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Abstract: In this paper we shall study some bitopological properties via double topological spaces. We

characterize the notions of pairwise continuous (resp. pairwise open, pairwise closed)( P .continuous, P - open, P -
closed, for short) by a double continuous (resp. double open, double closed) mappings between double topological

spaces. Also, we characterize the notions of P - continuous (resp. P -open, P"- closed) by a supra double
continuous (resp. open, closed) mappings between supra double topological spaces. Finally, we investigate the
relationships between these types of mappings and give some counter examples.
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1. Introduction closed) mappings by supra double continuous ( resp,
The notion of a bitopological space (X , 7, open, closed) mappings. ] o
) ] ] ] Finally, we investigate the relationship
f,), that is a set X equipped with two topologies between these types of mappings and give same
¢, and £, was formulated by J. C. Kelly in [12]. counter examples.

Note that for the concepts and results that

There are several hundred works indicated are used but not stated here we refer to [[2], [8], [14]].

to the investigation of bitopological spaces. The book
[1] is a versatile introduction to the theory of
bitopological spaces and its applications.

Flou set stems from some linguistic
considerations of Ywves Gentilhomme about the

1. Preliminaries:
In this section we shall present the fundamental
definitions and concepts which will be needed in the

vocabulary of a natural language [6]. E. E. Kerre [13] sequel.
introduced the mathematical definition of flou sets Definition 2.1.[9] i) A double set & (D- set for short)
and binary operations on it. is an ordered pair
In this paper we follow the suggestion of J. G.
Garcia and S. E. Rodabaugh [5] that "double fuzzy (A, A2)| P(X)” P(X)suchthat A | A,.
set” is a more appropriate name ‘than "intuitionistic i) The family of all double sets on X, will be denoted
fuzzy set”, and therefore adopt the term "double-set" by D(X), i.e.
for the flou set, and "double-topology™ for the flou
topology. - | ’ .
There are several hundred works indicated to the DOO={(AL AL POO ™ POAT Al
investigation of double topology (eg [9, 10, 11, 15]) iii) The double set Az(x, X) is called the universal
In this paper, making use the relation between double set, and Lz (/ ./ ) is called the empty
bitopological spaces (BTS's for short) and double
topological spaces (DTS, for short), we characterize double set.
the notions of P - continuous (resp. P -open, P - Definition 22. [9] Let A =( A
closed) mappings by a double continuous (resp. open, Az)’ﬁz( B, Bz)l D (X). Then:
closed) mappings. I U I ]
Also, we introduce the notion of supra double 1)A ﬁ A. Bi =12
topological space (SDTS, for short) and characterize 2) A:ﬁ U A =B, i=12

the notion of P~ - continuous (resp, P~ -open, P~ -

&UE=(AUB A UB,)
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Ha! B=(Al B, Al By)
5 A =(A°, A°) where &° is the

complement of 4.
6) Let 7, /1, | P(X ). The double product

U
of A, and A, is denoted by, © h, and is
0
defined by A, © h, = {(A, A)l A~

h:Al A3

Definition 2.3.[9] Let f : X® Y be a mapping,
andlet A1 D(X)and B 1 dd{).

The image of & defined
by f (A)=(f (A), f (A,))and the preimage
ft(B) is defined by f* (B) = (f

(B)), ).
Definition 2.4 [9] Let X be a non- empty set. Then a

family D (X) is
called a double topology on X iff it satisfies the
following axioms:

= (X, X)| A

A Bl nthen AT BI 1.

http://www.americanscience.org

3 IF{4:sl S}I /1, then |U5ASI h.
S|
If /7 satisfies the axioms (1, 3), then it is

called a supra double topology.
The pair (X, 1) is called a double

topological space. Each member of /7 is called an

open double set in X. The complement of an open
double set is called a closed double set. For any

4! D (X), the double closure of 4 is denoted by
2 and is defined by A=1 {BIB | /°and
&l &

