Us(y,2) =
Vrls|# Ku(ISI\/ (y—n)2+zz)d>s(n) dn @.11)

24711 () L (-2 42212

Also, the equivalence condition (2.9) takes the form

—27m s (Y) =
U (

y.2)
Eew— y€eL)

sgnz lim,,z|z|?* P

(2.12)

To eliminate the term %, from the formula (2.10),

we set
V., 2) = |z|7*Us(y, 2) (2.13)
to obtain
0%V, | 9%V Vs
— )5 2y =
oz Tz THA- Wz =5 =0,(02) €L),
|21V, (v, 2)|,—0 = £:(3),((,0) € L),

|z|~#V,(y,z) - Oasy? + z%2 - o (2.14)

3 Method of solution:

Here, we will discuss the solution of the BV
P (2.14), when the domain of integration takes the
three cases (1), (2) and (3").
Case( 1" ):Consider the complex plane w =1y +
iz,i = v/—1and the transformation mapping
w=%52,f=u+iv (3.15)
Hence, we get
y=%(u2—v2),z=uv; (—ro<u<w;0<v<
o) (3.16)
Using the transformation mapping (3.15), the BVP
(2.14), yields
2w, 9*w,
ou? | o2

1 1
+M(1—H)(§+§)Ws
—s?(u?+v)W, = 0(u > 0)

uZ
(lulv) W (w, v)ly=0 = fs (7
as u?+v?- o,

(3.17)

) , o< U<
(lulv)=#W(w,v) - 0
W, v) =V, (5 (2 = v2),uv)

Also, the equivalence condition (2.12) becomes
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U (u, v)
ov '’

u2
(y=7,u>0>,

U(u,v) = ( (u? —v?), uv) = (lulv) "*W,(u,v)
(3.18)

To solve the BVP (3.17) we use the separation of

variables method

W (w,v) = X(WY )

Hence, we have

—2n@.(y) =u?#"11 ionm2”
v

(3.19)

d? a-p

d_u)zr [ulzu _Szu2+/12]X(u)=0, (—o<u<

o (3.20)

d? a-p

LRt =0, 0 <0<
(3.21)

where A2 is the constant of seperation.
To solve the formula (3.20), we use the substitution

(2c-1)

tZ
Xw) =t =« e 2F(t),t = |s|lu?

(3.22)
to get (see [13].P. 237)
2
dt2+(c—t)——aF—O (0<t<w),
a——(4,u+1)—m(c—,u+ ) (3.23)

The ODE (3.23), has a regular point at t = 0 and its
solution can be represented in thehyper-geometric
function F(t) = y(a,b;t). Hence, the solution of
(3.20) becomes

x@ = (VIsllul)" e

% |s|u2) (3.24)
The function X (u) of (3.24) is bounded for u = 0and
0<u< %,

|s|_ (4#+1_£
4 4|s|’“+

while , for |u|l — oo, X(u) is unbounded.

Therefore, to obtain bounded solution in the hyper-
geometric formy(a, c; |s|u?), we assume (see [14])
A, =Un+1+2wls|l(n=0,12,..) (3.25)
Then, we use the famous formula (see [14] p.189).

1

i = (o0 3o (onae )

n

1
Z(u) is the Chebyshev-Hermit function
(Laguere function), to get

uo_lslu? 1
Xw) = (\/ISIIuI) ez L, 2(ISIuZ)(n=
1
0,1,2,...0<pu< E)
The second linear

1
tz"Ppla—c+1,2—

u
where L,

(3.26)
solution of (3.23), F(t) =

¢, t) , is unbounded when
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t - . Hence, the bounded function (3.26), for

—oo < u < oo, represents a unique solution of the

ODE (3.20).
Also, when 0 < v < o, we can obtain the unique
solution of the ODE (3 21) in the form

Y@) = (VIslivl) e
1
+E; Islvz)
(0<v<ow,0sp<i,n=012..) (3.27)

where T(e,B;y) is the Tricome function. The
relation between Tricome function and thehyper-
geometric function is (see [13] p.245)

