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A Useful technique for solving the differential equation with boundary values
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Abstract: The Laplace transformation is applied in different areas of science, engineering and technology. The
Laplace transformation is applicable in so many fields. Laplace transformation is used in solving the time domain
function by converting it into frequency domain. Here we have applied Laplace transformation in linear ordinary
differential equations with constant coefficient and several ordinary equations wherein the coefficients are variable.
Laplace transformation makes it easier to solve the problems in engineering applications and makes differential
equations simple to solve. This paper presents a new technological approach to solve Ordinary differential equation
with constant coefficient. Some of the important properties are detailed deeply in this paper with proof, brief
description of inverse Laplace transformation with effective examples and solve the differential equations with
boundary values.
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Introduction o ' F (t) is continuous and lim,_{e"= F{t]}
Laplace transformation is very useful tool in

various areas of engineering and science. It helps us to
find the solution of initial value problems involving
homogeneous and non- homogeneous equations, it

finite. It should however, be remember that above
condition are sufficient and not necessary.
Laplace transformation of elementary function:

minimizes the problem of solving differential 1.1 {1} = l,p =0

equations to an algebraic problem which becomes L

much easier to solve. In this paper we look that when 2L [} = n wheren =0,1,2.3 o . ...
Laplace transformation is applied to a differential prtt

equation, it would change derivatives into algebraic 1

aty —
expression in term of p. 3Lle }_p —gP7 e

It is very powerful technique, because it replaces

o
operations of calculus by operation of algebra i.e. with 4.L {sinat} = o* tal pa

the application s of Laplace transformation to an initial -I;'E!-

value problem consisting of an ordinary differential 5.L {sinhat} = p? —a? p =l

equation together with initial condition is reduced to a B

problem of solving an algebraic equation. 6.L {cosat} = ? p=0

Definition L{coshat) _,’:? o
Let f (t) is a well defined function of t for all t > 7. coshaty =2 g’ P > lal

0. The Laplace transformation of f (t), denoted by f (p) Proof By the definiion of Laplace

or L {F (1)}, is def;necilarls transformation, ~we know that L {F (1)}
L {F (i) o o F(E)E B L T
Provided that the integral exists, i.e. convergent. 1 (e — ¢™° 1 -1

If the integral is convergent for some value of p, then ! y=p-a

the Laplace transformation of F (t) exists otherwise 1

not. Where p is the parameter which may be real or = r—a =flplp=a

complex number and L is the Laplace transformation er 6=Pt F(£)dt

operator. .L{F(t)} =" then.
The Laplace transformation of F (t) i.e. - {sfﬂhat \ __r-nx =Pt cinhat dt

o _pt
fo e F(t)at exists for p>a, if
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m gl _ g—atf
g P —— | dt
o 2
J.:\c(g—l.p-qu_ g—l.p+quJ
dat
o 2

lp—al )
(77— et
I[p+a) )
1 1
_I(p-g) I[P+
1 2a
=2 p*-a?

L{sinhat} = ——.p > lal
Therefore, pr-a”

Laplace Transformation of derivatives: Let F is
an exponential order, and that F is a continuous and f
is piecewise continuous on any interval, than

LIF (0} = [, e P Ft)de

_ [0 — F(0)] — [} —pe " Flt)dt
_—FO) +p, e P Ft)dt

_pL{F(e)} — F(O)

_pflp) — F(0)
L{F (£)} = pL{F(£)} - F(0)

Therefore, L ' ©) = pLEF®} ~ F(0)

LIF (&)} =ppLiF@®)} - F@o)} - Fl0)
L{F (8} = p2L{F (£)} — Foy — F(0)
L{F ()} = p*f(p) — F(0) — F(0)

Similarly
L{F"(t)} = p*flp) — p*F(0) — pF (0) — F (0)

and SOON.......ccoeuvnininennnnnn.

This is an important part for the solution of
differential equations, it is very useful.

Now we will solve differential equation by the
Laplace transformation.

Using the method of Laplace transformation to
solve the linear differential equation, there are three

steps of solving the differential equation by the
Laplace transformation of derivative.

Now, since

d3x
el

(@) Solve the differential equation £%*
with condition x(0) = 0,x (0) = wu.

