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1. Introduction O ((x *y) *(x *z) *(z *y)=0,
The concept of a fuzzy set was introduced by () (x * (x *vy) * y=0,

Zadeh [17] and was used afterwards by many other

outhers in various branches of mathematics. In 1966, n - x * x=0,

Imai and Ise’ki [6] introduced the notion of Iv) x * y=0and y * x =0 imply x =y,

BCl-algebras. Xi [16] applied the concept of fuzzy forallx,y, z € X.

set to BClI-algebras and gave some properties of it.
After that Jun and Meng investigated further
properties of fuzzy BCl-algebras and fuzzy ideal [see
{[2],[13],[7], (8], [10]}]. S .M .Mostafa [15] gave
some properties of a fuzzy implicative ideal in
BCK-algebra .Liu and Meng [11] introduced the
notion of sub-implicative ideal and sub-commutative

We can define a partially ordered relation < on X
as follows:
x<y ifand only ifx * y=0.

Proposition 2.2. ([6])
A BCl-algebra X satisfies the following

ideal in BCl-algebra and investigated the properties propertlis. % o % %

of this ideals. [2] Biswas introduced the concept of (1) (x * Y) z=(x z) ¥,

anti-fuzzy sub-group. Modifying this idea, in this @) x 0=x,

paper, we introduce the concept of anti-fuzzy sub (G) 0* (x* y=0%*x* 0 *y),

implicative ideal of BCl-algebra and investigate (4 x * (x* (x*y)=x*y,

some related properties. We show that in implicative G)x *z) * (y * z<x * y,

BCl-algebra a fuzzy subset is an anti-fuzzy ideal if (6) x*y=0impliesx*z<y*zand z*y<z*x.

and only if it is anti-fuzzy sub-implicative ideal, and

a fuzzy subset of a BCl-algebra is a fuzzy In what follows, X shall mean a BCl-algebra

sub-implicative ideal if and only if the complement unless otherwise specified.

of this fuzzy subset is an anti-fuzzy sub implicative

ideal. Moreover, we discuss the homomorphic Definition 2.3. ([6])

pre-image (image) of anti-fuzzy sub-implicative A non-empty subset I of X is called an

ideal. Finally, we introduce the notion of Cartesian BCl-ideal of X if it

product of anti-fuzzy sub-implicative ideal and then satisfies:

we characterize anti-fuzzy sub-implicative ideal by L) 0 €1

it. (I,) x * y € Tandy € Timplyx € L

2. Preliminaries Definition 2.4. ([13])

Definition 2.1. ([6]) A BCl-algebra is said to be implicative if it
An algebra (X; *,0) of type (2,0) is called satisfies:  (x = (x*y)) * (y*X) =y * (y* X).

a BCl-algebra if it satisfies the following axioms:
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Definition 2.5. ([11])

A nonempty subset I of X is called a sub-implicative

ideal of X if it satisfies:

(Il) 0 € L

(I3) (x*(x*y))*(y*x))*z€l andzelimply
y*(y*x)€ Iforallx,y,z € X.

Theorem 2.6. ([2])
Let I be an ideal of X . Then I is sub-implicative

if and only if ((X*(Xxy))=(y=x)) € I implies
y«(yxx)€I.

Theorem 2.7. ([11])

Any sub-implicative ideal is an ideal, but the
converse is not true.

Definition 2.8. ([17])

Let X be a non empty set. A fuzzy set p of X isa
function x:X — [0,1]. Let u be a fuzzy set of X.
then for t€ [0, 1] the t-level cut of u is the set

w={x €X :ux) >t }and the complement of
u , denoted by u° , is the fuzzy set of X given by

1 x)=1-ux) for all xeX.

Definition 2.9. ([16])
A fuzzy set u of a BCl-algebra X is called a
fuzzy sub-algebra of X if p(x * y) > min {u(x), u(y)}

forall x ,y €X.

Definition 2.10. ([8])

A fuzzy set xin a BCI-algebra X is said to be a
fuzzy ideal in X if it satisfies

FPu0) = u(x),

(F)u(x)= min { gz (x*y), u(y)} for all x,y € X.

Definition 2.11. ([9])

A fuzzy set u of X is called a fuzzy sub-implicative

ideals (briefly, FSI-ideals) of X if it satisfies:

(F1) #(0) 2 pu(x)and

(F3) 1 (y* (y*x) 2 min{ u (((x* (x * y)) * (v * X)) * 2),
H#(2)} forallx,y, z € X.