Definition 2.5 [9] A mapping f : (X ,/1)® (Y,q)
is called:
i) doubl continuous (D continuous for short ) iff

f @) 7 whenever B 1 ¢.
ii) doubl open (D open for short ) iff f (A)I q
whenever Al /1.
iii) doubl closed (D closed for short ) iff f
A)! g° whenever A he.
Remark: [11] Every DTS ( X ,/7) define a BTS
which is ( X , p, , p, ) where
p={V,; 1 X:$V, I Xst(V,, V,)I h}
and p,={V, I X:$V, I XST(V,, V,)
I h}
Conversely, every BTS (X ,f,, [,) define a
DT \

U
17 ={(AL AL DAL L AL )
on X associated with £, ,7,.
Theorem 2.6.[9] If T : (X, 1)® (Y, ") is a D-

continuous function, then f : (X, p,)® (Y, p7i) i

=1, 2 are continuous functions.
U

Theorem 2.7.[9] Let (X, £, £,)beaDTSand (Y,
/) be any DTS. Then

U
f:X ¢t  t,)® (Y, h)is a D- continuous
function iff
f: (X t,)® (Y, p,)i=1 2 are continuous
functions.
Definition 2.8.[3] Amapping f : (X, £,, £,)® (Y,

G,. @) is called P-continuous (resp, P -open, P-
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closed ) if f is t; - g, continuous(resp, open,
closed), i=1, 2.

Definition 2.9. [4] A mapping | : P(X)® P(X) is
called supra- interior operator iff it satisfies the
following axioms :

) 1 (X)=X.
1 (A)l A.
31 (Al B)l 1 (A)l I (B)

A1 (1 (A)=1 (A).

Proposition 2.10. [4] Let (X,Z,,f,) be a BTS. Then

it =t, Ut,={U,UU,:U;I ¢ }isasupra

topology on X and (X , ¢ ") is the STS-associated to

X,t,,t,)

ii) The operator | : P(X)® P(X), defined by I(A) =

A" U A% A" isthet, - interior of A, (i=1,2), is

a supra operator in which ¢ ={A 1 X: A=I(A)}

Proposition 2.11. [4] Let (X,f,,f,) be a BTS and

(X ,t7) its associated STS. ThenC : P (X)® P (X)
-] -7

definedby C (A=A | A .

is a supra- closure operator which induces the supra

topology £ .
Remark 2.12 in [1], the author used the notion of
pairwise open in a BTS, which means that: A is p-

open U A=U,UU,, Ul ¢ (i=12).In[4,7]
we used the same notion under the name of P~ -
open or supra open in (X , "), where ¢ is a supra
topology generated by 7, and f, . We say that
Al X is P -open (supraopen)U A | ¢~
Definition 2.13.[4]A mapping f : (X, £,, {,)®
(Y, q,, q,) iscalled

i) P" -continuous iff f ' (U) | ¢ whenever
ul g

i) P"-openiff f (V)1 g wheneverV | ¢”.

iiiy P" closed iff f (V)| g

«C
Vit .
3. Operation on DTS and SDTS:
Definition 3.1. A mapping C : D(X)® D(X) is a
called double closure operator iff it satisfies the
following axioms :

)C ()=,
241 C Q)

whenever

http://www.americanscience.org
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3ICQUB)=C @QUC B)
4)C (C (A)=C Q).
If C satisfies the axioms (1, 2, 4) and the

following axiom, it is called a supra double closure
operator:

3)CQUB)E C (Q)UC B)
Theorem 3.2. Let (X, f;, [,) be a BTS. The
operator |, : D(X) ® D(X), defined by I,
L=cA 1 A1 A" Al D (x), isa

double interior operator which generates the double
U

topology £, £, on X.

