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Abstract: Using the L; —norm and the concept of the non-dominated vector, this paper presents a method to find a
well-dispersed subset of non-dominated vectors of a multi-objective integer linear programming (MOILP) problem.
In each iteration of the proposed algorithm only the right hand side of an integer linear programming problem is
modified and then this problem is solved. With this approach, the optimal solutions of these single objective
programming problems are the non-dominated vectors of the MOILP problem. The number of constraints and
variables of these single objective problems are same, i.e. the iterations of the proposed algorithm do not increase
the number of constraints and variables of these single objective problems, while the iterations of the previous
approaches increase the number of the constraints and variables. Each iteration of the proposed algorithm finds at
least one element of the well-dispersed subset of non-dominated vectors. The proposed algorithm is convergent and
its applicability is illustrated by using a numerical example.
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1. Introduction studied in this paper.

Numerous algorithms have been designed to Sylva and Crema (2007) propose a method
solve multi-objective integer linear programming for finding a well-dispersed subset of non-dominated
(MOILP) problem. Pasternak and Passy (1973) solutions based on maximizing the infinity norm
conducted an earlier study on designing solving distance from a set of known solutions. They claim
methods  for  Multi-objective  integer  linear that their approach originally provides a variant of the
programming (MOILP) problem. They used the procedure by Sylva and Crema (2004). The major
concept of implicit enumeration to resolve O0-1 drawback of this approach is the difficulty of solving
bi-criterion linear programs. Bitran (1979) used the constrained problems due to increasing number of
relaxation techniques to generate non-dominated constraints and binary variables.
vectors. Bitran (1979) also reported some In the current paper, authors develop a one-stage
computational results. Deckro and Winkfsky (1983) algorithm  which determines at least one
reported computational results in terms of implicit non-dominated vector in each iteration. The proposed
enumeration compared to Bitran’s works. Liu et al. method solves a single objective integer
(2000) proposed a method using data envelopment programming linear program in each iteration and
analysis (DEA) technique to generate some iterations do not increase the number of constraints
non-dominated vectors of 0-1 MOLP. Liu et al. and variables of these single objective problems. The
(2000) used BCC DEA model (Banker et al. (1984)) proposed algorithm reduces computational efforts for
to evaluate the generated vectors. The existence of solving MOILP problem. For large problems, the
the convexity constraint in the BCC model may improvement can be much more significant.
eliminate some non-dominated vectors of the 0-1 The organization of this paper is as follows.
MOLP problem. Liu’s method does not obtain all Section 2 presents a background MOILP problem.
non-dominated vectors. Jahanshahloo et al. (2004) Section 3 introduces the proposed method for finding
proposed a method for generating all non-dominated a well-dispersed subset of the non-dominated vectors
vectors of 0-1 MOLP. Corresponding to of an MOILP problem. Section 4 illustrates the
non-dominated vectors which obtain in a iteration, procedure using a numerical example. Finally,
their method adds some constraints and variables to conclusions are presented in Section 5.

0-1 single objective problem of next iteration.

If the number of objective functions of 0-1 2. Background
MOLP problem increase then, the constraints and Multi-objective programming is an important
variables which are added to 0-1 single objective research area as many practical situations require
problem will be increased, therefore solving problem discrete representations by integer variables and
needs more computational effort. This deficiency is many decision makers have to deal with several
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objectives. The Multi-Objective  programming
problem with s-objectives is defined as:
mx (W), ... s(W)) 0
st. WeX
where f;, .., ,f are the objective functions and X is
a feasible region.

Definition 1: W € X is said to be an non-dominated
vector of problem (1) if and only if there does not
exist a point W° € X, such that:

(AWO), oy W) Z(f(W), .. sf W))
and inequality holds strictly for at least one index. If
all variables are restricted to be integer and all
objective functions and constraints are linear then,
problem (1) is called multi-objective integer linear
programming.