Definition 2.12. ([5])
A fuzzy set p of a BCl-algebra X is called an
anti-fuzzy sub-algebra of X if :

px=y)<max{ux),u(y)} foralx,yeX

Definition 2.13. ([5])
A fuzzy set u of a BCl-algebra X is called an

anti-fuzzy ideal of X if it satisfies:
(AF) 1 (0) = u(x),
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(AFy) g (x) <max { 4 (x*y), 1 (y)},for all x ,ye€ X.

Proposition 2.14. ([5])
Every anti-fuzzy ideal of a BCl-algebra X is an
anti-fuzzy sub-algebra of X.

Definition 2.15. ([5])

Let u be a fuzzy set of a BCI-algebra X. Then for
t € [0,1] the lower t-level cut of u is the set

p'=xeX | ux<=<tl

Definition 2.16.([5])
Let x4 be a fuzzy set of a BCl-algebra X. The
fuzzification of ', t €[0,1] is the fuzzy subset

of X defined by :

= {u(X) if xeu

H
0  otherwise

3. Anti-fuzzy sub-implicative ideals

Definition 3.1.
A fuzzy set uof a BCl-algebra X is called an

anti-fuzzy sub-implicative ideal of X (briefly,
AFSI-ideal) if it satisfies (AF;) and (AF;)
a(y* (v x)) smax i p (((xx (xx y)) * (y * X)) * 2), 4 (2);

forallx,y, z € X.

Example 3.2. Let X = {0, 1, 2} be a BCI-algebra
with Cayley table as follows:

* |0 |1 ]2
0 [0]0 ]2
1 1102
2 121210

Define x:X —[0,1] by x#(0) = u (1) = t, and
u#(2) =t,, where ty, t; €[0,1] and t; < t; . By routine
calculations give that u is an AFSI-ideal of X.

Proposition 3.3.

Every an anti-fuzzy sub-implicative ideal of a

BCl-algebra X is order preserving.

Proof.

Let uxbe AFSI-ideal of X and let x, y, z €X be

such that x < z, then x*z = 0 and by (AF;)

w(y* (y*x) = max{u (((x*(x*y)*(y*x))*2),

4(2) Joreeeeeees (W)

Let y=x in (W), and using (1I), (2) , we get

a(x) =max { g (O (x* X)) * (x* X)) * 2), 41 (2) }
=max { u (x*2), u(2)} = max{ u (0), u (2)}
=pu(2).
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Proposition 3.4.
Every anti-fuzzy sub-implicative ideal of
BClI-algebra X is an anti -fuzzy ideal.
Proof.
Let x be an anti-fuzzy sub-implicative ideal of
a BCI-algebra X for allx,y,z €X,
p(y* (y*x)) = max{u ((x*(x*y)*(y*x))*2),
4 (z) }, puty=x, and using (II1), (2) we get
e (x) =max{p (((x* (x* X)) * (x* X)) * 2), u(2)}
= max {u(x*2z), u(z)}, for all x, z € X
Hence u is an anti-fuzzy ideal of X.

The following example shows that the converse of
proposition 3.4 may not be true.

Example 3.5.
Let X = {0,1,2,3} be a BClI-algebra with Cayley
table as follows:

* |0 |1 |23
010003
1 |1 (0|03
2 12121013
3 1313113 1|60

Define a fuzzy set x: X — [0,1] by« (0) = 0.2
and 4 (x) = 0.7 for all x # 0. Then x is an
anti-fuzzy ideal of X, but it is not an anti fuzzy
sub-implicative ideal of X because

a1 (1 2)) > max{ g (((2* (2= 1)) (1*2))*0),
1(0) }.

Proposition 3.6.
Let ube an AFSI-ideal of BCI-algebra X. Then

4 satisfies the inequality

w(y*(yxx) = p((xx*(x*y))* (y*Xx)).
Proof. Clear.

We now give a condition for an anti-fuzzy ideal
to be an anti-fuzzy sub-implicative ideal.

Theorem 3.7.

Every anti fuzzy-ideal u of X satisfies the inequality
p(y* (y*x)) <p ((x* (x*y)) * (y*x)) for all x,

y € X, is an anti-fuzzy sub-implicative ideal of X.
Proof.