1
T2 2 T(n+,u+2,/1

ri-c)
T(x,B;7) = mlp(% cv)
I'c—1) e _
Wv Yla—-c+1,2—-cv)
(c #n) (3.28)

Now, using (3.26),(3.28) in the fourth formula of
(3.17) we completely determine the potential function
W, (u, v), then using the result in the second formula
of (3.18), we obtain

Isl 2492
U(u,v) = ISI“e< 2 )) - 2(IsIuZ)T (n +u

1

ot Islvz)

(—oo<u<oo, 0<v<oo,lul <%,n = 0,1,2,...)

(3.29)
Also, if we use (3.29) in the first formula of (3.18),
we have

(DS(Y) =

1 1
antzunn) o ATENET 2 g, 0mg
()2 Feaed) Y 26 @ISO <
y <) (3.30)

With the aid of (3.29) and (3.16), when z = 0, the
second formula of Eq.(2.10) or (3.17), becomes

1

£:(0) = Us(y,0) = ( )I |Hesly L 2(2|s|y)

(3.31)
Using the two formulas (3.30) and (3.31) in (2.6), we
have the following spectral relationships with the
generalized Macdonald kernel
(K (ly —nDe™ u-3 H-y
[ A i = e * ()
o ly—nlimz"*
Vi 1 1 1
Gl G=w)r (n+5=) (w1 <5 =0)

(3.32)

w, =
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For obtaining the SRs when y < 0, we let, in (3.29),

2
u=0y=- 1%,hence, we can obtain
_1
[l e (i) (n+u+
0 ly-nl# e’ln%_“ vzr(u+s)

ol +§,—2y) (3.33)

Case(2):To obtain the solution of the BVP (3.16)

we use the elliptic coordinates [14]
@ =y+iz=acoshé,

i=v-1

E=u+iv,

ie.

y=acoshucosv,z=asinusiw,(0<u<w,

—T<v<m) (3.34)

The conformal mapping (3.34) transforms the

complex plane @ of the domain

L={lyl <a,lz| <o} into domain II=

{0<u<ow,—mT<v<m} Taking the

transformation mapping (3.34), into account, the

solution of the BVP (2.14),can be written in the form

V.(y,z) = V,(acoshucosv,asinlusiw) =

Vo (u, ),V (u, v) = F(W)G (v) (3.35)

Substituting from (3.35) into the first formula of

(2.14), after certain elementary manipulation, we

have the following two ODEs

F'(uw) — [a + 2q cosh2u — u(1 — u) si nh? u]F =
a?s?

0(0su<w,q=22) (3.36)

G'(v) + [+ 2qcos2v + u(1 — p)sin?v]G =

0 ((T<v<w) (3.37)

wherex is the constant of seperation.
The formula (3.37) reduces to (3.36), if we assume

v =1iu,i =+V—1; hence, we can limitourselves to
(3.37). For this GCv) =

JIsi wlH(@w), to get
2

CZ—IZ+cotvd—H+ [A+4ysiAv—visin?v]H =
dv dv

the

aim, Wwe assume

O,(A:a—%+2q,y:—q,v:%—,u) (3.38)
After obtaining the solution of (3.38), the general
solution of (3.37), for m>0,0 <v <m ,can be
written in the forms (see[10])

Gy () =VsiwP? _(cosv,0)
1
_,6im)27r(1 - 2v)

raia-v)
=~ (2! L
mbgm—w—m(@)gzr (cosv)
r=0

(n =2m) (3.39)
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and

Gy (v) =

L (si 2T (1 — 20) & (—1) ™ (2r + 1))
ra-v — r@r+2-2v)

1
X D¥ms1-vr-m (0)CE, ., (cosv), (n = 2m +1)
(3.40)
where GF(x) is the Gegenbaur polynomial, and the
recurrence coefficients b}fr(H) can bedetermined by

using the following orthogonal relation [14],
n!

