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Abstract: In this paper, we define the sequence space / A[(an), (pn ), (qn )] to be consisting of all sequences (Xk)jf’:O

for which (X, —X, ;) belongs to the sequence space /[(a,), (P, ),(d,)] introduced by Altay and Basar [7]. We
also define a modular functional on this space and show that it is a complete paranomed space, and when equipped with
the Luxemburg norm is a Banach space, possessing H-property, and it is locally uniformly rotund (LUR) when p,, >1,
forall N € N . [Journal of American Science. 2010;6(10):19-24]. (ISSN: 1545-1003).
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Introduction

Let (X, |.|) be a real Banach space and let
B(X) (respe. S(X)) be the closed unit ball (resp. unit
sphere) of X.

A point X, € S(X)is an H-point of B(X) if
for any sequence (X, ) in X such that Lim || x_ ||=1
nN—o

,the weak convergence of

- W .
X, to X, (Write x, ———>x,) implies

that Lim || x, —x,||=0 .If every point of
n—oo

S(X) is an H-point of B(X); then X is said to have H-
property (Kadec-Klee).Shortly; X is said to have the
property (H), if for any sequence on the unit sphere
of X, weak convergence coincides norm
convergence.

A point X € S(X) is an extreme point of
B(X), if for anyVy,Z € S(X), the equality
+Z

X= implies y=z.

A Banach space X is said to be Rotund (R) if
for every point of S(X) is an extreme point of B(X).
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A point X € S(X) is a locally uniformly
rotund (LUR-point) if for any sequence (X,)in B(X)
such that Lim || X, + X ||= 2, there holds

nN—oo

that Lim|| X, —X||=0, if every point of
n—o0

S(X) is a LUR-point of B(X), then X is called locally
uniformly rotund (LUR). It is known if X is LUR,
then it is (R) and posses property (H). However
converse of this last statement is not true in general.
Bym, we shall denote the space of all real or complex
sequences and the set of natural numbers will denote
by N= {0,1,2,...}.

A linear topological space X over the real field
R is said to be a

Paranormed space if there is a sub additive
function g : X — R such that 9(9) =0,

g(—=X)=0g(X) and for any sequence
(X,) inX such that In_LT g(x,—x)=0, and any

sequence (&,) in R such thatLim|e, —a |=0,
n—o
we get Lim g (e, X, —axX) =0 .For these geometric
n—oo

notions and their role in mathematics we refer
to the monographs [1], [2], [3], [4], and [5]. Some of
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these geometric properties were studied for orlicz
spaces in [9], [10], [11], and [12].

For a real vector space X, a function
o : X —[0,00]is called a modular, if it satisfies the
following conditions:

(i)o(X)=0<=x=0, Vxe X,
(i) o(AX) = o(X), forall L eR
with|4] =1,

(iiiy o(AX + By) < o (X) +o(y)
VX, ye X VA, >0, 1+ =1.

Further, the modular o is called convex if

(iv) o (X + pBYy) < Ao (X) + Bo(y),
vX,ye X ,VA,>0; A+ =1.By using the

sequence space defined in [6], Altay and Basar [7]
defined the sequence space

(@,).(p,). (@)]as A(a,). (p,).(G,)]=
{Xea):i(aniqukbp” <oo}, They also

n=0
showed that the space /[(a,),(p,),(q,)]is a

complete  linear  metric  space  paranormed
o n P |M

by g(x) = Z[anzqk | X, |j also
n=0 k=0

V Karakaya and N.Simsek [8] proved that this space
is a Banach space and posses Kadec-Klee (H).

The idea of difference sequence was first
introduced by Kizmaz [14]. Write AX, = X, — X,
for all KeN and A:w —> @ be the difference
operator defined by

AX = (X, — X 1) peo, With X, =0.

We now introduce a generalized modular
difference sequence space defined by weighted
means

Definition: let (a,),(q,)and (p,)be sequences of
positive  real numbers we  define the

space/,((a,),(p,).(a,)) = {X ew.o(AX)<w, 31 >0},

0 n Py
where o(X) = Z(an qu | AX, |] And  the
k=0

n=0
Luxemburg norm on the seguence space
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defined as follows:

¢,[(a,), (py). (@,)]is
| x|l= inf{i >O:a(%) 31},

wxe (L ((@,).(p,).(@,). In the case
when the sequence (p,)is bounded we can simply

WritegA((an)l(pn)!(qn)):

{x € a):i(anzn:qkmxkpp" <oo}.

n=0 k=0

Throughout this paper, the sequence

(p, ) is
considered to be bounded with p, >1vneN and

letsupp, =H . For any bounded sequence of
r

positive numbers (P, ), we have

la, +b [*<2"(a, ™ +|b, |™),

where p, 21 v k eN.