Let ube an anti-fuzzy ideal of X satisfying the
inequality , s (y=*(y*x)) < u((x*(x*y))*(y*x))
< max{u (x* (x*y) *(y*x)* 2), u(2)} by
(AF,).which proves the condition (AF;). This
completes the proof .

Lemma 3.8.

Every AFSI-ideal of BClI-algebra is an anti-fuzzy
sub-algebra of X.

Proof.
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Let u be an AFSI-ideal of BCI-algebra X, then
p(y*(y*x)) < max {u((x*(x*y))*(y*x))*2),
1 (z) },puty=x,we have
4 (X)<max{u((x * z), u(z)},which imply that
px x zysmax {u(x * z) * z), u(2)}.
But(x * z) * z<x * z<Xx,then
u((x = z) * z)< u(x)[ by proposition 3.3]. So
4 (x * z) < max{ u (x), u(z)}, then xis an
anti-fuzzy sub-algebra of X.

Lemma 3.9.

If X is implicative BCI-algebra, then every
anti-fuzzy ideal of X is an AFSI-ideal of X.
Proof.

Let u be an anti-fuzzy ideal of X, then

4 (X)<max{u(x*z), u(z)} forallx,z €X.

So u(y*(y*x)) =max {u((y*(y*x))*2), u(2)},
but X is implicative BCI-algebra, then

(x* (x*y)) * (y*x) = y* (y*x), and hence

w(y* (y*x)) <max{u ((x* (x*y)) * (y* X)) * 2),
4 (z)}.Which shows that g is AFSI-ideal of X.

By applying proposition(3.4) and lemma(3.8), we
have the following Theorem:

Theorem 3.10.
If X is an implicative BCI-algebra, then a fuzzy
set u of X is an anti-fuzzy ideal of X if and only if it

is an anti-fuzzy sub-implicative ideal of X.

Definition 3.11.

A fuzzy set u in X is called an anti-fuzzy

positive implicative if it satisfies:

(AF) 1 (0) < (%),

(AF) p (x*z) < max {u ((x*2)*2)* (y*2) , 1 (2)}
forallx,y,z € X.

Analogous to (theorem 3.5 [11]), we have a
similar result for an anti-fuzzy positive implicative
ideal which can be proved in a similar manner, we
state the result without proof.

Lemma 3.12.
Let u be an anti-fuzzy ideal of X. Then the
following are equivalent:
(1) ¢ 1s an anti-fuzzy positive implicative ideal of X,
(i) p ((x*y)*z2) = w ((x*2)* 2) * (y* 2))
forallx,y,z € X,
(i) e (xxy) < p (x> y)*y) * (0*y))
forallx,ye X.
Theorem 3.13.
Every anti-fuzzy sub-implicative ideal of X is
anti-fuzzy positive implicative ideal of X.
Proof.
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Let ube an AFSI-ideal of BCI-algebra X. Then

4 is an anti-fuzzy ideal of X. for all x,ye X,
i (X * y) =u (X * (X * (X * y))) [by Proposition 2.2.(4)]
Sp(((x*y) * ((x*y) * X)) * (X * (X * y))) [proposition3.6.]

=p (x*y)* (x* (x*y))) * (x*y) * X))

=p ((x* (x* (x*y))*y)* (X *X)*y))

=u (x*y)*y) *(0*y)),by lemma 3.12), then
4 is an anti fuzzy positive implicative ideal of X.

We can easily check that the anti-fuzzy set win
Example 3.5 is an anti-fuzzy positive implicative
ideal of X. Hence we know that the converse of
Theorem 3.13 may not true.

Definition 3.14.

A fuzzy set 4 in X is called anti fuzzy p-ideal
of X if it satisfies:
(AF) 1 (0)=< u (),
(AFs) u(x) = max{u((x*2)*(y*z)),u(y)} for all
x,yz € X
Remark(1)
Every anti-fuzzy p-ideal is anti fuzzy ideal, but the
converse does not hold.
Remark(2)
Take z = x and y = 0 in (AFs), then every anti-fuzzy
p-ideal in X satisfies the inequality
ux)< 40 =0 *x))forallx €X.