fon[G;l](‘U)]sz — hn — {F(n+1—2v).(n+%—v) (n = 1)
{re-2v)}?* ®m=0)
(3.41)

Using the two formulas (3.39) and (3.40) in (3.41),
we obtain

o [y @] = [2] =

- neven
3.42
%(n —1) n odd .42
Where
Ay

i{ ! [F(Zr +1-2v). (Zr + % - v)] -1

as (m=2m,m=0)

-1
i Q@r + 1! [F(Zr +2 —2v). (Zr + % - v)]
k as(n=2m+1,m=0)
(3.43)
Since the unique solution of the ODE (3.36) is
bounded in the interval u € [0,00) andvanishes at
infinity, then it can be assumed in the form
EY(u) = \/mSZE,) (coshu,8)(0 < u < )
(3.44)

where S,Zf,) (coshu,f) are spheroidal wave
equations of the third kind, see [10,14].
By following the same way of [10] p.90-91, we can

arrive to the spectral relationships.

a Kulslly-ul) . , -2 _
f—aly——ull‘-(a —u?)zPY_ (u,0)du =

8p(a® —y»zph;_(3,0) (3.45)
Wherest.(u,H) represents the solution of (3.38) and
given by
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st.(u, 9) =

2 (1 bR (W) (6 = =,/ =1 —v)

(3.46)

/is the characteristic index and P} (u) is the Legendre
polynomial of the first kind of order m. Also,

5v = (—Dlzlg, si ). azvq 2" [2s|H21
x BY(8)DL(8)[EX(6)] 2

B (0) = (Dl Y b @K r(24),
=

D¥(6)

2]

- Or!l"(n+,u+1—r)
r=
E7 ()
1 O (=D +20)1bE,,(6)
T n! I'(n+2u+2r)
. 5]
_— —-1)"b;%, . (6);
o 2, CU )
r=—0
g = { 1 (n=2m)
" l-1 n=2m+1)
The famous coefficients K# (8) of spheriodal wave
function of the first kind S;;(l) (u,8),m = 0is given
by Bateman , Ergelyi [13] p.175.The SRs for |y| > a
can be discussed from the transformation mapping
(3.34) by putting v=0to gety >a, and v =7 to
have y < —a. Therefore, we have

a Ky(slly-ul . , N—2
e — 2
f_a ly—ul# (a u ) Psn—v

r"Frl—-n—u—r)

(3.47)

(w,y)du =

uisgn y(y?2 —a?)zste (lyL, )yl > @), (3.48)

Where
Un

= 0l si ) .2 25 M2 DR () [EX ()]

. Ym2qe 2z (n =2m)
Pn=1, in(1-1) (3.49)
Jmiqe 2 n=2m+1)

As an important case, the SRs when ¢ = 0, can be
obtained, afterobtaining the solution of the BVP of
(2.10), in the form

Us(,2) = Fken (t, —q)cen (v, —q) (3.50)
where ce,(x, —q) and F,k,(y,—q) are the Mathieu
functions of order n of the second andthird kind,
respectively. Then, using (3.48), in (2.11), when
u = 0, and introducing the results in (2.10), to have

(=1)"bE_, (8 [Z (—1)"bZ_,(8) l

a Ko(slly-ul) -
if_ao—cen[cos tu,—qldu =

[a2—32

Fekn(0,—q) _
—mcen[cos ly,—q] (yl<a,n=0)
g lyl+/aZ—yZ
S ACOLA'S [l R g lyl > a

3.51
where, Ky(|s|ly —ul) is the Macdonald furEctior?,
and
v, = —mcen (0, —q)[Fk'» (0,—q)] 7Y,

1 n==22m
) = {sgny n=2m+1 (m >0,q= QZ:Z)

