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1. Introduction

In paper [3] (see also [4]) a very interesting class of weakly Picard op-
erators was introduced, namely that of weak contractions, later renamed
as almost contractions, due to certain behavioral similarities to Banach
contractions. Since then tens of papers have appeared, containing differ-
ent approaches, applications and generalizations, see for example [10], [11],
[12]-[24].

An interesting new direction of generalization is suggested by similar
approaches related to other classes of general contractive operators, as in
[26], [21], [7]. These papers were inspired by the results due to Presić [25],
who proved the convergence of a k-step iterative method to the unique fixed
point of an operator f : Xk → X satisfying:

(P) d(f(x0, . . . , xk−1), f(x1, . . . , xk)) ≤
k∑

i=1

αid(xi−1, xi),
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for all x0, . . . , xk ∈ X, where (X, d) is a complete metric space, k is a
positive integer and α1, α2, . . . , αk ∈ R+ are such that

∑k
i=1 αi = α < 1.

These approaches are motivated by the currently increasing interest in
the study of nonlinear difference equations, which model different problems
appearing in economics, biology, ecology, genetics, psychology, sociology,
probability theory and others (see for example [5], [6], [8], [9], [13], [14],
[15], [19], [27], [28], [29] and the references therein).

Considering the k-th order nonlinear difference equation

(1.1) xn+k = f(xn, . . . , xn+k−1), n ∈ N,

with the initial values x0, . . . , xk−1 ∈ X, where (X, d) is a metric space,
k ∈ N, k ≥ 1 and f : Xk → X, we can study it by means of fixed point
theory in view of the fact that x∗ ∈ X is a solution of (1.1) iff x∗ is a fixed
point of f , that is,

x∗ = f(x∗, . . . , x∗).

This is the direction we shall follow in the present paper, by proving
the convergence of the k-step iterative method (1.1) in the case of a new
general class of Presić type operators, also providing information regarding
the rate of convergence.

2. Preliminaries

In [3] the following was introduced:

Definition 2.1. Let (X, d) be a metric space. An operator f : X → X
is called almost contraction if there exist two constants δ ∈ [0, 1) and L ≥ 0
such that:

(AC) d(f(x), f(y)) ≤ δd(x, y) + Ld(y, f(x)),

for any x, y ∈ X.

In Theorem 1 [3] it is shown that the almost contractions are weakly
Picard operators. In the same paper, Theorem 2 adds the following condi-
tion on the almost contractions, thus obtaining the uniqueness of the fixed
point:

(AC-U) d(f(x), f(y)) ≤ δud(x, y) + Lud(x, f(x)),

for any x, y ∈ X, where δu ∈ [0, 1) and Lu ≥ 0 are constants. Inspired by
this result, in [23] we considered:
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Definition 2.2. Let (X, d) be a metric space. An operator f : X → X
is called strict almost contraction if it satisfies both condition (AC) and
(AC-U), with some real constants δ ∈ [0, 1), L ≥ 0 and δu ∈ [0, 1), Lu ≥ 0,
respectively.

Having in view Definition 2.2, we can restate (part of) Theorem 2 from
[3] as follows (see also [23]):

Theorem 2.1. Let (X, d) be a complete metric space and f : X → X
a strict almost contraction with constants δ ∈ [0, 1), L ≥ 0 and δu ∈ [0, 1),
Lu ≥ 0, respectively.

Then f has a unique fixed point, say x∗, that can be approximated by
means of the Picard iteration {xn}n≥0 of f , starting from any x0 ∈ X.

Remark 2.1. In [22] it is shown that the following condition (B), in-
troduced in [1], is an equivalent definition of strict almost contractions:

d(f(x), f(y)) ≤ δBd(x, y)(B)

+ LB min{d(x, f(x)), d(y, f(y)), d(x, f(y)), d(y, f(x))},

for any x, y ∈ X and some constants δB ∈ [0, 1) and LB ≥ 0.

In order to prove our main result we shall also need the following lemmas:

Lemma 2.1 ([25]). Let k ∈ N, k ̸= 0 and α1, α2, . . . , αk ∈ R+ such that∑k
i=1 αi = α < 1. If {∆n}n≥1 is a sequence of positive numbers satisfying

(2.2) ∆n+k ≤ α1∆n + α2∆n+1 + . . .+ αk∆n+k−1, n ≥ 1,

then there exist L > 0 and θ ∈ (0, 1) such that ∆n ≤ L · θn, for all n ≥ 1.