When all of the constraints and the objective
functions are linear the model is as follows:

mx {C;W,-,C,W}
s.t. AW < b,Vi )
W e zm
where, Cr=(C1py )l =1, .., 3 A=
@y @ =1 ... m Z}={(z .. BIfE

{0,1,2, .}, j =1, ., a3d W =(wy, .. w.
The set X, which is defined as follows:

X={W | W<b, WeZ, i=1, .., n},
is called the set of feasible solutions of problem (2).
Let X be bounded. Corresponding to each W € X
the vector Y is defined as follows (Jahanshahloo et
al. (2004)):

Y=y, . T =(C,W, .., T,
Definition 2: It is said that the vector Y =
(% . W) dominates  the  vector Y° =
(W2, ... T if for each r(r =1, .., s), Iy,

and there is at least one [ such that y, >y /.

Definition 3: The set F, which is defined as
F={Y | Y=qW, .., W), AW <b,, i
=1, .. m WeZ},
is called the values space of the objective functions in
problem (2).

Let g, =C, W (r =1, .., s)where W," is the
optimal solution of the rt*(r =1, .., s)problem
from the following problems:
gr =mx C, W 3)
s.t. AW < b, Vi

W eZ}

Definition 4: The vector g, which is defined as

g=0g1, - O =(CWy, .., VT,
is called the ideal vector (2004).

Theorem 1: For each W € X, the vector g =

42

(G, - 9T dominates the vector

Y=(C,W, .., T #g.
Proof: The proof is similar to that of Theorem 2.3 in
(Jahanshahloo et al. (2004)) and is not repeated here.
O
3. Non-dominated vectors of MOILP problem

As noted by Jahanshahloo et al. (2004), to find
the non-dominated vectors of problem (2), we can
specify W e€X such that g-Y=(g,-—
W, .., g—CW)T is minimized. To this end, the
following problem may be solved:

mn {g;,—-CW,g,—
C,W,...,gs — C,W} 4)
st. AW <b;, Vi
wWeZl

As there is no preference between the objective
functions of problem (4) the sum of the absolute
value of deviations (that is X3_,|g, —C,W]) is
minimized. Since for each W €X, g =C,. W (r =
1, .., shence:

m Nyey 251 |gr — CG;W| =1 nyey X5-1(9r —
C,W)

=25=1 gy t 1 ey X3 (—CW)
= X3o19r — MX ey Xomg G W.

Therefore, problem (4) is converted to the following
integer linear programming problem:

6; =max X5_,CW
s.t. AW < bvi (5)
W e zn.

Theorem 2: Each optimal solution of problem (5) is
a non-dominated vector for problem (2).

Proof:The proof is similar to that of Theorem 1.3 in
(Jahanshahloo et al. (2004)) and is not repeated here.
O

Let E, ={ W}, .., W} be the set of the optimal
solutions of problem (5) and I, ={1, .., k}As can
be seen, if X+#¢ , then E, #¢ . Suppose that
Y =(yi, o ) =(QW", ., W), j €J . We
consider the following set.
Yo ={yly <Xjer, 4 ¥j Ljer, 4 =1, 4€{0, 1}, j €
Ih}.

It can be seen, for X =X —E , we have,

i Ny ex Zf:l |gr - C,,Wl > Zi:l gr + 96
= Zi:l 9r +m nWeY 27€=1(_Crw) > Zi:l 9r + 96
= 1 Nyex Dir (—C W) > 6
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Therefore, we have the following Theorem.

Theorem 3: There is no non-dominated vector for
2), say W € X, with Y5_,C, W =6..

To find another non-dominated vectors of
problem (2), we determine a non-dominated vector of
problem (2), say W;,; € X, such that W, is an

optimal solution of the model
m Ny ey X7=1 9, —C,W|.

Therefore, Yerr =Visrr o 1) =
(GWiiss o V)T €Y,. That is the following

inequalities are not satisfied simultaneously.