Proof: As a sample, we prove the duality of the
property ((3), definition 3.1) above, i.e. we prove that

I, Q! B) =1, @) 1, (B) The proof of

the other parts are similar.
I, © is a well defined map

Al AP AT A% A%
3) I, [AI ﬁ]:l12 (All B, . AZI B, )=
A1 Bl [A 1 B,1%1%,

since

['A2 | BZ]OZ )=( A101 | 8101 | (AZOZ)OI | (BZOZ
)Ol’AZOZ | BZOZ)

=([A101| (A202)01]| [8101| (8202)01], AZOZ
| Bzoz)

- (A | AZOZ]OI,AZOZ)l (B, | 8202]01,5202)
=1, (A)I P (ﬁ)

Then |, is a double interior operator and hence it
generates a double topology 1 on X where

N=tAll, (ArA¥r {4
(AT AY1% A=A}

=LAIA "1 A" A" =(A, A=
{A1A "=AUA =AY
=AIAl 1, UAI 1‘2}=1‘1'U t,.

Corollary 3.3. Let (X,Z,,f,) be any BTS. Then
the operator

C,: D (X)® D (X) defined by: C,, (A)z(ﬁz,

A UA )"

A| D (X) is a double closure
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operator generates the double topology 7, 4 f,on
X.

Theorem 3.4. Let (X, f,, {,)beaBTSand let (X,
l‘*) its associated supra topological space. Then the
operator | : D (X) ® D(X) defined by

1" (&)= (1 (A) 1 (A)where | (A) =
Ai01 U Ai02 (i=1, 2), is a supra double interior

U

*

operator such that 7 . =t t.

Proof: The proof that | “isa supra-interior operator,

follows from the definition of | and the fact that |
is a supra —interior operator (prop. 2.9). For the proof
of

U ,L‘J
to=t"7 et d=(ALA)L T
Then Al ¢7, (i=1,2) and I (A)=A.SO, I’

U
Q=1 (A)1(A)=AP Al t.P 177

£t
Conversely, Let A | #. . Then -

=AP (1 (A)1 (A)) =(A.A,) Hence

A1t (= 12) and therefore A =
0 0
(ALA)L 77 7. sot. 1 77 t and
0

*

consequently Z . =¢ ot
Corollary 3.5. Let (X, f,, [,) be a BTS. Then the
operator

C": D (X) ® D (X) such thatC " (A) =( C(A)),
C(A,)) where C (A )= A | A (=L, 2) is a

supra double closure operator such  that
U

to.=t"" 1"
Theorem 3.6. Every double closure operatorC : D

(X) ® D (X) generates a BTS (X,f,,[,), where

L={A 1 XXC (AL A))=(A, A)° (A,

A)l DX} i=12.
Proof: Straightforward.

4. The relations between P. continuous (resp P.
open, P. closed) mappings and Duble

http://www.americanscience.org

continuous (resp duble open, double closed)
mappings:

In this section, we characterize the notion of P -
continuous (resp P -open, P -closed) by a D-
continuous (resp D-open, D-closed) mappings.
Theorem 4.1. A mapping f : (X, #,, 1,)® (Y,

G,. 4, ) is pairwise continuous iff
U

U
foxt," t,)®(,q @,)is double

continuous.
Proof: Let f : (X, ,,£,)® (Y, @, @,) be P-
continuous and

U

B=(B .,B, )l g g . Then

f (Bl t,and f (B,)l t,.5o,

V]
f2B)=(f (B f (Bl ¢,  ¢,.
V] V]
Hence f = (X, ¢, £,) ® (Y,q,” @,)
is double continuous.
V]
Conversely: et f : x ¢, ~ t,)

U
® (Y,9,” @,) be D-continuous and let G, | @, .
V]
Then (G,, V)| @~ @,. S0, f *(G,, Y) =
V]
(f 1(G).X) 1 ¢,” t,. Hence f "*G,| ¢, and
f (X 1‘1)® (Y, @,) is continuous function. Also,
V]

let G,1 @,. Then (/ ,G,)| @~ @,. So

U
f_l(/ ,G2)=(/ f h Gz)l L ’
f G, t,andf : (X £,)® (Y, q,)is
continuous function. Therefore

f (X t,,t,)® (Y, g, @,)is P - continuous.
Theorem 4.2. Letf : (X, #,,1,) ® (Y,Q,, @,)

be a mapping. Then the following conditions are
equivalent:

f, Hence

U U
nfxt, t,)® (v,q  @q,)isdouble
continuous.