Theorem 3.15.
Every anti-fuzzy p-ideal of X is anti-fuzzy
sub-implicative ideal of X.
Proof.
Let x be an anti-fuzzy p-ideal of X. Then x is an
anti-fuzzy ideal of X, and
(0% (0 (y* (y*x))) * ((x* (x> y)) * (y* X))
=(0# ((x* (x* y)) * (y* X)) * (0% (y * (y * X))) [by(})]
=((0 (x> (x* ¥))) * (0 (y* x))) * (0 y) * (0 (y * X))
[by(3)]
=(((0 * x)* (0 * (x * y))) * (0 * (v * x))) * (0% y) * (0 * (y * X))
((0xx)* (0= (x*y)))*(0*y) [by(5)]
((0xx)*(0*y))* (0 (x=xy)) [by(l)]
= (0x(x*xy))*(0x(x*xy)) = 0.
From remark(2) we have,
u(y*(yxx))= u(0 (0 =(y*(y=x)). But
(0 (0* (y* (y*x))) = ((x* (x*y)) * (y * X)). Since
every anti-fuzzy ideal is order preserving, then
w0x 0 (y*(yxx)) < p((x* (x*y))*(y*Xx)),
hence 4 (y* (y*x)) <p ((x* (x*y)) * (y * X)). From
theorem 3.7,we get x is an anti-fuzzy sub-implicative
ideal of X.
In the following example, we see that the converse of
theorem 3.15 may not be true.

A

http://www.americanscience.org

277

Example 3.16.
Consider a BCI-algebra X = {0,a,1,2,3} with
Cayley table

¥ [0]la|1]|2]3
0 [0]0|3]|2]1
a |a|0]|3|2]1
1 1110|132
2 121211103
3 1332|110

Define an anti-fuzzy set x: X —[0,1] by

1#(0)=02, pu@=05and u(1)= u2)=uQ?)
=(.7. Then u is a anti-fuzzy ideal of X in which the

inequality x (y* (y*x)) = p ((x*(x*y))*(y*x))
holds for all x, y €X. Using theorem 3.7, we see
that uis an anti-fuzzy sub-implicative ideal of X.

4 s not anti-fuzzy p-ideal of X , since
w(@)>max{u ((ax1)*(0x*1)), u(0)}.

Theorem3.17.
For any AFSI-ideal u of X ,the set

X, ={xeX | 4 (X)=u (0) } issub-implicative ideal of

X.
Proof.

Clearly 0 € X, Letx, yz€eX be such that
(X« xXxy))k(y=xx))=xzE X, andz € X, .
By (AF;), we have

a(y* (y* x))smax{  ((x* (x* y) * (y* X)) * 2), 1 (2)}
= 4 (0), which implies from (AF;) that

u(y*(y*x)) =u(0). Then y* (y*x)e X, ,

therefore X » is a sub-implicative ideal of X.

Applying Theorems 3.15 and 3.17, we have the
following corollary.

Corollary 3.18.
then the set X, = {xeX |,u(x): u#() } is a

If uis an anti-fuzzy p-ideal of X,

sub-implicative ideal of X.

Theorem3.19.
A fuzzy set u of a BClalgebra X isa fuzzy

sub-implicative ideal of X if and only if its
complement 4 is an AFSI-ideal of X.

Proof.
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Let u« be a fuzzy sub-implicative ideal of a
BCl-algebra X, and letx, y,z € X, then

pO=1- p0)<1- u(x)= u(x)
MO (Y*x)=1—p(y*(y*x)
<1-—min[ p(((x*(x* ) * (¥ *x)) * 2), u(2)]
= 1—min[1- 2 (((* (x* p)* (v * X)) * 2),1 - 1€(2)]

= max[ 46 (((c* (x* ) * (3 * X)) * 2), 46(2)].
So, w¢ isan AFSI-ideal of X. Now let 4 be an
AFSI-ideal of X, and letx, y,z € X, then
#(0)=1-x(0) = 1-u° (x) = u (x) , and
p(y*(y*x)=1- u(y*(y*x)

> 1 —max{u® (x*(x*y)*(y*x))*2), u°(2)}

= I —max{l—pu ((x* (x*y))* (y*X))*2), I-u (2)}

=min{ u ((x* (x*y)) * (y*x))*2), u(2)}.
Thus, u is a fuzzy sub-implicative ideal of X.

,and

Theorem 3.20.
Let pbe a fuzzy set of BCl-algebra X. Then

4 is an AFSI-ideal of X if and only if for each

t €[0,1], t > x(0), the lower t-level cut 4 is a
sub-implicative ideal of X

Proof.
Let ube an AFSI-ideal of X and let te [0,1] with

4 (0) <t. By (AF,), we have

#(0) < p(x) for all xeX , but x(x) <t for all
x€ 4 andsoo e u'.Letx,y,z € X be such
that ((x* (x*y))*(y*x))*z € 4’ andz € ', then
u(((x*(x*y))*(y*x))*z) <tand u(z) <t. Since
u is an AFSI-ideal, it follow that

H(y* (y*x) < max{u ((x* (x*y)) * (y* X)) * 2), 1 (2)}
<t, and hence y* (y* x) € u' .Therefore 4’ is sub-
implicative ideal of X.