1 1
Virr < Zjer, 4 V)
2 2
Vierr < Zjer, 4 Vi

Vi1 S Z]'EIO A; y]'s

where Y e, 4 =1 and A; € {0, 1}In other words,
we have
View > Z]'EIO A y]'l or
Vin > Zjao A y]'z or
: (6) or
Virr > Z]'EIO A y]'s-

where Y, 4 =1 and A4; € {0, 1} That is, there
exists i (i €{1, .., s9gh that y;,, > ¥ 4y,
Therefore, there exists i (i € {1, .., sguch that
Vi >MRX jo { %} =y5, 4 =1, 4=0,j €4, j #
q. Therefore, using (6) we can consider the following
constraints:

Vier >mixj610{)§'1} :)% or
Vi >TRX jelol 352} :l? or

5 (7)
Vi >MBX jer { }f} =y .

In other words, 3i €{1, .., sjuch that y., >
max e { };‘} .Let M be a large positive real number
and §; € {0, 1}for i €{1, .., shstead of (7) we
consider the following constraints which are satisfied
simultaneously.

Vierr > rmx]-go{y]-l} - Mé,
Vien > nBXjEIO{y]'Z}_Mdz

: (®)
Vis1 >MBX jelod }f} —Mé;
?:1 6,: <s-—1
6;€{0,1},i=1,..,s.
non-dominated

Therefore, to obtain another
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vector of problem (2) we consider the following
model:

07 =
mx 3., CW
s.t. AW <b,Vi
7€=1 CrW < 96
G W >max jg { '} —M6,, Vr
}:gzl 6,: <s-—1
6., W eZ}lvr.

Note that, if &, =1, then the -constraint
C,W >nmax jg { )/} —M§6, is redundant. The
constraint 27 _;8; <s —1 implies that at least one
of the constraints C.W >max je { )} —M6,,
r =1, .., sis not redundant (we can choose
MBX ;< <s{27=1 | ¢;]} as alower bound for M).

Let {Wfy,, ... Wiq} be the optimal solutions
of problem (9). Using I, =I,U{k+1, .., k+}=
{1, ., k, k+1, .., k+gk can obtain another
non-dominated vector of problem (2). Therefore,

6; =
mx
s. t.

Zf‘:lcrw
W <b,, Vi
7€=1CrW < 9;

C,W >nmax ielo{ f} -Més,, Vr
le(s,: <s -1

6, WeZ, vr.

Theorem 4: The optimal solutions of problem (9) are
the non-dominated vectors of problem (2).

Proof: Let W™ be an optimal solution of problem
(9) and by contradiction, suppose that W* is not
non-dominated vector of problem (2). Hence,
problem (2) has a feasible solution, say W?°, so that:
CwWe=CW*r=1,..,sand

3i,i €{1,..,s} GW° =C;W". (1)
SinceW * is feasible solution of problem (9),
GW* > max g {y;j} — Mé,, 7 = (12)

1,..,s.

From (11) and (12) we conclude that, C,W° >
rmxje,o{y]-r} -Mé6,, r =1, .., s.
Therefore, W is a feasible solution of problem
(9). By summing inequalities (11), we will have
521 C,W?° > 37 C,W* which is a contradiction.
m

To illustrate the proposed method, let we consider
Figure 1, in which g is ideal vector and s =2
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Using model (5) we have,
Xi1Gr + My X2 (CW ) =

72’:1gr - nglch* = 72’:1gr +9:; =AB + Byl b
where W™ 1is an optimal solution of the model (5),
and Y, =(C,W*, GW™) is its objective vector.
Therefore, W* is a non-dominated vector of the
model (2) and in the first iteration, model (9) finds
W* as second non-dominated vector with Y, =
(GW*, GW™). Because,

72’=1g7’ _272’=1( _CrW*) = 72’=1gr + 9; =AD +

Dy, & AD+DyAB+ By,.
Y2
C.B A
A L
. .. * L D
i h

Figure 1: The objectives values space with s =2

3.1 The Proposed Algorithm

Step 0: Solve problem (5) and suppose that I, is the
indices set of its optimal solutions,

Step 1: Solve the following model:

0; =
mx 5., CW
s.t. AW < b, Vi

7€=1 Cr w< 9;—1
GW >max jg { ¥} —M6,, vr
le (Si <s-—-1
6., WeZlvr
and suppose that F, is the set indices of the optimal
solutions of model (13).