Lemma (1):

The functional o is convex modular
on?,[(@,),(p,):(9,)]-

Proof: It can be proved with standard techniques in a
similar way as in [5, 15]

Lemma (2):
Foranyx € ¢ ,[(a,),(p,),(d,)]. the functional

oon/,[(a,),(p,) (q,)] satisfies the following
properties:

X
(i) 1f 0<r<1, then I’Ha(—j < o(X) and
r

o(rx) <ro(x).
(ii) If r>1, then o(X) < rHa[é)

(iii) If =1, then (X)) < ro(X) < o(rx).

Proof: It can be proved with standard techniques in a
similar way as in [5, 15].

Lemma (3):

Foranyx €/ ,[(a,),(p,),(d,)]. the following
assertions are satisfied:
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(i) If]| x||<1, then (x) <|| X ||,

(i) if|| X||>1, then a(X) || X||,

(iii) | x]|=21 if and only if o(X) =1,

(iv)if 0<r <1 and| X|>r,thenc(X)>r",

(v)if r>1 and || x||<r,thenc(x) <r".

Proof: It can be proved with standard techniques in a
similar way as in [5, 15].

Lemma (4):

Let (X,) be asequencein/,[(a,),(p,).(d,)].
(i) if Hrll | X, [[=1, then IELT o(x,) =1,

(ii) if In_LT o(x,)=0, then %Lrll | x,I=0.
Proof:

(i) Suppose that Lim || X, [|=21.Then for any
n—o

£ €(0,1) there exists n, such that

1-e<x, [[<1+&Vv n=n,.Bylemma (3),
L-&)" <o(x,)<(L+&)"™ implies that
Limo(x,)=1.

n—o
(i) IFLim || X, || 0, then there is an & € (0,1) and
n—oo

a subsequence (X, ) such that

I %, 11> g™ v k eN. This implies that
Limo(x, ) # 0and hence Limo(X,) #0.
n—>o k n—>o

Main results

Theorem (1): 7, [(a,),(p, ).(q, )] is a Banach

space with respect to the Luxemburg norm defined

by X ||= inf{p > o:a[iJ 31}.
o)

LetX, = (X,(K))r,,Nn=012,.. be a

Cauchy sequence in /., [(a,),(p, ).(q, )] according
to the Luxemburg norm. Thus V & € (0,1) 3 n, such

Proof:

that || X, — X [l<&™ v m,n>n,. By the lemma
3(i) we obtain.
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H
o(X"=x") I x, =%, ll<e", @

vm,n=n,. Thatis

i(ariqk | Ax, (k) — Ax,, (k) Ij o

r=0 k=

vmnz=n,. For fixed k we get that

| AX, (k) — AX,, (K) |< & and the sequence

(Ax, (k)) is a Cauchy sequence of real numbers. Let

AX(k) = Lim Ax, (k) , then from inequality (1), we
n—oo

can write

0

Z(aniqk | Ax, (k) = Ax(k) Ij <,

r=0
vnxn,.

Thatis, o'(X, —X) <&"™ = Lim(x,)

n—o0

X.

By the following calculations,

0

Z@imwm@:ﬂ%immwmmmimmww

r=0 = r=0 k=0

9

r=0

@immmm)

k=0

s i@immwrmm@'

r=0 k=0

<¢&

we see that the sequence X, converges to

x=(x(k)) e, [(an), (pn ), (qn )] .This completes
the proof.

Theorem(2) Let (X,) < B(¢(p))and
(y.) < B(#(p). If Lim a(%j ~1 , then

Lim(Xn (k) -y, (k)): 0, forall k eN.

Proof: See [15Proposition 2.6]

Theorem(3): Let
Xn € B(C,[(a,). (P,). (@,)] v M e,

editor@americanscience.org




Journal of American Science

2010;6(10)

n—oo

If Lim O'( ot Xj =1, then

Limx, (k) =x(k),v ke N.

