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Abstract: In this paper, we extend the class of sequence spaces of p-bounded variation bvp introduced by Altay

and Basar [Ukrainian Math.J.55(1)(2003),136-147]; where 1 < p < oo to the space of all sequences (X, ) such

that (X, — X, ;) belongs to the sequence space introduced by Nakano 7, , where (,)isa sequence of

positive numbers with p, =1 ,we define a modular functional on this space and show that when equipped with the

Luxemburg norm is a Banach space and locally uniformly rotund when p,, >1v n €N, therefore possessing H-

property and rotund . Finally we find Gurarii’s modulus of convexity for the space pr . [Journal of American

Science.2010;6(10):13-18]. (ISSN: 1545-1003).
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Introduction

Let (X,|]) be a real Banach space and let
B(X) (respe. S(X)) be the closed unit ball (resp. unit
sphere) of X.

Apoint X, € S(X)is an H-point of B(X) if
for any sequence (X, ) in X such that Lim || x_ [|=1,
n—oo

the weak convergence of

X, to X, (Write x, ——>x,)  implies that
Lim|| x. =X, ||= 0 . If every point of S(X) is an
nN—o0

H-point of B(X); then X is said to have H—property
(Kadec-Klee).

A point X€S(X) s called an extreme
point of B(X), if for any Y, Z € S(X), the equality
Y+12Z

X=

implies y=z.

A Banach space X is said to be Rotund (R) if
every point of S(X) is an extreme point of B(X). A

point XES(X) is called a locally uniformly
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rotund (LUR)-point, if for any sequence (X,)in
B(X) such that LiIm|| X, + X||= 2, there holds that
n—oo

Lim|| x, —x]||=0. If every point of S(X) is
n—oo

a LUR-point of B(X), then the space X is called
locally uniformly rotund (LUR). It is known that if X
is LUR, then it is rotund (R) and possesses property
(H). However the converse of this last statement is
not true in general. For these geometric notions and
their role in mathematics we refer to the monographs
[11, [2], [3], [4]- Some of these geometric properties
were studied for orlicz spaces in [5], [6], [7], and [8].
By, we shall denote the space of all real or complex
sequences and the set of natural numbers will denote
by N= {0,1,2,...}.

For a real vector space X over the real

Numbers R a function o : X —[0,00]is

called a modular, if it satisfies the following
conditions:

()o(X)=0<=x=0 ¥xe X,

(i) o(AX) = o(X), for all 2 R with| 4| =1,
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(i) o(IX+ By) <o(X)+o(y), VX, ye X,
VAL>20;, 1+ p=1.

Further, the modular o is called convex if
(iv) o(AX+ pYy) < Ao (X) + fo(y) VX, y e X
VA,020, A+ =1.

Let(X,||.[[) be a normed linear

consider  Clarkson’s modulus of
(Clarkson[10] and Day [11]) defined by

space,
convexity

5, (€)= inf{l—wmye SX)Ix=yl= 8},
where0<g<2.

The inequality O, (g)>0 for all

£ € (0,2] characterizes the uniformly convex spaces.
In [12], Gurarii’s modulus of convexity is defined by

Prle)=if 1= inf o+ (L-a)ylxyeS(X) ] x-yl=¢|
,where 0 < g < 2. Itis easily show that
0, (&)< Py () <20, (&) forany0<e<2.

Also if 0<f,(e)<LThen X is uniformly
convex, and if B, () <1, then X is strictly convex.

The Nakano sequence space ﬁ( p) is defined

by
0(p) ={x=(x) € @:m(tx) < oo for somet >0},

where m(X) = Z| X, | and (p,) is a sequence
k=1

of positive real numbers with p, =1, vk eN.

The space £ ( p) is a Banach space with the

norm|| x [|= inf {t >0: m(%) < 1}.

If p=(p,)is bounded, we can simply write
((p)={xea: D |x|*<w}.
k=1

Also, some geometric properties of /()
were studied in [1], [3].