-1 v C v C
@)l )" Bl @ g
Hf (C,L@) ! Cu(f Q)" Al DX
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5 Co(f BN fCL(B)
"Bl D)
5 fH,8) 1, f @) " Bl D(¥)

U
Proof: ()® (2): Let B=(B,, B,)l (¢,” 9,)°.

U

Then (B,, B,))“ 1 ¢,” @, b
0
(B,.B5)l ¢ g,b f*B,° B

0
t, l‘zp

(f4(B,%), f 1B ! tl'UtQID @ f
B0 f (B 6 t,b (B,
f(B,)°I tl'urzb (f (B,
f*(B,)l (z‘l'U t)° b

f4B)l (rl'urz)c.

2 ® @) Let Al D (X). since f (4Q)
| Co(f (Q)-Then f 1 (A)

f! [ C, ( f
(AP Al fCL(f (AP CL@)
I £ CL(f (Anb

f(Co@) 1 Cu,(f(@Nby@)

3 ® @): Lt Bl D (Y). Take A= H(B)

using (3), we have
frc,f*¢Bgml c,f f
(Bl C, B)P
Co(f '@ fHCLB)

0

@ ® (1):Let G, | g,.Then (G,, V) @~
g, Also, (/ ,G,)l

(G, ’ @,)¢ , using (4) we have:

Co(f (/.61 f(CuLs .G
=fy .65=¢ . F G )

http://www.americanscience.org
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0
C,(/ . FHG ). s0 f 1y GO (£,
0
£,)¢ Hence (fH(G). x| £, ¢,

Therefore f (G;) I f, and the mapping
f (X, t,)® (Y, G,) is continuous. Similarly, we
fi(X,t,)® (Y, q,) is

can show that
continuous. So
fi(X.,t,,t,)® (Y,9,.4,) is P- continuous.
According to theorem 4.1,  is double continuous.
(1)® (5): Let f be double continuous. So,

f:Xt,.,t,) ® (.4, @q,) is P. continuous.
tee B 1 D (V) Then f7 (1, B )=
f* @B I B”)*® BY» )
(f 4B, I B®™ 1B, ((f (B!
B, (f " B,)%)=

@ f Byl F(BY*1%(f ' B,)%)=
L, T 1B

G ® @) Let (B, NI g

b f Bl 1, fH(B.P
f' (B, vl
I fB,Y) Then f (B, V)=

U

q,
I, 1B, . V)

I, T5(B,, Y)) and therefore f (B, V)|
V]

t,” t,. Hence ft B,| ¢, and the mapping

f:(X,t,)® (Y, G)) is continuous. Similarly

ifB,l1 @, then(/ ,B,)I
U
q ’ @, and apply the condition, we have fl

u
(/ Bl ¢, t,Hence T 'B,l £, and the
mapping f 1 (X ,£,)® (Y, @, ) is continuous.

So,f : (X, t,,t,) ® (Y,q,, G,) is P. continuous.

So, according to theorem 4.1, f is double continuous.

By a similar way as in theorems 4.1, 4.2 we have
the following theorems

editor@americanscience.org
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Theorem 4.3. i) A mapping f : (X ,¢,, £,)® (Y,
q.q,)isP- open iff

U
fo(X.,t,” l‘ )O(qu qz)isDopen
i) Amapping f (X .2, £,)® (1,q, " @)
is D- open iff
frl, Q@1 1L [TE1" H! D).

U
Theorem 4.4. A surjection mapping f : (X 7, ’
U
t,) ® (¥.q,
iff fL1, @ 1=l [fTED]. " I DX
Theorem 4.5. i) A mapping f : (X ,¢,, £,)® (Y,
q.q,)isP- closed iff

@,) is D- open and D-continuous

U

fo(X.,t,~ t ,) ® (Y, ql qz)isD-cIosed
ii) Amapping f :(X ,l‘1 t,)® (g g,
is D- closed iff
Co L@@ FIC, 1" &I DX).