Conversely, let 4’ be a sub-implicative ideal of X.

We only need to show that (AF;) ,(AF;) are true.
If (AF,) is false, then there exist xo € X such that

1
4 (0) > u(Xo). If wetake to =3 {u(0) +u(x0) },
then #(0)>toand0 < u (xo) <ty < 1.
u and p # ¢ . But

sub-implicative ideal of X, we have 0 € x" and so
4 (0) <to, contradiction. Hence x (0) < u (x) for all
x € X. Now, assume (AF;) is not true, then there
exist Xy, Yo, Zo € X such that

H (Yo * (Yo * Xo))>max{ 4 (((Xo * (Xo* Yo)) * (Yo * Xo)) * o),
H (zo)}. Putting

Hence x, € u'o s

1
SOZE { 1 (yo * (Yo * x0))+max { £ (o * (X0 * ¥0)) * (yo * X)) *
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), p(z)}}, then sy < 1 (yo* (Yo * Xo)) and
0 <max{ z (((xo* (Xo* yo)) * (Yo * X0)) * z0), 4 (Z0)}
<59 < 1. Thus we have
max { 1 ((Xo* (Xo* Yo)) * (Yo * X)) * Z9) <S¢, 4 (20) <So,
but g is an sub-implicative ideal of X, thus

Yo* (Yo*Xo) € p’or u( Yo (Yo*Xo)) < so .This a
contradiction, ending the proof.

Theorem 3.21.
If uis an AFSI-ideal of a BCl-algebra X. then

Iy is also an AFSI-ideal of X ,where t€ [0,1] and

t> 1 (0).
Proof.
From the theorem 3.20, it is sufficient to show that
( Hoy ) 9isa sub-implicative ideal of X , where

se€ [0,1]and 5> oy (0).
Clearly, 0 € ( Iy )5. Let x, y, z € X be such that

((* xxy)* (y*x)+2 € () andz € (u,)° .
Thus g, (X* (x*y) * (y*x)*2) < & and

o (z) <5.We claim that y*(y*x)e(u t)5 or
7

ty (yx(yrx) = o.If

(x*(x*y)*(y*x)*z € g and z € 4 ,then
y*(y*x) € 4, since ' is a sub-implicative ideal
of X. we have

ty (Y*(y*x) = u(y=*(y*x)

smax{u ((x* (x*y)) * (y*X)) *2), u(2)}

= max{u, (x* (x*y)*(y*x)) *2), 4, (2)} =6
and so y * (y * X) E(,uy, )5.

If ((x* (x*y) *(y*x)) *z & u' orz & u', then
(x5 (x5 y) = (y* %) *2) = 0 o, () = O,
then clearly Iy (y*(y*x))< § and so
yryrx) €(u,)°
sub-implicative ideal of X.

. There for (,uy, )5 is a

Definition 3.22.
A fuzzy set uof a BCl-algebra X is called an

anti-fuzzy sub-commutative ideal of X (briefly,
AFSC-ideal) if it satisfies (AF,) and (AF)
a(xx (xexy)) = maxiu ((y* (y* (xx (xxy)) * u(2)}

forallx,y, z € X.

Theorem 3.23.

Every anti-fuzzy sub-implicative ideal of X is
anti-fuzzy sub-commutative ideal of X, but the
converse is not true.
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Proof.
Let 1 be an AFSI-ideal of X. Then it satisfies

(AF;) and by (AF;) we have

(e (x* y)) smax{ g (((y * (y* X)) * (x> y)) * 2), 1 (2)}
for all x, y, z € X. But by using (1) and (4) we have
[(y* (yxx))* (xxy)] * [y*(y*(x*(x*y)) =
[(y* (y*(y* (xxx*y)))* (y*X)] * (x*y) =
[(y* (x* (x*y)* (y*x)]* (x*y) =