Proof:
Foreach m and K eN, let
57 = {sgn(Axm(k)+Ax(k))

If AX,, (K)+Ax(K)#0

1 If Axy, (K)+Ax(k)=0

. X +X
Hence we havel = lea( ”‘2 j:

=& A (K) + Ax(K) jp“
=D a2 d|—" | =

Z?( kZ; “ 2
= s m k) s n AX(K
D> la, > aS¢ 2( +a qus 2( )j
n=0 k=0
NO)

Let ay =a, > 0 Sy A, (K)
k=0

and =2, 0,7 Ax(K)
k=0

vymneN,
then (a™), (B™) € £,[(a,). (P,).(q,) and from (2)

we have

Lima(a ;ﬂ ]:1 .From Theorem (4) we

have

Lim(a,i” —,Bkm):O VKkeN. (3

n—oo

Now we shall prove
that Limx_ (k) = x(k),v k eN. From (3) at
m-—oo

k=0 wehave
Lim(Sg]AXm (0) —sg'AX,, (0)): 0.This implies

that Limx_(0) = x(0).

Assume that Limx (k) = X(k),vk <n—1. Then

we have

http://www.americanscience.org

Lims."(x,, (k) —x(k)) =0, forall k <n-1

pr)- qusk

570, (%, )~ () = o -
a,

: (4)

It follows that from (3) and (4) that

Lims;'g, (AX,, (k) — Ax(k)) — O.This implies

Limx, (k) =x(k) ,V k e

Theorem (4): Thespace 7, [(a,),(p,).(q,)] is
LUR.

Proof:

Let (x,) < B(/,[(a,),(p,).(a,)])
and X € S(¢,[(a,),(p,),(9,)]) be such that

Lim
n—oo

] X + X
Limo(—2 =

m-—oo

o(x) = (a, > 0, | Ax(k) )" < oo, then for
r=0 k=0

& >0, there exists I, €N such that

Z(a qu | Ax(K) )™ <

r=rp+1 k=0 3(2H+1)

®)

Since

il ot1)- S0 30 1301 |-00)- 3o T s’
r=0 k=0 r=0 k=0

, and Limx, (k) =x(k) vk €N, 3n, eN such
n—oo
that

¥ (6o

r=n+l k=0 r=ry+l

- © r 8 L
"=, (arqulAX(k)l) < 3(2“)(6)

v n2=ny, since Limx, (k) = x(k) , since Ais
n—oo

Continuous operator Hence YNn=n, we have

| AX, (K) —AX(K) |< & .As a resulty n>n,, we
get
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> @ Y | Ax, (k) - Ax(K) )7 < g. @)
r=0 k=0

Then from (5), (6) and(7)it follows that v n > N, ,we
have

30 1%, 00 - A%(K) |j |

Z qu|AX Z Z%IAX

r=0 1=+l

o(x, —Xx)= i[a

P

<%+2H Z [a Y 0,1 A%, (k j

r=ry+1

<—+2H{2

> (a > 6,1 Ax(K) |]

r=ry+1

E & &

+z&zmm |

r=rp+1
3(2" )}
3 3 3

This shows that Limo (X, — X) =0 . Hence by
n—o

lemma 4 (ii), we have Lim|| x, — X ||=0 , the space
n—oo

gA[(an)’ ( pn)’ (qn)] is LUR.

Theorem (5): The space ¢,[(a,),(p, )(q,)] is a

complete linear metric space with respect to the
paranorm defined by

n=0

9(x)= {Z( quIAxk) T-

Proof: The proof of linearity of

¢,[@,).(p, ) (a,)] with respect to the coordinate

wise addition and multiplication follows from the
following inequalities which are satisfied for all

x,y<l,[@).(p,)(@,)]
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1

. P T
qk|Axk+Ayk|J } <

3

k=0

o0 pﬂ
Z[an qk|Axk|j } .
n=0 k=0

1

{Z( qu IAykljpn T (®),

n=0

>

p=l
I‘H

and |a|P<max{L|a|"} for any aeR. We
now verify that g(x) is a paranorm over the

space £, [(a,), (P, ). (dy )] n fact,
() g(0)=0
(i 9(-x)=9(x), Vxe £,[@,).(p, ) (a,)].

(i) g(x+y) <g(x)+9(y).
vx,ye’,[(@,)(p,)(a,)]. follows from the
inequality (8).

(Clearly),

(iv)Let(X,,) be any sequence in

¢,[(a,).(p, ) (a,)]

Limg(x,—x)=0

such that

; let(«r,,) be any sequence in
R such that

Lim| e, —a|=0,

m—oo

then we get 9(X,,) < 9(x) + g(X,, — X).

since X, = X+ (X, —X)

Hence {g(X,,)}is bounded and we have

Oty — ) = {Z[

n=0

qu|a Ax_ (k) - an(k)|Jn

{Z( qu|(a )(A%, (K)) + a(Ax,, (k) — Ax(K))|
, this tends to zero as M — co.

The completence of the space , [(a,),(p, ).(a, )]

is a routine verification by using standard techniques
as theorem (1).
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