V]
Theorem 4.6. A mapping f: (X ¢, t,)

V]

® (v,q, " @,)isaD-closed and
D-continwous iff C, [ f ( H )

=f[CL@N" HI b,
V] V]
Corollary 4.7. Let (X ,f

be double topological spaces. Then f :( X I ’
U

1) ® (¥.q,

iff

f:(X ,t,,t,)® (Y, q.q,) is P-

homeomorphism.

@,) is a double homeomorphism

5. The relations between P~ -continuous (resp p-

open, p” -closed)mappings and supra double
continuous (rep supra double open, supra
double closed) mappings:

In this section, we shall study the relation

between P -continuous (resp P*-open P - closed)
mappings and supra- double topological spaces. The
proofs of the following results are similar to the proof
of the results in section 4. So, we prove theorem 5.2

http://www.americanscience.org

1, l,)and (Y. G, ’ q,)

796

as an example, and we shall omitte the proof of the
others.

Theorem 5.1. Let (X, f,,7,) and (Y, G,.4,) be

bitopological spaces. Also, let (X,l‘*) and (Y,q*) be
their associated supra-topological spaces. The
following equivalent:

*

nf:Xt.t,)® (v, 9.9, is P -
continuous .

,U ,U
f x t" tTY® (Y, g q)is SD-
continuous.

U

s fH (Bl (¢t )¢
0
"Bl ¢ ¢

nf (C (AN C (f (A
"4l DX
sy c rfr (Bl f(c(B)

"Bl D
6 frix(gynl
"Bl D
Theorem 5.2. Let (X, £,, ,) and (Y,q;, @,) be
bitopological spaces. Then the following are
equivalent:
nfox ey, z‘ )® (Y.q,, G,)isP  open.

U

t)o(vq'

1* (f 1 (B)

2) fi(X,t"°
open.

3y fri*gll I*[fl." ! px).
U
Proof: 1® 2 Let A= (A Al ¢ 7

q*) is a SD-

. Then
f (A)l g (i=12).So,

V]
f(A)-(f(Al) f (A q g’ . Hence
f(X.,t"" tY® (Y,qg" " g")isaSD-open
function.

2® 3 since, I*H 1 H " HI D (X). Then
frixgir f(g)p 1*frixgi-=
frorxgin 1> f(4,) Hence f[1*LH]
L I*[EED1L" HI D).

3® 1 Straightforward.
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Theorem 5.3. Let (X, {,, [,) and (Y,{q,, G,) be
U
bitopological spaces. A mapping f :(X .z~ ")
U
® (v, q* ’ q*) is SD- open and SD-continuous
iff

i
frixgi=1*f@@l" 4! ox
Theorem 5.4 Let (X, £,, f,) and (Y,G,, g,) be

bitopological spaces. Then the following are
equivalent:

IU IU
) foX.,t7" tH®(, g

closed.
if (X ¢,,£,) ® (Y,q,, G,)isP closed.

i) C(fE)! fre @ " 4l ox
Theorem 5.5. Let (X, £,, ,) and (Y,G;, G,) be
bitopological spaces. A mapping

U U
f(X.,t"" tHY® (Y,q" " @g")isSD-closed
and SD- continuous iff

cf@=frc @ " 4! ox
Corollary 5.6. Let (X, £,, f,) and (Y,@,, G,) be
bitopological spaces. Then

,U ,U
fo(X. 7" tHY® (Y, g
homeomorphism iff
foxt,t,)®Qq,q)iP -

homeomorphism function

q*) is a SD-

q*) is a SD-

6. Relation between D continuous (open, closed)
mappings and SD continuous (open, closed)
mappings:

Theorem 6.1. Let (X, £,, £,)and (Y, G, @,) be

bitopological spaces and let,

f:Xt,t,)® (Y, G,.4,)be P-continuous

(resp P- open). Then

0 0

f:uX,t t)Y®(,g @q)issSD-
continuous (resp SD-open).