[(y* (y*x))* (x* (x* y)] * (x*y) <

(o (x* (x*y))) * (x*y) = (x* (x*y)) * (x* (x* y))=
0, wehave (y*(y*x)* (x*y)Sy*(y* (x*(x*y)),
which imply that ((y * (y* X)) * (x*y)) *z <

(y* (y* (x* (x*Y)))) * Z, ( by proposition 3.3) we get
H((y*@*x)*x*y)*z) < ((y* (y* (x* (x*y))*z).
S0 p (x* & * y)<max{ u ((y* (y * (x ¥ x* y))) * 2), 4 (2)},
hence x an AFSC-ideal of X. The last part of the
theorem is shown by the following example:

Example 3.24.
Let X = {0,1,2,3} be a BCl-algebra with Cayley
table as follows:

* |0 1]12]3
0 (0|0]|O]|O
1 |1({0]0]1
2 [2(1]0

3 13(3(3]0

Let x be a fuzzy set in X defined by

#(0)= z£(B3)=02and x£(1)=x(2)=0.8.1Itis
easy to verify that 4 is an AFSC- ideal of X, but it
is not an AFSI-ideal of X since z ((1 * (1% 2))* (2 1))
=u(0)=02<0.8=x(1)=p 2+ (2=1)). The proof
is complete.

4.Homomorphism of AFSI-ideal of

BCl-algebra
Definition 4.1.
Let f be a mapping of BCI-algebra X into

BCl-algebra Y and Ac X, B < Y. The image of A
nYis f(A)={f(a) | a€ A} and the inverse image

of Bis f'(B)=1{g € X | f(e) € B}

Definition 4.2.
Let X, * , 0)and (Y, = , 0') be a
BCl-algebras. A mapping f: X—>Y is said to be a

homomorphism if f x *y)= f (x) *\ f (y)
forallx,y € X.

Theorem 4.3.
Let f be a homomorphism of BCI-algebra X into a
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BClI-algebra Y, then:

(1) If 0 is the identity in X, then f (0) is the identity
inY.

(i1) If A is sub-implicative ideal of X, then f (A) is
sub-implicative ideal of Y.

(iii) If B is sub-implicative ideal of Y, then 7' (B)
is sub-implicative ideal of Y.

(iv) If X is implicative BCl-algebra, then ker /' is
sub-implicative ideal of X.

Proof.

(i) By using Definition 2.1 and Definition 4.2, we

have f(0) = f(0%0)= f(0)*' f(0)= 0'.
(i1) Let A be an sub-implicative ideal of X. Clearly
0'e f(4) .If

(S * (S FG) ) & (S0 F0) ¥ 1) @
f(4)and f(z) € f(A), then

S (= (x=y) = (y*x))*z) € [f(4) since [ is a
homomorphism, we have

(x*(x*y))*(y*x))*z €A and z € A. Since A is
sub-implicative ideal, then y* ( y* x ) € A and hence
Fys(yx)=f0) * (SO * f@) € [,
We have f(4) is sub-implicative ideal of Y.

(iii) Let B be an sub-implicative ideal of f(X),
since £(0)= 0',0 e f (B).

Let (x*(x*y))* (y*x))*ze £ (B),ze f (B)
forallx,y,z € X, then
f(((xx(x*y)*(y*x))*z)eB, f(z) eB.But
f is homomorphism, then

(£ * (S FOINE (SO = @ N* f(2)
Band f(z) € B, since B is sub- implicative ideal,
we have f(») *' (f(») * f(x)) =1 (y* (y*x))eB,

and hencey*(y * x) € fﬁl(B), then fﬁl(B) is
sub-implicative ideal.

(iv) Letx,y, z € X be such that
(x*(x*y))*(y*x))*zeker f,z eker f, then

F((xx (x=y) = (y*x))*2) =0', f(z)= 0, since
f is homomorphism we have

L) = (S LOIY N (fF) * f)N* f(z)= 0
(S = (f) = FOI N (F) * f(x)))*' 0'=
(S = (f) = FOI N (f) * f(x))) =

F((xx(xxy))*(yrx))= 0,
but X is implicative BCI-algebra, then

F(y*(y*x))= 0" ie.y=(y * x) e kerf.
Then ker f/ is sub-implicative ideal of X.

Definition 4.4.
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Letf: X — Y beahomomorphism of
BCl-algebras and B be a fuzzy set of Y, then B/ is
called the pre-image of A under f and its denoted by

A7 (x)=p( f(x)), for all xe X.