Lemma 2.2 ([2]). Let {an}n≥0, {bn}n≥0 be two sequences of positive
real numbers and q ∈ (0, 1) such that an+1 ≤ qan + bn, n ≥ 0 and bn → 0 as
n → ∞. Then limn→∞ an = 0.

3. The main result

Having in view the considerations above, we introduce:
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Definition 3.1. Let (X, d) be a metric space and k a positive inte-
ger. An operator f : Xk → X for which there exist some real constants
δ1, . . . , δk ∈ R+ with

∑n
i=1 δi = δ < 1 and L ≥ 0 such that:

(AP) d(f(x0, . . . , xk−1), f(x1, . . . , xk)) ≤
k∑

i=1

δid(xi−1, xi) +M(x0, xk),

where

M(x0, xk) = Lmin{d(x0, f(x0, . . . , x0)), d(xk, f(xk, . . . , xk)),
d(x0, f(xk, . . . , xk)), d(xk, f(x0, . . . , x0)), d(xk, f(x0, x1, . . . , xk−1))},

for any x0, . . . , xk ∈ X, is called almost Presić operator.

Remark 3.1. It is easy to check that for k = 1 the terms d(xk, f(x0, . . . ,
x0)) and d(xk, f(x0, x1, . . . , xk−1)) actually coincide, and Definition 3.1 re-
duces to the equivalent definition of strict almost contractions expressed by
inequality (B).

Remark 3.2. For L = 0, from the above condition (AP) we obtain
condition (P) which defines Presić operators.

Remark 3.3. Considering f as in Definition 3.1 and its associate ope-
rator F : X → X, F (x) = f(x, . . . , x), for any x0, . . . , xk ∈ X we have
that

M(x0, xk) = Lmin{d(x0, f(x0, . . . , x0)), d(xk, f(xk, . . . , xk)),
d(x0, f(xk, . . . , xk)), d(xk, f(x0, . . . , x0)), d(xk, f(x0, x1, . . . , xk−1))}
≤ Lmin{d(x0, f(x0, . . . , x0)), d(xk, f(xk, . . . , xk)), d(x0, f(xk, . . . , xk)),
d(xk, f(x0, . . . , x0))}
= Lmin{d(x0, F (x0)), d(xk, F (xk)), d(x0, F (xk)), d(xk, F (x0))}.

In the following we shall prove the convergence of the Presić type method
constructed by means of almost Presić operators, also providing the rate of
convergence for this iterative procedure.

Theorem 3.1. Let (X, d) be a complete metric space, k a positive inte-
ger and f : Xk → X an almost Presić operator with constants δ1, . . . , δk ∈
R+,

∑k
i=1 δi = δ < 1 and L ≥ 0. Then:
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1) f has a unique fixed point, say x∗ ∈ X;

2) the sequence {yn}n≥0 defined by

yn = f(yn−1, . . . , yn−1), n ≥ 1,

converges to x∗ for any starting point y0 ∈ X;

3) the sequence {xn}n≥0 defined by x0, . . . , xk−1 ∈ X and (1.1) also con-
verges to x∗, with a rate estimated by

d(xn, x
∗) ≤ En−k + δd(xn−1, x

∗), n ≥ 0,

where

En−k : = δ1d(xn−k, xn−k+1) + (δ1 + δ2)d(xn−k+1, xn−k+2)

+ . . .+ (δ1 + . . .+ δk−1)d(xn−2, xn−1),

Proof. 1), 2) We consider the associate operator F : X → X defined
by F (x) = f(x, . . . , x), x ∈ X. For any x, y ∈ X we have that:

d(F (x), F (y)) = d(f(x, . . . , x), f(y, . . . , y))

≤ d(f(x, . . . , x), f(x, . . . , x, y)) + . . .+ d(f(x, y, . . . , y), f(y, . . . , y)).