The idea of difference sequence was first
introduced by Kizmaz [13]. Write AX, = X, — X,
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forall KeN with X, =0 and A:® — @ be the
difference operator defined by

AX = (Xk - Xk—l)f:O :

Definition: Let (p,)be a sequence of

positive real numbers with p, =1, we define the
following sequence space

¢,(p)={X € w: p(AX) < oo, for some A > O}

,where p(X) = Y| A, | with the
k=0

. X
norm|| X ||= inf {t >0: p(?) < 1}.
If (P, ) is bounded, we can simply write

EA(p):{XECOZZ|AXk|Pk<OO}. The space
k=0

£,(p) is a paranormed space by the paranorm

g.(x) = [i (1A%, 1) }H , see [16],

n=0
where H =sup p,. Throughout this paper, the
r
sequence (P, ) is considered to be bounded
with p, >1 v neN, and letsup p, = H . For any
r

bounded sequence of positive numbers(p,), we
have

la, +b, [*<2"*(a |™ +|b, |™), where
P, =1 forall k eN.

Taking P, =P VneN, then/,(p) =bv,, see [9]

Lemma 1:
The functional & is convex modular on £, ().

Proof: It can be proved with standard techniques in a
similar way as in [14, 15]

Lemma 2:

editor@americanscience.org




Journal of American Science

2010;6(10)

ForX e /,(p),the modular oon ¢, (p) satisfies
the following properties:

X
(i) If 0<r<1, then rHo{—j < o(X) and
r

o(rx) <ro(x).
(ii) If r>1, then &(X) < r“a(éj.

(iii) If =1, then o(X) < ro(X) < o(rx).

Proof: It can be proved with standard techniques in a
similar way as in [14, 15]

Lemma 3:

Forany, X € £,(p) the following assertions are
satisfied:

(i) If] x]l<1, thena(X) | x|

(i) If|| x]|> 1, then o(X) || x| .

(i) || X||=1 1fand only if o(X) =1.

(V) If0<r<1 and| X|>T,

theno(X) > .

(W) If r>1 and || X||<r,then o(X) <r".

Proof : It can be proved with standard techniques in a
similar way as in [14,15].

Lemma 4:

Let (X,) be asequencein ¢, (p)

@) IfLim| x, |=1, then Limo(X,) =1,
(i) if Limo(x,) =0, then Lim || X, [|=O.

Proof :(i) Suppose that Lim || X ||=1.Then for any
n—wo
£ €(0,1) there exists n, such that
1-& < X, [[<1+&Vv n>n,.Bylemma (3),
L-&)" <o(x,)<@+&)" implies
thatLimo(x,) =1.
n—oo
(ii) IFLim || x,, || O, then there is an £ € (0,1) and a
n—o

subsequence (X, ) such that || X, [[> e' v ken
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This implies that Limo(X, ) # Oand
n—oo

hence Limo(x,) #0.
n—o0

Main results

Theorem1: ¢, (p) is a Banach space with respect to
Luxemburg norm defined by

= inf{p >0:a&js1}.

LetX, =(X,(k))ey,n=012,... be a
Cauchy sequence in £, () is convergent according
to the Luxemburg norm. Thus V & € (0,1) 3 n, such

Proof:

that || X, —X_||<&™ v m,n>n,. By Lemma 3(j)
we obtain

o(X, =X )< X, =X |l<&" v mn=>n,.

(1) That is

DA (r) =A%, (N|* <& vmnxn,. For
r=0
fixed r we get that

| AX,(r) —AX,(r)|l<evm,n=n,,
sequence (X, (K))is a Cauchy sequence of real
numbers. Let X(K) = Limx_(K), then

m—oo

and  the

LimAx, (r) = AX(r) . Therefore,

o0

DI A%, (r) = Ax(r) [T <" vn=ng. That
r=0

iso(x, —X) <& = Limx, =x.

n—oo
By the following calculations, we obtain that

o0

ST =3 ax(r) - 4, 1)+ 4%, (1) )

r=0
H-1 = o
<2 {Z] AX(r) = A%, (1) [+ D] Ax, (1) |Pr}
r=0 r=0
&, we see that the sequence X, converges to

X =(x(k)) € £,(p) .This completes the proof of
theorem.
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Theorem2:

Let (X,) = B(4(p)) and (y,) = B(¢(p))

a(_q 1 then
2

Lim(x, (k) -y, (k))=0 , forall k €.

IfLim

n—oo

proof: See [15 Proposition2.6].
Theorem3: Let (X,) < B(Z,(p))

IfLima(X“;L ijl , then

n—o

Limx, (k) = x(k) v k € .