Step 2: If F, is empty, stop. Otherwise, put
Iy =144 UF,_q, where F, ={}, and go to step 1.

Theorem 5: The optimal solutions of problem (13)
are the non-dominated vectors of problem (2).

Proof: The proof is similar to that of Theorem 4 and
is omitted. O

Let Eq={W1*, .o W} be the set of the
non-dominated vectors of problem (2) which have
been generated by iterations 1 trough q of the
proposed algorithm.

Theorem 6: The proposed algorithm is convergent.

Proof: The feasible region of problem (2) is
bounded. Therefore, the number of its feasible
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solutions and the efficient solutions are finite. On the
other hand, the proposed algorithm finds a subset of
the efficient solutions. Therefore, the proposed
algorithm is convergent. O

4. Numerical Example
Let us consider the following 0-1 MOLP:

max 3w + 6wy + dwy — 2wy + 3ws

max 6wy + Twy + 4wy + 3w, — Swy

max Swy — 3wy + Swg — 4wy + 3wy

st. 2wy + 3wy + 8wy —wy +dwy < 13
6wy + 2wy + 4wy + 4wy — 3wy < 15
qwy — 2wy 4 6wy — 2wy + wr < 11

wy, Wo, w3, wy, w5 € {0,1}.

This problem is an adaptation of an example from
Liu et al. (2000).

Step 0: Initially, we solve the following 0-1 linear
problem and form the set I,

min —14wqy — 10we — 17wy + 3wy + 2ws

s.t.  —2w; + 3ws + 8wy — wy + 5wy < 13
6w, + 2wy + 4wy + 4wy — 3wy < 15
dwy — 2wy + 6wy — 2wy + ws < 11

wy, Wy, Wy, wy, wy € {0,1}

where, »3_,(—C, W) =—14w; —10w, —17w, +
3> 2ws. Wy =(1,1,1,070)s an optimal
solution to this problem and 6; =—41 is its optimal

value.  Therefore, W=(1,1,1,070)is a
non-dominated  vector, Y; =(14, 17, 16) and
I, =1, ={1}.

Iteration 1
Step 1: To obtain a new non-dominated vector we

solve the corresponding problem to [, with

M =100

min —14w; — 10w — 1Tws + 3wy + 2wy

s.t. —2w; + 3ws + Swy — wy + Swy < 13

6wy + 2wy + 4wy + dwy — 3wy < 15
lwy — 2wy + 6wy — 2wy + wp < 11
3wy + 6wy + Swy — 2wy + 3wy > 14— Mé,
Guwy + Tws + 4wy + 3wy — Sws > 17— Mé
5wy — 3wy + 8wy — 4wy + 3wy > 10— Més
14wy + 10ws + 17wy — 3wy — 2wy < 41
01+ L 65 < 2
Wy, W, W3, Wy, Wy, 01, 00,03 € {0, 1},

We have an optimal solution to this problem for
W5 =(1, 1, 1, 17 1yhich is a non-dominated vector
and 67 =-36.

Step 2: Using W, =(1, 1, 1, 17, 19e have
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Y, =(15129),F, ={2} # ¢, I, =, UF, =
{1,2}, max jeqy 5){ ¥} = max {14,15} = 15,
MBX jeq12){ ¥/} = max {17,12} = 17, and
MBX jeq12){ ¥} = max {10,9} = 10.
Iteration 2
Step 1: Using I, ={1, 2}we have the following 0-1

linear problem:

min —14uny — 10ws — 1Tws 4+ 3wy + 2uws

s.t. —2wy + 3ws + Bwy — wy + Sws < 13
6wy + 2wy + 4wy + 4wy — 3wy < 15
4w — 2wy + 6wy — 2wy + ws < 11
3wy + 6wy + Swy — 2wy + 3wy > 15— Mo,
6wy + Tus + 4wy + 3wy — Bwy 17— Mo,
Swy — 3w + 8wy — 4wy + 3wy 10 — My
14wy + 10ws + 1Twq — 3wy — 2wy < 36
d1 + 02 + 03 <2
w1, W2, W3, Wa, Ws, 01, 02,03 € {0, 1}.
By solving this problem, we obtain