By (AP) and Remark 3.3, this implies:

d(F (x), F (y)) ≤ δkd(x, y)

+ Lmin{d(x, F (x)), d(y, F (y)), d(x, F (y)), d(y, F (x)) + δk−1d(x, y)

+ Lmin{d(x, F (x)), d(y, F (y)), d(x, F (y)), d(y, F (x)) + . . .+ δ1d(x, y)

+ Lmin{d(x, F (x)), d(y, F (y)), d(x, F (y)), d(y, F (x)),

which is equivalent to

d(F (x), F (y)) ≤ δd(x, y)

+kLmin{d(x, F (x)), d(y, F (y)), d(x, F (y)), d(y, F (x)),

that is, F satisfies condition (B) above, with constants δ ∈ [0, 1) and kL ≥ 0,
so by Remark 2.1 and Theorem 2.1 above it has a unique fixed point, say
x∗ ∈ X, that can be obtained as the limit of the successive approximations
of F starting from any x ∈ X.
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Having in view the definition of F and considering the sequence of suc-
cessive approximations of F , {yn}n≥0 defined by

yn = F (yn−1) = f(yn−1, yn−1, . . . , yn−1), n ≥ 1,

this leads exactly to conclusions 1) and 2).
3) Now let us prove that the k-step iterative method {xn}n≥0 given by

(1.1) converges to x∗ as well.
Let x0, . . . , xk−1 ∈ X and xn = f(xn−k, . . . , xn−1), n ≥ k. Then:

d(xk, x
∗) = d(f(x0, . . . , xk−1), f(x

∗, . . . , x∗))

≤ d(f(x0, . . . , xk−1), f(x1, . . . , xk−1, x
∗))(3.3)

+ . . .+ d(f(xk−1, x
∗, . . . , x∗), f(x∗, . . . , x∗)).

When applying (AP) and Remark 3.3 for each term of the sum on the right
hand side of (3.3), we get:

d(f(x0, . . . , xk−1), f(x1, . . . , xk−1, x
∗))

≤ δ1d(x0, x1) + . . .+ δk−1d(xk−2, xk−1) + δkd(xk−1, x
∗)

+Lmin{d(x0, F (x0)), d(x
∗, F (x∗)), d(x0, F (x∗)), d(x∗, F (x0))}

and so on,

d(f(xk−2, xk−1, x
∗, . . . , x∗), f(xk−1, x

∗, . . . , x∗))

≤ δ1d(xk−2, xk−1) + δ2d(xk−1, x
∗)+

+ Lmin{d(xk−2, F (xk−2)), d(x
∗, F (x∗)), d(xk−2, F (x∗)), d(x∗, F (xk−2))},

respectively

d(f(xk−1, x
∗, . . . , x∗), f(x∗, . . . , x∗)) ≤ δ1d(xk−1, x

∗)

+ Lmin{d(xk−1, F (xk−1)), d(x
∗, F (x∗)), d(xk−1, F (x∗)), d(x∗, F (xk−1))}.

As d(x∗, F (x∗)) = 0, (3.3) finally leads to

d(xk, x
∗) ≤ δ1d(x0, x1) + (δ1 + δ2)d(x1, x2)(3.4)

+ . . .+ (δ1 + . . .+ δk−1)d(xk−2, xk−1) + δd(xk−1, x
∗).

Since k is a fixed positive integer, so are the coefficients δ1, δ1 + δ2, . . . ,
δ1 + . . .+ δk−1, δ. Therefore we may denote:

E0 := δ1d(x0, x1) + (δ1 + δ2)d(x1, x2) + . . .+ (δ1 + . . .+ δk−1)d(xk−2, xk−1),
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so (3.4) can be written as d(xk, x
∗) ≤ E0 + δd(xk−1, x

∗). Similarly we get
that

d(xk+1, x
∗) ≤ δ1d(x1, x2) + (δ1 + δ2)d(x2, x3)

+ . . .+ (δ1 + . . .+ δk−1)d(xk−1, xk) + δd(xk, x
∗).(3.5)

Denoting

E1 := δ1d(x1, x2) + (δ1 + δ2)d(x2, x3) + . . .+ (δ1 + . . .+ δk−1)d(xk−1, xk),

inequality (3.5) can be written as d(xk+1, x
∗) ≤ E1 + δd(xk, x

∗). In this
manner we obtain, for n ≥ k, that

d(xn, x
∗) ≤ δ1d(xn−k, xn−k+1) + (δ1 + δ2)d(xn−k+1, xn−k+2)