Proof: It follows from the definition of P-
continuous (resp P- open) and SD-continuous (resp
SD-open).

Theorem 6.2. Let (X, Z,,Z,)and (Y, @,,Q,) be

bitopological spaces and let

foXxt.t,) ® (Y, q,.Qq,)beP-closedand

injection. Then

http://www.americanscience.org

U U
f:X.t"" tHY® (Y, g~ q")is SD-closed.
Proof: Let f : (X, £,.7,) ® (Y, q,.G,)bea

U
*C e *C
P- closed and injection. Let J1 7 t

Thend = (K, | K,, G, I G,) such that
K,.G,1 ¢ (i=1,2). Then
f(l)=f (K1 K,,G, 1 G,)=(f
(Kll Kz)’f (Gll Gz))l
(f (KL £ (K)f (Gl | (Gy)). f
(Knf (G)l g°p

U U

*

0 =R] q*c ’ q*C.Hence fo(X.,t"" th
U
® (Y, 9"~ q")isSD-closed.

Note that the mapping may be SD-continuous
(SD-open and SD-closed) but not double continuous
(double open and double closed) mapping as shown
in the following example:

Example 6.3. Let X={a, b, c}. ,={/ , X, {a}, {b,
o} £,={/ . X {c}, {a b}}. Also, let Y= {p, q, r}

G =/ . Y. {3 {p. a3} G,={/ . Y. {p}. {a. r}}.

Then
V]

t, " t,= L& (U AD (. {abh (. X),
({a}, {a b}), ({a}, X), ({b, c}, X)}
U

G @=Ll L U D Loy .Y,
{r} 4o ), {3 Y), € ok YV}
letf : (X, £,,2,)® (Y, g, @,)suchthat f (a)

=p, f ()=q, T (c)=r. Then f is not D-open since
V]

(/ Ap! 6 "t Pt () Ay =
U

(/ AP Q. q,

let £ = {/ , X, {a}, {b, ¢}, {c}, {a b}{a, c}}.

Thent ™ is not a topology since {b, c} | {a, b}=

{b} ¢, Also,

g =4/ .Y, {} {p, a} {o}. {0 1} {r. p1}G i

not a topology since {p, g} | {a,r}={q} @ . Then
V]

t l‘*={L, (/. {&h. (/ . {o.ch(/ . {ch. (/
{a b}, (/ . {a.c}). (/ X). ({a} {a}). ({a}. {a b}),
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({a}, {a c}), ({a}, X), ({c}, {c}). ({c}, {b. c}), ({c},
{a, c}), ({c}, X), ({b, ¢}, {b, c}), ({b, ¢}, X), ({a, b},

{a b}), ({a, b}, X), {a, ¢}, {a c}), {a c} X), X}
and
U

g g=L U AN DG
@, A .Y,

({ry ), @ £ @), (@3, £ oY), ({3, ), (e,
{o), ({p}, {p. ad), o}, {r, pY), (P}, ). p. a3, {p,
Q). (. a3, V), (o 1 £a. 1), qa.1h ), (e {r,
P, (.3 Y), L

V] V]

Let T (X, t"" tHY®(,q " q') Thenf
is SD-continuous but

,U ,U
f:Xt ,)® (Y, q @,)isnot D-

continuous, since
V]

(/ Nl g~ g, but f71(7 o) =
U

(/ {apl £, ¢,
U U
Let f:(X, 6" tHY®(,qg ~ @g) Thenf
is SD-open but
\ U

U
foxt, t,)® (Y,q,  @,)isnotD- open,

since
U

t, but f {ch) =

(/ LhH1 & (/
U
(/ Pl @, @G, Finally,
U U
Let f:(X,t"" tH® Y, q
is SD-closed but
U U
f:xt, t,)® (Y,q, @,)isnot D-closed,

since

g’). Then f

U
({a b}, X)1 (£, " £,) butf ({a b}, X) = {p,
U

a Q. g,)°.
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