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Abstract: The idea of difference sequence spaces was introduced by Kizmaz [4]. Recently, Subramanian [13] studied the

difference sequence space KM (A) defined on Orlicz function M. In this paper we introduce new sequence spaces that we call

Orlicz-Cesaro difference sequence space and denote it by CesM (A) , the difference paranormed sequence

space CesM (A, p) . and study some inclusion relations and completeness of this spaces. [Journal of American Science.

2010;6(10):25-30]. (ISSN: 1545-1003).
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Introduction

Orlicz [9] used the idea of Orlicz function to
construct the space (L™ ).

Lindentrauss and Tzafriri [5] investigated
Orlicz sequence spaces in more detail, and they
proved that every Orlicz sequence space /,, contains

a subspace isomorphicto £, (1< p <o0).

Subsequently different classes of sequence
spaces defined by Parashar and Ghoudhary [10],
Murasaleen et al. [6] Bekats and Altin [1], Tripathy et
al. [14], Rao and Subramanian [2] and many others.
The Orlicz sequence spaces are the special cases of
Orlicz spaces studied in Ref [3].

Recall ([3],[9]) an Orlicz function is a function

M :[0,90) —[0,00) which is continuous, non-
decreasing and convex with M (0) =0,

M(X) > O for X > 0and
M (X) — o0 as X — 0.

If convexity of Orlicz function M is replaced
by M(X+Y)<M(X)+M(y)then this

function is called modulus function, introduced by
Nakano [8] and further discussed by Ruckle [12] and
Maddox [7]. By o, we denote the space of all real or
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complex sequences. The sets of natural numbers and
real numbers will denoted by N= {1,2,3, ...}, R
respectively.

Lindentrauss and Tzafriri [5] used the idea of

Orlicz function to construct Orlicz sequence

space

N ={xea):ZM(Mj<oo,forsomep>O}
k=1 P

. The space £, with the norm

I X [l= inf{p>o:iM(MJ31}bec

k=1 P
omes a Banach space which is called Orlicz sequence
space. For M(t) =t", 1< p < oo, the space /,,
coincide with the classical sequence space / o A

linear topological space X over the real field R is said
to be a paranormed space if there is a sub additive

function ¢:X —R such that g(8)=0,
g(—X) = g(X) and for any sequence (X,) in X
such that g(x, —X)————>0, and any sequence
(e,) in R such that| &, —ar | ——=—>0, we get

g(e,x, —ax)——=—0 .
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The idea of difference sequence was first
introduced by Kizmaz [4] write

AX, = X, — X, for k=1,23, ...
the set of all real or complex sequences, A: @ —> @
be the difference defined by AX=(AX,)._;, and

M :[0,00) —[0,90) be an Orlicz function; or a
modulus function.

Let ® denote

Let £ be the sequence of absolutely convergent
series. Define a sequence space

0(A) ={x=(x):Axe(}.

The sequence space

—{Xea) ZM[ )<ooforsomep>0}

With the norm

= Inf{p>0 ZM('AX“ ljél},

k=1 P
becomes a Banach space which is called an Orlicz
difference sequence space /,, (A), see [13].

The Cesaro-Orlicz sequence space CeS,, generated
by Orlicz function M is defined by

. ZIXI
Ces, ={Xew: ZM —iL
k=L P

< oo, for some p >0

And Ces,, with the norm

. lel
I X ||= inf p>0:Z|\/| E

k=1

<1
P

Is a Banach space (see [11]).We define the
following sequence space
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Definition:

iZ|Ax|

Ces,, (A <o, for some p>0

={XeEw: ZM

With the norm

; Z|Ax |

| x ||= inf p>O:ZI\/I = <1t.
k=1 P

Theorem(1):

Ces,, (A) Is a Banach space with the norm
; Z| AX, |

| X ||=inf p>O:ZM Nia <1:.
n=1 P

Proof:
Let Xx“ be any Cauchy sequence in

Ces,, (A), where

X =(x",%, ,..) € Ces,, (A) VieN.

£
Let I, X, >0 be fixed. Then for each — >0
rX,

there exist such that

” X(i)

a positive integer N

- & ..
— x|, < —==Vi, j > N using the
)

definition of norm we get

L[ -ax]

M k=l . ,
nZ::‘ Ix® —xD,
Vi,J>N then,
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Zl AxS = Ax | \ Zl A — A, |
< ; . k=1
” x")—x(” i <1 Vn>1and. Hence inf p>O.ZM <1l<e,
A n=1 P

r
we can find r>0 with M(ﬁj>l , such that
n

13 )
XA - AxY |
L= <M %
” X(i) _ X(i) ” - n '
A

Since M is non-decreasing, this implies that
*ZMX(') Axéi) |
<%

||Ax ~AXT |, T

:>Z|Ax(') ~ AP [ [ xO = xD |, <rx0—:

a X
Since
n . - - .
DAY — AXY [ AXD — AP | for all 1<k <n
k=1

, we get
| AXO — AXD |« & Vi, j = N .Therefore

(AX,E’)) be a Cauchy Sequence in R (complete)

Then AxY — Ax
continuity of M We can find that

as j—o.Using the

y —Z| AP —lim;,, Ax{ |

M| <1, thus
n=1 P

\ Zl AXY — A, |

S M| <1.

k=1 P

Taking infimum of such p ’s we get
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for all i>N. Since x® eCes,, (A) and M is

continuous  then AX® —22 5 Ax e Ces,, (A),
this completes the proof.

Theorem(2): Ces,, < Ces,, (A),M is a modulus
function.