+ . . .+ (δ1 + . . .+ δk−1)d(xn−2, xn−1) + δd(xn−1, x
∗).(3.6)

Denoting

En−k := δ1d(xn−k, xn−k+1) + (δ1 + δ2)d(xn−k+1, xn−k+2)

+ . . .+ (δ1 + . . .+ δk−1)d(xn−2, xn−1),

inequality (3.6) becomes

(3.7) d(xn, x
∗) ≤ En−k + δd(xn−1, x

∗), for n ≥ k.

In order to apply Lemma 2.2, we still have to prove that the sequence
{En}n≥0 given by

En = δ1d(xn, xn+1) + (δ1 + δ2)d(xn+1, xn+2)

+ . . .+ (δ1 + . . .+ δk−1)d(xn+k−2, xn+k−1), n ≥ 0(3.8)

converges to 0 as n → ∞.
For n ≥ k we have:

(3.9) d(xn, xn+1) = d(f(xn−k, . . . , xn−1), f(xn−k+1, . . . , xn)).

By (AP) this yields:

d(xn, xn+1) ≤ δ1d(xn−k, xn−k+1) + . . .+ δkd(xn−1, xn)

+Lmin{d(xn−k, F (xn−k)), d(xn, F (xn)), d(xn−k, F (xn)),

d(xn, F (xn−k)), d(xn, f(xn−k, . . . , xn−1))}.
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As d(xn, f(xn−k, . . . , xn−1)) = 0, (3.9) finally leads to

d(xn, xn+1) ≤ δ1d(xn−k, xn−k+1) + . . .+ δkd(xn−1, xn), for n ≥ k.

According to Lemma 2.1, this implies the existence of θ ∈ (0, 1) and K ≥ 0
such that d(xn, xn+1) ≤ Kθn+k, n ≥ 0. Since k is fixed, it is immediate that
the sequence {En}n≥0 given by (3.8) converges to 0 as n → ∞.

Denoting En := En−k, (3.7) is written as:

(3.10) d(xn, x
∗) ≤ En + δd(xn−1, x

∗).

Now taking an = d(xn, x
∗), n ≥ k and bn = En, n ≥ k in Lemma 2.2,

by (3.10) it follows that d(xn, x
∗) → 0 as n → ∞, that is, the multi-step

iterative method {xn}n≥0 converges to x∗, the unique fixed point of f . �

Remark 3.4. Note that for L = 0 from Theorem 3.1 we get the result
due to Presić [25], while for k = 1 Theorem 2 in [3] for strict almost
contractions in metric spaces is obtained.

For k = 1 and L = 0, Theorem 3.1 reduces to the Contraction Mapping
Principle of Banach.

Regarding the data dependence of the fixed points we have:

Theorem 3.2. Let (X, d) be a complete metric space, k a positive in-
teger, f : Xk → X as in Theorem 3.1 and g : Xk → X satisfying:

i) g has at least a fixed point x∗g ∈ X;

ii) there exists η>0 such that for any x∈X, d(f(x, . . ., x), g(x, . . ., x)) ≤ η.

Then d(x∗f , x
∗
g) ≤

η
1−δ , where x∗f is the unique fixed point of f .

Proof. Theorem 3.1 above guarantees the existence and uniqueness of
the fixed point of f , say x∗f ∈ X. We have:

d(x∗f , x
∗
g) = d(f(x∗f , . . . , x

∗
f ), g(x

∗
g, . . . , x

∗
g))

≤ d(f(x∗f , . . . , x
∗
f ), f(x

∗
g, . . . , x

∗
g)) + d(f(x∗g, . . . , x

∗
g), g(x

∗
g, . . . , x

∗
g)).