Theorem 4.5.
Let f:X —> Y beahomomorphism of

BCl-algebras. If 8 is an AFSI-ideal of Y, then 4/ is
an AFSI-ideal of X.

Proof.
Since A is an AFSI-ideal of Y, then

B(0)< B(f(x) foreveryx e Xand
so (0= (f(0)=p(0)= A(f )= 5 ().

Foranyx,y,z € X, we have

B (yx(y*x)=B(f (y*(y=x))

= BSOSO L)

<max| £ (£ (0 (f (0% £ @N* (f 0* £ )+
F @), B(S @)

=max[B(f((x*(x*y)) *(y*x) *2), B(f(2))]

= max[ 87 (e * (e * ) = (v * ) * 20, 87 ()]

Then B’ is AFSI-ideal of X.

Theorem 4.6.
Let f: X — Y be an epimorphism of

BCl-algebras. If A/ is an anti-fuzzy sub-implicative
ideal of X, then g is an AFSI-ideal of Y.
Proof.

Let B/ be an AFSl-ideal of X and y €Y, there
exist x € Xsuch that f(x)=y.Then
FO= A= X2z 0= p/O0)=
B(0"). Let x', y', z' €Y, then there exist x , y,
z e X such that f(x)= x', f()= »'
f(z)= z'. It follows that g (y'*' (y' = x")) =
BSD) * (SO * f0) =B (S (y*(y*x) =
B’ (y*(y*x))<
max {7 ((x*(x*y)) * (y*x)=*z), p/ (2)}
=max { f(f (x*(x*yN*(y*x)N*2), B(f(2))}
=max{ £ (((f0) * (f0) ' F0))* (FO) = £ )

f@)B (@)=

max{ A (((x' = (x'*'y) ' (' *x)*' '), B (")}
and hence 4 is an anti-fuzzy sub-implicative ideal of
Y.

and

5. Cartesian product of AFSI-ideals
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Definition 5.1. ([1])
A fuzzy relation on any set X is a fuzzy subset
i XxX — [0,1].

Definition 5.2.
If u is afuzzy relation on a set X and g is a fuzzy

subset of X, then x is an anti-fuzzy relation on g if
px,y)zmax {f(x), B(y)} forallx,y € X.

Definition 5.3.
Let 4 and A be anti-fuzzy subsets of a set X. The

Cartesian product i x 2 :X xX —>[0,1] is defined by
(ux2)(x,y)=max{u(x),1(y)} forallx,yeX.

Iemma 5.4. ([1])
Let x4 and A be fuzzy subsets of a set X. Then ,

(1) wpx2 isafuzzyrelation on X,
(i) (ux2), = pux 2, forallte[0,1].

Definition 5.5.
If pis a fuzzy set of a set X, the strongest anti

fuzzy relation on X that is an anti-fuzzy relation on
Bis pp givenby ug(x,y)=max{f(x), B(Y)}
forallx,y € X.

Proposition 5.6.
For a given fuzzy set B of a BCl-algebra X, let

4y be the strongest anti-fuzzy relation on X. If x4

is an anti-fuzzy sub-implicative ideal of X x X, then
Lx)=p(0)forallx e X.

Proof.

up (X, x) =max{ g (x), 8 (X)} = 15 (0,0) =
max{ g (0), (0)} where (0,0) e X x X, then
B x)=p4(0) forall xe X .

Remark 5.7.

Let X and Y be BCl-algebras, we define * on

X xY by, forevery (x,y),(u,v) eXXxY,

x,y) * w,v)=x * u,y * v). Then clearly
Xx*xY; = ,(0,0))is a BCl-algebra.

Theorem 5.8.

Let x4 and pbe AFSI-ideals of BCI-algebra X.
Then 4 x g is an anti-fuzzy sub-implicative ideal
of X x X.