Proof:

Foreach k,m e N, let
S, (K) =sgn(Ax, (k) + Ax(k)if

A (K) + Ax(k) =0, and S, (k) = 1if
A (K) + Ax(k) =0

, hence we have

lzlrrirl? (x +xj i]Ax (k)+Ax(k)|pk:
Z(S 0 (k) (k) 5.0 Ax(k)j
(2)0

Let @, (K) =S, ()%, (K)
and B (k)=S, (k)Ax(k),v m,ne N
Then (), (B,,) € ¢(p) and from (2) we

m—oo

have Lim(ozm k)-2, (k)) =
k €N. Now we shall prove that
Limx,, (k) = X(k),v k € N. From (3) we have at

k = Othat
rI;irQ(sm (0)Ax,, (0) —s,,(0)Ax(0)) = O .This

implies that LimAX_,(0) = Ax(0) .

. a, +
have LIm o-(mTﬁm] =1.From Theorem (2), we

(3), for all
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Assume that LImAX, (k) = AX(k) , vk <n-1.
Then we get
Lim(s,, (k)(Ax,, (k) — Ax(k)))=0vk <n-1,

since

LN

S (M) (8%, () = Ax(n) = (e, () - 3, (n)) - ) S (K)(Ax; (k) - Ax(k))
- (4)

It follows that from (3) and (4) that

S, (N)(AX,,(n) —Ax(n)) »>0as M — .

=~
1l

This implies LImAX, (K) = Ax(k) v k € N, also
we get Limx (k) = x(k) .

Theorem4: The space £, (P) is LUR.

Proof: Let (X,) < B(¢,(p)) and
X= (x(r)) o €S(,(p)) be such that

Lim || % * ||—>l , by lemma (4-i) we have
n—»o0 2

n—oo

Limx, (i) =x(i) , Vie N, fore > 0 since
n—oo

o(X)= Z(| AX(r)|)* < oo, 1, € N such that

r=0
r%flAX(r)l) <o (2”*1)
®)
Since

ang(a(xn)—riq %, (1) |)Prj=a(x)—i°<| X))
, and In_irLlen(r) = AX(r) ,

VI € Nthere exists Ny € N,

such that
S0a,0D" - TAMOD" < g
(€)
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v n>ny, since Limx (r)=x(r) .Since A is L _
0 ! y:(Afl(l_(g)p)p,Afl(%"),o,o,o,...) , we get

that

continuous operator we get

| Ax,(r) —AX(r) < €,¥v n=n,.Asaresult

1
N2 n,, we have AX = ((1—(§)p) P ,(g),o,o,o,...) and

) AX (1) = AX(r) ) < £ 1
;(' n( ) ( )l) 3 Ay:((1_(§)p)p’(%),ox),o’m).
(7). Then, from (5), (6) and (7) it follows

thatv N >N, we have Since|| X ||bvp = Ax ||[p=1_ (g)p + (g)p =1,

. P then X € S(bv,) and
(X%, =X) =D | A%, (1) =Ax(r)| = : oy e
I U5, =AY 17, =1= )"+ () =1, then

i(l A, (1) = AX(r) )™ + i(l M, (N =M™ yeS(by,)

r=ro+1
[ % and || Xx— =| AX—Ay ||, =&, since
L8 o ZIAX(r)I"%ZIAXn(r)IP} X =Y [lyy, =l yll,
3 Lo infy |+ (L= ) [, =
£ - £
=5+2" ZHZOJ AX(r) [ + @ )} < infy,. | aAX+(1-a)Ay||, =
B 1 1 1
<ty e tisshowsthat i, lat-(0))" +1-a)a-C))° P +lald)+ 1-a)-2) P
3 3 3 Ot 2 2 2 2

Limo(x,—x)=0 .Hence by lemma 4 (ii), we . g Evons
N> =infy_,,[(1- (E)p)+ |2 -1/° (E) "1’
have Lim|| x, —X||— 0.

1
Theoremb5: Guarii’s modulus of convexity for the =[1- (f)p]p’
normed space 2

1

bv,, pz1isﬁbvp(g)sl—(l—(g)pﬁwhere 1
0<e<2. ﬂbvp(g)sl—(l—(g)p)?

Proof: For X € bv , we get that

Consequently for p >1, we get

Corollary
1 .
= (i) If £=2, then A, <1, hence

X Ny, =l A1, = Qo1 A% [7)*, and o :

K By, s strictly convex,

0 < &< 2, Consider the two Sequences (ii) if 0<e<2, then 0< S, (¢) <1
1 pr — ’
1 . -
X= (A (1- (g) P)P ,Aﬁl(g),0,0,0,...) and and hence pr is uniformly convex,

iy ifa= %  then &, (e) = By, (g).
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