By ii) this yields

d(x∗f , x
∗
g) ≤ η + d(f(x∗f , . . . , x

∗
f ), f(x

∗
f , . . . , x

∗
f , x

∗
g))(3.11)

+ . . .+ d(f(x∗f , x
∗
g, . . . , x

∗
g), f(x

∗
g, . . . , x

∗
g)).
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Estimating by (AP) the distances in the right hand side of the above ine-
quality (3.11) and applying for each of them Remark 3.3, we obtain that:

d(x∗f , x
∗
g) ≤ η + [δkd(x

∗
f , x

∗
g) + M̃(x∗f , x

∗
g)]

+ . . .+ [δ1d(x
∗
f , x

∗
g) + M̃(x∗f , x

∗
g)](3.12)

where

M̃(x∗f , x
∗
g) = min{d(x∗f , F (x∗f )), d(x

∗
g, F (x∗g)), d(x

∗
f , F (x∗g)), d(x

∗
g, F (x∗f ))}.

Since x∗f and x∗g are fixed points of f and g, respectively, it follows that

M̃(x∗f , x
∗
g) = 0. Thus inequality (3.12) becomes d(x∗f , x

∗
g) ≤ η + δd(x∗f , x

∗
g),

so finally d(x∗f , x
∗
g) ≤ η

1−δ , a relation very similar to the case of Presić
operators. �

Using this result we also proved a related Nadler type result in [23].

4. Application

Similar to the result mentioned in Remark 2.1 (see [22] for a detailed
proof), it is elementary to prove the following:

Lemma 4.1. Let (X, d) be a metric space, k a positive integer and
f : Xk → X. Then f is an almost Presić operator, that is, it satisfies
condition (AP ), if and only if the following conditions are simultaneously
fulfilled:

(AP1) there exist δ1, . . . , δk ∈ R+ with
∑k

i=1 δi < 1 and L ≥ 0 such that:

d(f(x0, . . . , xk−1), f(x1, . . . , xk))

≤
k∑

i=1

δid(xi−1, xi) + Ld(xk, f(x0, . . . , x0)),

for any x0, x1, . . . , xk ∈ X;

(AP2) there exist δ1, . . . , δk ∈ R+ with
∑k

i=1 δi < 1 and L ≥ 0 such that:

d(f(x0, . . . , xk−1), f(x1, . . . , xk))

≤
k∑

i=1

δid(xi−1, xi) + Ld(x0, f(x0, . . . , x0)),

for any x0, x1, . . . , xk ∈ X;
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(AP3) there exist δ̃1, . . . , δ̃k ∈ R+ with
∑k

i=1 δ̃i < 1 and L̃ ≥ 0 such that:

d(f(x0, . . . , xk−1), f(x1, . . . , xk))

≤
k∑

i=1

δ̃id(xi−1, xi) + L̃d(xk, f(x0, . . . , xk−1)),

for any x0, x1, . . . , xk ∈ X.

Having in view Lemma 4.1, practically it suffices to verify that a given
operator satisfies conditions (AP1), (AP2) and (AP3) for some proper con-
stants, in order to prove that it is actually an almost Presić operator, as
dealing with condition (AP) sometimes implies a more complicated analysis.

Such an approach has lead us to the following:

Example 4.1. Let f : [0, 1]× [0, 1] → [0, 1] defined by:

f(x) =


x+ y

8
, (x, y) ∈ [0, 1)× [0, 1)

1

3
, (x, y) ∈ 1× [0, 1] ∪ [0, 1)× 1.

Then:

1) f is an almost Presić operator, satisfying condition (AP1) with δ1 =
5
8 ,

δ2 = 2
8 , L = 3

8 , condition (AP2) with δ1 = 3
8 , δ2 = 3

8 , L = 1
6 and

condition (AP3) with δ̃1 =
5
8 , δ̃2 =

2
8 , L̃ = 3

8 ;

2) f is not a Presić operator;

3) f is not a Presić-Ćirić operator (see [7], [23]);

4) f is not a Presić-Rus operator (see [26], [23]);

5) f is not a Presić-Kannan operator (see [21], [23]).

This elementary example shows the new class of almost Presić opera-
tors is not included in either of the above mentioned Presić type classes of
operators known in literature.

Acknowledgments. I am very grateful to the inspired remarks and
suggestions of the referee, which have contributed to completing and re-
shaping the paper.

This work was supported by CNCSIS–UEFISCSU, project number PNII-
IDEI 2366/2008.



11 FIXED POINTS OF ALMOST PRESIĆ OPERATORS 209
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