Proof.
Let x4 and pbe AFSI-ideals of BCI-algebra X, for

every (x,y) € X x X, wehave
(1 B )0,0) = max{(0), #(0)}

smax{u(x), B} =(uxp)X,Y).
Now we let (x1,X2) , (Y1,¥2) » (z1,22) € X x X, we
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have (u > B)(y1,y2) *((y1,y2) *(X1,%)) =
(uxB)(yix(1*x1), 2% (y2 *¥X2)) =
max{x(y1 *(y1 * X)), B(y2 *(¥2 * X)) }<
max{max{ z (((x;* (X1 * y1))*(y1*X1))* 21), 1 (21)},
max{ g (X2 * (X2*y2)) * (Y2 * X2)) * 22), B (22)}}=
max{max{ z (((x;* (X1 * y1))* (y1 ¥ x1)) * zy),
B((x* (Xp* Y2 * (Y2 * X2)) * 20) },max{ p (1), B (22)} }=
max {(z x B)(((X1* (X1 * yD)* (y1*x1)) * z1,((X2 * (X2
*¥2)) * (Y2* X2)) * 20), (u % B )21, 22)} =
max {( % B )((((X1,X2) * ((X1,X2) * (Y1,¥2)) * ((y1,¥2) *
(X1,X2))) * (21,22)) , (4 > B )21, 22)}.

Analogous to theorem 3.2[15], we have a similar
result for AFSI-ideals, which can beproved in a
similar manner, we state the result without proof.

Theorem 5.9.
Let # and B be a fuzzy sets of a
BClI-algebra X such that x x g is an AFSI-ideal of

X x X. Then,
(1) Either g (x)> u(0)or B(x)> A(0) forall
x € X,

(i) If g = wp(0)forallx e X, then either
u(x)= p0)or p(x)= u(0),

(i) If p(x)= p(0)forallx e X, then either
u(x)z p0)or gx)= wu(0),

(iv) Either x4 or g is an AFSI-ideal of X.

Theorem 5.10.
Let g be a fuzzy set of a BCl-algebra X and

let wuz be the strongest anti-fuzzy relation on X.
Then g is an AFSI-ideal of X if and only if x4 is an

anti-fuzzy sub-implicative ideal of X x X.
Proof.
Assume that B is an AFSI-ideal of X. We note

from (AF)) that w4 (0,0) = max{$(0) , B(0)} <
max{ 8 (x), 8 (y)} =g (x,y) forall (x,y)e X xX.
For all (x1,X2) , (Y1,¥2) » (z1,22) € X XX, we get
Hp (Y1, y2) *((V1,y2) *(x1,%2)))
=Hp 1 *(y1 * x1),y2 *(y2 * X2))
=max { (1 *(y1 * x1)), (Y2 *(y2 * X))}
<max { max{ B ((xi*(xi* y)*yi*x))*z), S (@)},
max{ B (X2 * (X2* y2)) * (y2 * X2)) * 22), B (z2)} }
=max {max{ B (x: * xi * y1))* (yi * X)) * z1),
B2 * (¥ y2)) * (v2 % x2) * )}, max{ B (21), B (2)}}
=max{ pp ((x1* (x1 % y1)) * (y1 * 1)) * 23,((x2 * (%2 % y2)) *
(2% x2))* 2) 5 g (21, 22)}
=max{ g ((((x1%2) * ((x1,%) * (y1,y2))) * (y1,¥2) * (x1,%2))) *
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(z1,22)) g (21, 22)}-
Hence, 4 is an anti-fuzzy sub-implicative ideal of
X x X. Conversely, suppose that x4 is an AFSI-ideal
of X x X. Then forall (x,y) € XxX,
max{$0) , #O)} = up (0, 0) < uz(x,y =
max{ g (x), B(y)} followsthat g(0)< g (x) for all

x e X, which proves (AF;).
Now, let (x1,%2), (y1,¥2), (z1,2) € X x X Then,

max {B(y1 *(y1 * x1)), B(y: *(2 * X))} =
g (¥ (1% x1), ya* (2% x2)) =
Hp ((y1,y2) *((y1,¥2) *(X1,%2))) <
max { s (((x1,%2) * (X1,X2) * (¥1,52)) * (Y1,¥72) * (X1,%2))) *
(21,22)) g (21 ,22) }=
max { g (X1 * (x1* y1) * (y1 * X)) * 21, (X2 * (X2 % y2)) *
(2% %2)) *2), g (21, 22)}=
max{max{ £ (((x;* (x1 * y1)) * (y1 * x1)) * z1),
B (x2* (x2% y2)) * (y2* X2) * 2)}, max{ B (), B ()} } =
max{max{ £ (((x;* (x1 * y1)) * (y1 * x1)) * 1), B (21)},
max{ S (X2 * (X2* y2)) * (y2 * X2)) * 22), B (22)} }.
Take x,=y,=2=0,then f (y1* (y1 *x)) <

max{ S (xi* xi* y))*(yi*x1))*2z), B(z)}.Then S is
an anti-fuzzy sub-implicative ideal of X.
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