(3.52)
Case(3"): Here the transformation (3.34) transforms

the region L into a region IT = {—o0 <u < 0,0 <
v < m}, where the point v = 0 in I1 is equivalent to
y=ainl, and ,v = m is corresponding to y < —a.
Hence, in this case, the solution, of the BVP (2.14) is
equivalentto the solution of the ODE’s (3.36) and
(3.37), where —oo < u < 0,0 < v < . Thesolution
of Eq.(3.36) in the interval —oo < u < oo, is the same
solution of Eq.(3.37) inthe interval 0 < v < m, after
replacing @ by —a . Also the formula (3.37) will
satisfy theperiodic conditionG (r — v) = G(v). The
general  solution of (3.37), after using
conditions G, (m — v) = £G;5,(v) ,0 <v <m, for
even and odd respectively, and the famous
relation,see [14],

- r(y+v+2r+1).r (y—v+1) [b{/],r(e)]z _

T==® ry—v+2r+1) I (y+v+1)  2(y+2r)+1

1
71 (B70(8) = 0) (3.53)
takes the form
G;—f,, =

Vsi W{PS';(cosv,H) +

2 tanmd,)
o Re {cot(msl)

0v=3—p; & =3 (u—11)) (3:54)
Also, the solution of the ODE (3.36), becomes
1
EY(u) = +/Isi nh||t anhu|"(cos hu)_%’(e)

X > (=1}, (O)Kirar (2/7 coshu)

r=—ow

1 .
- .Q;’y(cosv,H)},(y——E+LT,T>

(3.55)

MO (w2q) Ted T30, [ Z (—1)Tb;,(9)l (=0

r=—co

<u<w;T>0)
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The general solution of BVP (2.10), yields

Us(y,z) = (Isi nhu|si w)™*EP (W)G; W) (= <
u<ow,0<v<n) (3.56)

where G;—f,,(v) andF;(u) are completely determined

by (3.54) and (3.55), respectively.
After using (2.10), then (2.9), we can arrive to the
following SRs:

foo{K#(ISIIy—uI)i
a ly—ul#

Ku(ISIIy+uI)} (u? —
ly+ul#

2)_55;,’(3)(u,9)du =
23,(a? - yZ)ES;,’B)(u,H)(y >a). (3.57)
KO [F,0)]

3
A5, = m2a® (2]s|)7#

K7,(6)

=[r-v)I™* ) Relby,©)]

r=—0
tanmd,)

+ - tsi ) I'(v) {Re [cot(msl)

.i(—l)fb;,r(a)

f,0) =+ {Re [tcjtrggg D, @ra

— 26, +2r) (r(25 + Zr))_l}

. 1 1
iT), T>0,y=—=+ir,v==—1u

1
6, = 2 (- > >

The spheroidal wave function, for 0 <y < a, we
have 0 < v < g is defined in the form (see [4] p.173-
175),

S}’,’m (coshu, 6)

= [wsi nknT)] 1™+

x {si f2nd) K} (0)Q1-, -1

—isi ﬁZnSl)I?;’(H)Q;’y (coshu, )},

(—0o < u < ),
K2 (6)

14 3 . = -1
1 (§) @B Y (-1, @)]

r=—o

x L’;(e)[u;(e)]‘l,
15(0) =

(3.58)
le(H) (y = —%+ ir,r>0,y, =

1 1 ,
v-LlLv=--u6 =5~ LT))-
Then, the SRs, in this case, take the form
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oo (Ku(slly—ul)
fa{ ly—ul# t

Ku(|s||y+u|)} -
ly+ul#

2)_55;,’(3)(u,9)du =

hy,(a* - yz)EH;—ﬁ,, (cos‘lf) 0<y<a),
h, =
Y.v

(3.59)

+2_%ﬂ%a2"|s|‘” X
[t ar(ndl)
cot(md,)’

2r) (r(26+2r)) } ,

Hf,(v) = (siw)” 26 (V)
WhereGf, (v) are given by (3.54).

Yr=o(=D"by,(0) (1 — 26, +
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