W5 =(1, 0,1, 07,09nd 65 =-31.
Step 2: By W5 =(1, 0, 1, 07 OWe have,

Y, = (8,10,15),F, = {3} # ¢, Is = [, UF, =
{1,2,3}, maxe1 2{ ¥/} = max {8,15} = 15,
MBXje12){ ¥/} = max {17,10} = 17, and
MBX jeq12){ ¥/} = max {10,13} = 13,

Iteration 3
Step 1: The corresponding problem to I; is as
follows:

min —14wy — 10wy — 17wy + 3wy + 2wy

s.t.  —2w; + 3w + 8ws — wy + 5wy < 13
6wy + 2wy + dws + 4wy — 3wy < 15
duy — 2wy + 6wy — 2wy + wy < 11
3wy + 6wy + Swg — 2wy + 3wy > 15— Mé
6uny + Tws + 4wy + 3wy — Sws > 17— Mé,
by — 3wy + 8wy — 4wy + 3wy > 13— Mé;
14wy + 10ws + 17wy — 3wy — 2ws < 31
61+ 8y 4 63 = 2

Wy, Wa, Wy, Wy, Ws, 0, da, 03 € {(] 1}
By solving the above problem, we have W, =
(1,0, 1, (F,1§ =-29.

Step 2: Using W, =(1, 0, 1, 0T I¥e have,
Y, = (11,2,16),F; = {4},], = I, UF; =
{1,2,3,4}, max ¢, {y}} = max {1511} = 15,
mex e, {y;} =mx {17,2} = 17, and
mex e, {yj} = mx {13,16} = 16.

Iteration 4

Step 1: The corresponding problem to I, is as
follows:
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min —14uy — 10wy — 1Tws + Jwy + 2wy

s.t. —2w; + 3ws + Bwg — wy + dSws < 13
6wy + 2wq + 4wy + dwy — 3wy < 15
lw, — 2wy + 6wy — 2wy + wy < 1
3wy + 6ws + Sws — 2wy + ws > 15— M
6wy + Twy + 4wy + 3wy — Bwy, > 17— Ma,
5wy — 3wq + 8wy — 4wy + 3wy > 16— Mds
14wy + 10wy + 1Tws — 3wy — 2wy < 29
rj‘1 =+ t"{-_; o r)\;{ _ 2
Wy, Wy, W3, Wy, Wy, 61,02, 83 € {0, 1}.

Step 2: The above problem is infeasible. Hence, the
algorithm has terminated and W;* =(1, 1, 1, 07,0)
Wy =(1,0,1,001W =(1,1, 1, 171) and
Wy =(1,0,1, 0T 0)are the elements of the
well-dispersed subset of the non-dominated vectors.

5. Conclusion

The major drawback of the previous
approaches is the difficulty in solving the constrained
problems due to the increasing number of constraints
and binary variables with an increase in the number
of the non-dominated vectors, and therefore they
increase computational efforts to find the
non-dominated vectors of an MOILP problem. This
paper presented a convergent algorithm to find a
well-dispersed subset of the non-dominated vectors
of an MOILP problem using L; —norm. In each
iteration of the proposed algorithm, at least one
non-dominated vector is found, and it does not
increase the number of constraints and binary
variables of the constrained problems. In each
iteration, the proposed method modifies only right
hand side of some constraints of a single objective.
Therefore, proposed algorithm reduces the
computational efforts for solving an MOILP problem.
A modified version of this algorithm can be used for
solving a multi objective mixed integer linear
programming problems.
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