Solution: We have * = &
Step-1:
Taking Laplace transformation on both sides

L{x"} = L{a}
() —px(0) —x'(0) = S
Step-11:

Simplify to x(p) =1{x}

) &
pixlp) -0 —u=—
P
i ) u
xlp) =—+uxlp) = =+—
P r P psp
Lix} I3+M
X} =—+—=
p? 2

Step- 111
Find the inverse Laplace transformation

) u
= L—l - L—l -
x {pg}+ {p_‘}

Hence the required solution is
at”
= — £
x 5 +u

Solve d;f+ Qx = coz2t with condition
i de?

w
x0 =1,x(3) = -1
Solution: Given equation is
+ Ox = cos2t

Taking Laplace Transformation on both sides
Lfx} + 9L{x) = L{cos2t}

(@) — px(0) — x'(0) + 9x(p) = p:i .
Using condition x(©) = lx{:) =1
x@)(p?+ 9 —p—A =p:i+
<) = ;i, * T
pt4 P

Iy VT R
By partial fraction

P A P P
x =— - - - -
®) ,":P‘+'§J+j':?‘-l—9+5{_‘,'.r‘+‘1-] SPi+9)
P A P P
Lix} = — +— +— - -
pi4+9 pi4+ 0 S5(pi4+4) Spi4+O)
_ gl P ] ol B T pal B
= l,'.!':+9}+L Gryol T {5(p=+4]5_£ [5@=+93}
- 1 1
x = cos3t + —=zin3t +E.:'052t —E.:'usEt
—A in3t ! 2t * 3t
x—35m -I—S.:'us_ +5cus
V= 1
Smcex{zj
1= A 1
T 33
12
A=—
3
Hence the required solution is
4 1

x = Es:'ﬂEt + —cos2t + E cos3t

5
(I1D) Solve
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i
+ EE — 3x = sint with condition

x(0)=x(0)=0att=0
Solution: The given equation is
4 2x — 3x =sint
Taking Laplace Transformation on both sides
L{x }+2L{x} - 3L{x} = L{sint}
P xlp) — px(0) — x'(0) + 2px(p) — 2x(0) — 3x(p) =

pi+l
Using initial conditions
T-2p—xlp) —0—-0-0 ==
(p"—2p —3)xlp P11
1
x(p) = — .
CEDITEEEE
x(p) =

i+ Dp+3p -1

Ll = P i LaE-1)
1

'+ 1+ 3(E-1)
To find the inverse Laplace transformation we

assume partial fraction
1 _ 4 5 Co+D

(preylp+Bp-13 (-1 | (p+3 | [pley

as

1= +3p*+ D+ B -1E*+ 1)+ (Cp+ D)p — 1ip + 3)
puting p = 1 then A =§

puting p = —3 then B =—4—];

Egquating the coefficient of p!

A+B +C =0 Therefore € = —l—LD

Fguating the constant terms
1
3JA=EB =30 =1Therefore D = -
We get,

1
- )
(P*+1)p+3(p-1)
A N Lo LY LB B 1. 1
*=gt Ll(p-l)ﬁ_ﬁl L{(;H. 3)) “10t L[(p: +1)}_El L[(_-p: + 1)}
1 1 1
x = get - Ee'!r - ﬁcﬂst — —=zint
Which is the required solution.
d—f -3 l1—r+ 2x = twith condition
(IV) Solve =t ar
x(0) =x(0) =0.att=0
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Solution: The given equation is
—3x 4+2x =t
Taking Laplace Transformation on both sides

L{x}—3L{x}+ 2L{x} = L{t}
1
plrln) — prl0) —x ' (0) — Fprlp) + 3x00) 4 20(p) = =

Using initial conditions

1
{p:—3p+2]x'ip]—[]—[]—[]:;
1
{j:?
TP -2 -3
@ =4 4
e — o1 T T2

Taking Laplace Transformation on both sides

_pf SUELI I L DD
=) =1 1{‘1{?_2]} L ‘.p—'l}l L L[Ej | L ll.ﬁf-’:}
1 i ¢
— okt _ t — —
x{ﬂ_i}g g +‘1'+2

Which is the required solution.

Conclusion:

This paper denotes the wused of Laplace
transformation of elementary function, Laplace
transformation of derivatives to find out the particular
solution without finding the general solution for the
differential equations with boundary conditions. It also
used the inverse Laplace transformation and the
various examples that can be use in finding the inverse
Laplace transformation. It may be finish that this
technique is very foremost and accomplished in
finding the solution of differential equations.
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