Proof: Let X € Ces,, , then

1 n
o HZ'XK|

ZM k=l <o , forsome p >0, since
n=1 P
AXye = X = Xy
1 n
AR IPA NS Y
N <Mia L=
p p p

Since M is non-decreasing and modulus

function

ZIAX | ZI X ZI Xt |

01| ELLE— Y ] (L= S A V] LU= . S
n=1 P 1%
= x € Ces,, (A).
Paranormed sequence spaces:
Let p = (P, ) be any sequence of positive real
numbers. Then in the same way we can also define
the following sequence space
(N
Ces,, (A, p)=1xew: ) M “7 <w,3p>0
n=1
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: = r
Note: If p, = p, forall N €N, then M (ﬁ) > 1Such
Ces,, (A, p) =Ces,, (A).
L5 Ax® - ax( |
n
that M| —¢=L : <M since
Theorem(3): Ces,, (A, p) is a complete g (x® —xD) ( )
paranormed space with
. M is non-decreasing
[ Z hH We get
P =2 1A% | 1 i i
* . o 2 - AX(') —AX(J)
g (X):Inf pH . Z <1}, for nél k k | rX,
n=1 5 - - S —
g (X(I) _ X(J)) n

1<p, <o VneNand
H =max{Lsup, p, }.

Proof: Let X be any Cauchy sequence
inCes,, (A, p) , where

X =(x" %, X ..) Viel Let r,x, >0 be

£
fixed. Then for each — > O there exist a positive
X,

integer N such that

g (xY —xD)y < L vi j>N,
r

Using the definition of paranom we get

_ 1
PolH
, Z| X0 —AxD |
Z M 50 <1 .Since
n=1 g (X —X )
1< p, <o, it follows that
L -
n .
X0 —x) <1, Vi,j=2N and
g —

N >1 .Hence we can find r>0 with
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= Z| AP = AxD € 1%, g" (X - xD) < rx, —— =&
r

o Ax® — AxOD [<e

Vi, j = N .Therefore (Ax{")] , is a Cauchy

sequence in R(complete), then AxkJ — 22 S AX,
since M is continuous we can find that

. o Tn
o[ im0
LUE <1
=1 P
, thus
. _1
P |H
" Z|Ax") AX, |
z M <1, taking
n=1 P
infimum of such p'S we get
_1
A
a | Z|Ax(') AXY |
infs pH 1| Y| M <1

k=L P

Vi> N, since X eCes,, (A, p) and M is
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continuous it follows that X € Ces,, (A, p), then the 1a Pn
proof is complete. v HZ| AX |
= Z M| —kL <00, we

Theorem(4): Let 0< p, <(, <o VN eEN,
Then Ces,, (A, p) < Ces,, (A,Q)

Proof: Let X € Ces,, (A, p)

p
13 ’
1A%

nio

yo)

<00,

then Zw: M
n=1

1 n

=X1Ax |

—kL I <1for
e,

For some p >0, we get, M

sufficiently large n, since M is non-decreasing. Hence
we get

18 v 18 "
i HZ|AXk| i HZ'AX”
M k=1 < M k=1

n=1 ,0 n=1 10

<

an
1&
=

ALY

n=1 ,0

, thus

= x € Ces,, (A, q) .This completes the proof.

Theorem(5):
(a) LetO<inf p, < p, £1VneN. Then
Ces,, (A, p) < Ces,, (A).

(b) Letl< p, <sup, p, <o VN eN. Then

Ces,, (A) = Ces,, (A, p).
Proof:(a) Let X € Ces,, (A, p)
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n=1 P

oI ax,|
getM| —
P

<1,

For sufficiently large n, since
O<inf P, <1VnenN

1 n
© 7Z|Axk|

P

n

18
=2 1A% |

Nz Nz
=Y M| L — <M M| =
P L

, thus X € Ces,, (A).
(b) Let p, =1 foreach NeNandsup p, <o,
Let x eCes,, (A) =

1 n
0 HZl AXk |
Z M| —*L <00, for some p >0, for
n=1 P
sufficiently large N we can get,

l n
HZ| AX, |

M| —¢L— <1,

o,
sincel< p, <sup p, <oo, we have that

Pn

13 13
0 7Z|Axk | n HZ|AXk |
DI M| L <D M| <o

,thus X € Ces,, (A, p).

Theorem (6): LetO < p, <, and (q—”J be

n

bounded, then Ces,, (A,q) < Ces,, (A, p).
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Proof: Let X € Ces,, (A, Q)

@ Z|Axk|

An

n
(i.e) k= < oo .Let
Z p
an
Z|Axk|
t =|M L= and A, = 9 Since
p Py

P, < Q,therefore0< A, <1.TakeO<A <A,
define u, =t (t, >1);

. =0(t, <Dandv, =0(t, 21);
u, =t (t, <1.t,=u, +v,.(ie)

tnﬂ” = un)“" +Vnﬂ“ .Now it follows that

n A 2
u, " <u,<tand Vv, <V, (1).

:>Zt = (U, +v,)"

n=1

8

nt va , by using equation

:>Zt i

(1), we get i "~
r AnGn 7%
B ; ;|AXk| ; H;|AXK|
= M| —L < M
2 /M7 M,
B Pn 19,
1 n
® N Z|Axk| o EZ|AXk|
=Y M= <> M|
n=1 P n=1 P

.ThenCes,, (A,q) < Ces,, (A, p).

Theorem(7): Ces,, (A, p) is a linear set over the set
of complex numbers.

Proof: is easy so omitted.
5/5/2010
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